- PUMAHOBA
FEOMETPl/lﬂ

-*OPTOFOHAJIbHOM '-
PEIEPE. -

[To jpexuusm IDau Kapranua,

. ITSE'MATIYIITY TRAA . i ] pnnﬂnrirrm
AniannbiM B LUpLLUNnNnC

B 1926—1927 rr.

TlepeBon u peagakmus N
npod.. C. I1. dunukona

M3NATEJBCTBO :
MOCKOBCKOTO YHWBEPCUTETA -
: 1960



[leyatheTcst NO NOCT&HOBJAEHUIO
PenraxuoHHo-nsiaTeAbCKOro coBerta
MOCKOBCKOro yHuBepCuUTeTa



MPEAHWNCJTOBHE

XOpOILO M3BECTHHIH. KYpPC JieKIHH 110 reoMETPHU PHMAHOBLIX IPO-
crpadcTB Dnn Kaprauna (1928 r.), nepeBeseHHBIH Ha PYCCKHH S3BIK
B 1936 r., ocHOBbIBaeTcf Ha MaTepHasie JeKUHH, YHTAHHHIX UM
B CopGonne B 1925—1926 rr. On Mano oTsnHuaeTcs oT TpajHuIuOHHOrO

H3JI0XKEeHUsl. ABTOp CTaBHT 3ajayy NOAYEPKHYTb 2eOMempuro po-
MAHOBHIX npnr"rpnnr"rn «T1I0 ROAIMONKHOCTUH “Qﬁp'l‘ﬂ’l‘l’-. Pll“'["f(ﬁM lhnf\-
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MaJIbHBIX BBIKJIAAOK, B KOTOPHIX BAKXaHAJ/NHS MHAEKCOB MaCKprE‘T
TEOMETPHYECKYIO KapTHHY, MOAYAC Ooyenb mpocryior. OfHAKO B 3THX
NIEKIHSX MareMaruyeckas OcHoBa ocranaCb npexHed,

Bo BTOpoM (panilyscKomM usnanii 1946 r. Kaprau BBes HeCKOMb-
KO HOBHIX CTaTed, He MeHAs 0o6mIero NocTpoeHusd. 3Jech ciaefyer or-
METHMTb UHTepeCHYIO ocofeHHOCTh KHHrd JD. Kaprana: B Hel oueHb
MHTEPeCHO B COBPEMEHHOM CTHJIe BBOJHTCS TMOHSATHE MHOrooGpasHs,
B Y4aCTHOCTH, PHMAaHOBA INPOCTPAHCTBA. B KHHMre OyYeHb XOpOLIO,
B AyXe rjio6ajibHOH reoMeTpuH, paccMaTpHUBarorcs JIOKANbHO eBKJIH-
JAOBH PHMaHOBH NPOCTPAHCTBA, MACTEPCKH HCIOJb3YETCHA €BKU-
AOBO TPOCTPAHCTBO CONpSIKEHMS, MOSBOJIAIOLLEE TOYTH AaBTOMATH-
4eCKH MeDeHOCHTh TeoMeTpHIeCcKue CBOHCTBA KPHBHIX H3 €BKIIHJ0BA
NpOCTpAHCTBA B PHMAHOBO.

B cBoux siekuusx 1926—1927 rr. . Kaprau ¢ camoro Hauajia BBo-
nUur MP’I“nTl BHENTHUX rhnnM Rce l:mng nnnnqu-vroq Q TONHA 'I-J-Il-.nl
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penepoM.
B ycTHoM mpenopasanun” Kapran c"rpemn'rca Hay1umeos CBOUR
caymareseli. dns 9TOr0 OH TIPEXAE BCEro YUHT HX HOBOMY METONy—

A E i TTE T T ATTTer Y e F Yas i1} L & Fal:dd Fat s FoUT'Y 3 “'\J‘AA o & T

MGIUAy DBHNCLUHNA \PUPM, pCLLIaUl. U.CJIDH‘I. pH U‘icnb LhUWUpddﬂbl)L
3a7la4 B €BKJIMJOBOM IIPOCTPAaHCTBE,

Himess B Bupny, uto cryaenTsl CopOOHHBE MO KaxKIOMY IpenMery,
KOTOPHIH OHH Buﬁnpam, CAAIOT U MUCHMEHHBIH, ¥ YCTHHH 3K3aMeHH,
a4 NHChbMeHHBI 5K3aMeH NpejicTasiseT co6oil penlenye 3aja4yu, npea-
JIOJKEHHO! Ha TéMY NPOYHTAHHOro Kypca, Kapran BBOgUT B KypcC He-
€BKJIHJIOBbl ['€OMETPHH, paccMaTpyBaeT B CBOMX JIeKUHAX pAn Ba-
PHAUMOHHBIX 3aJau Ha reojie3MyecKHe JIMHUHM, pellaeT MHOr0O 3ajav
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Ha reOMeTPHIO BJIOXKEHHBIX MHOrooOpasH#, Bce 310 nopaerca B He-
BEPOATHO NMPOCTOM Buje. Bee sTH BONpocH He GBUIM 3aTPOHYTH HU
B [epBOM, HH BO BTOPDOM H3JaHHH KHHIH,

ViMeHHO 3TO 4 MpesbCTHNO MeHs, KOIa f cHayajia nepepea Aas
MOHMX CJayLIaresiedl nepeble JieKuuy KapraHa, NOCBSINEHHBIE METOLY
BHELIHUX qupM a 3areM ofpa6oraJs Aaf MeyaTH Bech Kypce nox, 3a-
riasdeM «PHMaHOBA reoMeTpHA B OPTOTOHAJBHOM penepe». Kapra-
HOBCKHH METOJ| MOJABHIKHOIO pernepa OXUHAKOBO XOPOLIO NpUMEHHM
H K KOCOYrOJIbHBIM penepaMm (xax BooOume K perepam Jo6oi rpynmH
npeoGpasoBanuil), U B TOA KHHre MOXHO HafTH NpUMEpH 3TOrO.
Hu 8 Kaxoit Apyro#t XHHre HENB3A HAHTH TEOPHH PUMAHOBHIX MHOTO-
o6pasHil B OPTOrOHAJILHOM pemepe.

‘PaccmarpuBasl 370 KaK OCHOBHYIO 3a[aUuy KHHFH, i HE MOF OT:
KAATHL (‘PﬁP B vnnnnnm"rnnn TIDH(‘OPTWIHWT‘R nqn f"l"ﬂ"l‘PH na npua"mnrn

Kypca, TAABHBM 06pa3oM Te; KOTopbie He “BOmH B pyccKoe u3aa- -

- HHE. Omnu orauuaioTcs Jaxe CTHJ/IEM OoT OCHOBHOTO TEKCTA.

o,

Com e

S Kaneio TOABKO, YTO HE MOr TIOMECTHTb HX HEJHKOM.

C. -11. tbunuxos"



BBELEHMUE
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METOA HOJIBH)KHOI‘O PENEPA

‘1. KomnoueuThl HHGHUHHTE3HMAAbHBIX CMelleHHA. PaccMor-
pHM 06biYHOE TPEXMEPHOE eBKJIH0BO IPOCTPAHCTBO. B pOU3BOIBLHOM
Touxke M GepeM mnpasblii mpAMOYroJibHbH Tpexrpanuuk. CoBOKyI-
HOCTb BCeX OPTOrOHANbHHIX TPEXTPAHHHKOB MPOCTPAHCTBA 3aBUCHT
OT LHeCTH nmapaMerpoB (TpH KOOPAWHATH BepIIMHH H TPH 3#JepoBa
yrnia, onpefiefiolive NoBOPOT TPEXTPAHHMKA MO OTHOILUEHHIO K Ha-

U e mInNmule
'luﬂll.)llvﬂ'l.y ’ )

ul, ue, « 8 e ’u(}'-
Bri6panHbiit TPEXFPAHHUK MOXHO OMNpELCHTH pa,nuycou BeK-

TOPOM BEPIOHHHI M =0M u TpeMs EJIHHH‘JHHMH B3aHMHO OpPTOro-
Ha/bHBIMU BEKTOpAaMH ocelt

Onpen.emm 10 OTHOWIEHUIO K STOMY TPeXIPAHHHKY TPEXTPaHHHK
HE(UHATESMAJbHO™ GAU3KHA, mpHcoeavHeHHbH K Touke M’. [lo-
JIOJKeHHEe HOBOTO TPEXTPAaHHHUKA MO OTHOIUGHHIO K CTapnMy ofnpe-
JENAETCA MPUpPALIEHHAMY PAaNyCca-BEKTOPa BEPLIHHBI

-

M —M=dM

W eHHHYHBIX BEKTOpOB Oceft; 0603Hayas HOBBIE BEKTOPH! LITPHXAMH

-

L, —1,=dl, (k=123

H TPOEKTHPYs NONYYEHHbIE nnq)q)epeﬂnnanbnble NpHpAIEHNST BeK-
TOPOB Ha OCH NEPBOro TPeXI'PAHHHKA, MOJYYHM ypﬁ«BHeHua HH]H-

* KoOpauHATH OTAHYAIOTCE Ha ,nu@cpepeuu.nmlbl Uy 4 duy; ..., ug+dug.



HUTE3UMA/IbHBIX (qHddepeHIHaNbHbIX) CMeleHHH HAIero TPexrpaH-
HHKa '

- - - -
d_M_ s (])1!. -1 (_l_)2!gl - (_!)?’!gn
i “ g7

1 2 3y
dly = wily + oil, 4 oll,,

— b 2 3

o I_F 2+ 3+
dly = ofl 4+ ofl, + oil,
HJIH, Kopoue,

'“ dM = wil,, di,=oll, (i,j=1,2:3).

3pech Bce BeqMuMHBI (i = 1, 2, 3) ABAAIOTCS - HNPOEKIUAMH AHD-

—
depenninana dM Ha craphle OCH; CJeJOBATEJNbHO, OHU OeCKOHEYHO
Majibl ¥ JIHHEHHO BHIpaXaloTca uepe3 auddbepeHIHAIB] HE3ABHCH-
MbIX NepeMeHHbIX du.(a = 1, ..., 6), T. e. ABAsAIOTCH JNUHEHHBIMY
nudepeHranbHbIME HOpMaMH; TaK xKe Jejio 0OCTOUT C BeJUYMHAMH
-

i

i:]:\i @
{w odit, (1.2)

(l)g - Pgadua
(cyMMHpOBaHHE MO yKasaTeli
a=1,...,06)

37ech M jajee JBa OJMHAKOBHIX HHJEKCA, OAMH HYDKHUH, JNpyrod
_ BepXHM#, O3HAualT CYMMHpOBaH¥e.

2. CooTHolIeHns: Mexay ¢opMaMH OPTOHOPMHUPOBAHHOIO
penepa, Jluneiinole GopMbl o, @] HENb3s 3aAaBaTh NPOU3BOJIBHO.
IIpexne Bcero HAaA0 HAJOXKWTL CBSI3H, BhHITEKAIOLLYE M3 OPTOHOPMH-

POBAHHOCTH TIEPBOFO M BTOPOTrO TPeXrpaHHMKOB (BekTophl I, exm-
HHUHbIE U B3aHMHO OPTOTOHA/bHEIE). DTO YCJIOBHE BhipaxKaercs (op-
MyJ1aMH

- -,

21, B=1, =1, (1.3)

LI =0, T, =0, LI =0.

Juddepenuupys 5TH TOXKIECTBA, TOJYYHM

Idl, =0, Ldl, + Ldl, =0 (i,i=1,2,3).



Buocs cropa sHauenus auddepeniyanos H3 ypasHeuui (1.1) n yuu-
ThiBasg cooTHouleHus (1.3),” moayunm

of =0, 0] +0l=0 (). (1.4)

Takum o6pasoM, OCTAaWTCA TOALKO TPH pPas/iuuHbie GOPMBL ©f,

3
4 VMEHHO: 9, (Dé,(!)%. VX MOXHO HasBaTb KOMNOHEHMAMU epauienus
mpexapaﬂnmca

TTospnee Mul yBH,uHM yTO Ha (PopMBL &, ®} HAKNAJBIBAIOTCA elle
HEKOTOpbIE auddepeHuHaNbHbEE COOTHOUICHHUA.

A7 i o n e e rw o mn EE AL ms i m e tem s ma e B ESE A T MR g TH S ED R S omwm e o = S L o Pweam

3. Onpepesienie KOMINOHEHTOB 3a4aHHOTO CeMelicTBa Tpex-
I‘paHHHKOB. Ecay 3agaHo ,T.LBH}KeHHe TPEXrpaHHHuKa, T. €. HSBeCTHbI

KOOPJHHATHI P a[KyCa-BeKTOp a Mu eIMHHUHBIX BEKTOPOB OCel l;, TO

KOMMOHEHTH! TOCTYNATE/IbHOTO JBMXKEHHUS of M BPAIIEHHS O] TPeX-
rpaHHHKA JIerkKO BHIYHC/AIOTCA M3 ypaBHenuit (1.1).

[IpennonoXuM, 4To BekTopsl M ¥ I; 3aidaHbl KOOpAHHATAMH
M(x,y,2), 1, (a8, 7.)

YMHoxKas nepBoe ypasHeHHe (1.1) Ha BexTOp 1,, nonyuum

—

-+ = - -+

HIH B cHNy cooTHomeHH# (1.3)

—",

ol = L,dM, (1. 5)

HH
b=l (o, By 10)- dM (dx, dy, d2),

MM eCsIM TIePEMHOMKHUTh NONAapHo KoopAaHHAaThl BeKTopoB |, H dM

Boo6ine
ol = a,dx +8,dy + 7,dz, (1. 6)
aHa,TOMHYHO I
o} = Lyl = agday + 3448, + 15d7s (1.7)
“ b 2 1 Tarvrad i LI Sl -] \ 4
H
o; = o;da; + B,d8, + v,dy,. (1. 8)



Teopema. Ilpu ecakom seibope wecmu napamempos

U {@ =1, ..., 6) wecms gopm @, 0l = —o! 6yoym aunedno He-
3A8UCUMbL. |

- Idna jokasaresbcTBa JOCTATOUHO 3aMETHTh, YTO HE TOJBKO
oGpalieHue B HYJIb ,u,ncb(pepenunanma du, (@ =1, ..., 6) o6paiaer

B HyJIb A¥ddepeHIHATH dM dl;, a CJefoBaTeNbHO, H (popmm
@', @7, B0 ® 06PaTHO: NMPH OGPAIUEHHH B HYJb LIECTH QOpM @, m,

B cusy ypasuenH#t (1.1) ofparsiTcs B Hysb auddepeHInabl d‘M,

dl;, TpexrpaHHuK Oy/ieT HeNOABWIKEH, ¥ BCe NapaMerphl u,— MO-
CTOSIHHHI. ' '

4. l'lonamlmoﬁ penep. COBEPHICHHO TaK JXe MOXHO MNpHCoexU-
HATH K KaxJod TouKe /M IpOCTpaHCTBA BMECTO OPTOTOHAJABHOTO
(TouHee, .OpMOHOPMUPOBAHHO20 C EIUHHUHBLIMH BEKTODAaMH ocel)
TPeXrpPaHHNKa TMPOM3BOJIBHBIH KOCOYTrOJIbHBIA TpeXrpaHHHUK (He-
BHIDOXJEHHBIH) C MEHSIIOIMMHCS YIJIaM¥ M JJjuHaMu  6a3uCHbIX
BEKTOPOB, JIUIIL OHl 3TH BEKTOPbl ObIM JWHEAHO He3aBHCHUMBI (He
Jexand B omloﬁ MJIOCKOCTH).

Tounee, IPHCOCAMHUM K Kax{non TOUKE C pajuycoM- BEKTOPOM M

TP¥ NPOU3BOJIBHBIX BeKTOpa ei (i=1, 2, 3) ¢ HePaBHBIM HYJIO CKa:
JAPHBIM CMeIIaHHBIM T[POM3BEJEHHEM

- > =

(e, ex€5) + 0,
T. €. OTJIMYHBIM OT HyJs ONpeJeJHTeNeM H3 KOOpAHH 'a QTPiX
BEKTOPOB OTHOCHTEJNBHO HENOABMIKHOR CHCTEMB KOOpAHH
—-p.
durypa, o6pasoBanHas TOYKoH M ¥ TpeMs BeKTOpamH e, (T. e.

MOJIBYKHAA CHCTEMA KOCOYTOJIbHEIX KOOPJMHAT C pasHBIMH MacuiTa-
6aMy ocei), HA3LIBACTCS penepom, WIH nOGBUNCHLIM penepom. DTH

.BexTopbl M, €, MOXXHO paccMaTpuBarbk Kak ¢pyHKkuun or3 43 -3 =
== |2 MpON3BOJBHBEIX TapaMeTpoB u* ([0 YHCJAY HX KOOPAHHAT OT-
HOCHTEJIbHO HEIOABHXHON AexapToBOH cHeTeMnl, o == 1, ..., 12).

—_

‘Torga puddepenunansl dM, de;, 6yayT JuHEHAHBIMY OJHOPOAHLIMU
GYHKIIHAMH JIHd)(bEDeHII.HaJIOB HE3aBUCHUMBLIX MMepeMeHHHIX du®.

BekTopbt dM de, pas3JaraioTes Mo OcsM Hameﬁ CHCTEMH, T. €. 10

- = =

TpofiKe JMHeAHO HE3aBHCHUMBIX BEKTOPOB €,, €,, €,, H MBI MoJIyyaeM
CHCTEMY ypaBHeHHﬁ, aHaJorMuHyw cucreme (1.1)

dM == U)lel + wzez "I“ waes,

de; = m,!el - e»?e2 -} mfes, ‘ (1. 9)



rae of, o) no-npexueMy 6yayT JMHeHHBIMH GOpPMaMH OTHOCHTE/BHO
nugxepeHIasoB He3aBHCUMBIX NepeMeHHHBIX du*. OpHako ¢opMy-
ast (1.3) Tenepp He MMelOT MecTa U ypaBHeHHs (1.4) He CYIIECTBYIOT.

5. JInHelHbli 3AeMeHT npocTpaHcTBa. BBeiem o6o3HaueHus

—_ =
e e; =g, (g,;=4g;) (1. 10)
Mg AWANANULIY TINATT2AIRATONT 'l?l HQQ I-JY nnw'rnnnn' TN I‘Dﬂ\lﬂ’l‘ﬂ“-
AUIIL \-lll-ldlll.t}llulﬂ th}vxluu\-A ALELE L LA LA Fi \J“lutlvu AL B WA SAVA WS L r

c
YECKOMY CMbIC/y CKA/IiPHOTO NPOM3BEICHAs BEJMYMHA g, PaBHa

- —

NPOM3BENEHHIO MOAyJIell BEKTOPOB €;, €, Ha KOCHHYC Yria Mexuy
HuMH. C Ipyroil cTopoHsl, BO3BbIIAS! B KBazpar o6eyacTH IepBoro
ypaBHeHus (1.9), monyuuM B JeBOH yacTH KBAJAPar JIMHEHHOTO 3Je-
MEHTa MPOCTPAHCTBA | |

2 — (dM)2.

B npaBo#l yacTH, 10/ib3ysACh NPABUJIOM BO3BBLILIEHMSI B KBAZPAT MHO-
roysieHa (cyMMa KBAJApaToB M YJBOEHHHLIX IPOU3BENEHHH Bcex dJe-
HOB MHOTOUJIeHa), ToJyuyum B o6osHauenusax (1.10)

2

ds* = ()2 ()2 + - . . + Ze ey 0l0? £ .. . =
= gu (»')* + 822 (02)? - gag (0%)* + 2g1p 0! 0? |

+ 2g53 0%0? 4 2g5 00l (1. 11)
Kopoue 3T0 3anucbiBaeTcst B BHE
_ ds? = g, vl (1. 12)
Ita gopmyna H NpeAbiIylI¥e CNpaBelJHBbl H A n-MEPHOrO Hpo-
CTpaHCTBa, Korjga i, j mpoberaior 3nauenus 1,2, ..., n.

B dopmyJse (1.12) umcercs pBe napbl OJMHAKOBHIX MHJEKCOB
i M j, KaxjJoe CyMMHDOBAHHE BbINIOJHAETCS CAMOCTOATENIbHO; NPH
3TOM JJiA KaxjaoH naphl HepPaBHBIX UHCeJsl, HaNpumep lun2, 6y11y'r
IBa ujieHA: OfMH jaa [ = |, j= 2, gapyro#i qis i =2, j=1;
B cuay cummerpuu (1. 10) KO:-)Q)@HuneHTOB gi; 5TH J[(BA UJIEHA PABHHI.
Orciona B pasBepHyTon cymMMe (1.11) Bee usteHbl ¢ pasNIMYHBIMHU HH-
KeKcaM¥ i < j BXoIAT ¢ KoaddpuuveHToM 2. AHaJIOTUYHO NOACYU-
THIBAETCS CKAaJMsipHOE IIPOM3BEJlEHHE NBYX BEKTOPOB

X = X'e;,, Y=Ye,
[lepeMHoxas 1o npaBuJaM CKa/JfADHOTO YMHOXeHHsi BeKTOpOB,
1ONYYHM
— Wi/ — i V7
X-Y=¢e,¢X'Y =g XY (1. 13)

9



Orciofa, KOCHHYC YFJ1a @ MEeXJY JIBYMSi BEKTOpaMH 5(“,? Oyzaer

gy X!
COsS ¢ == —— — . (1. 14)
VgyX'X) Vg, Yiv/

6. KoHTpaBapHaHTHbIE H KOBAPHAHTHbHIE KOMNOHEHTHI. YMHO-

.y

X = Xre, - O (1.15)

' -
CKaJspHo Ha BexTop e;. O6Go3Hauas mpoH3BegeHHWe X;, NOJYyYAM
¢ nomowmbio gopmyasl (1.10)

X, = g, X*. (1. 16)

KomnouenTsl X* HOCAT HA3BaHUE KOHMPQBAPUAHMHbLX KOMIIOHEH-
TOB BeKTOpPa, KOMIIOHEHTBl X; — KO0B8APUAHMHbLX KOMIOHEHTOB.
KonTpaBapHaHTHEIE KOMIIOHEHTHI 0003HAUAKOTCS HHACKCAMH BBEPXY,
KOBAapUAHTHBIE — HHIEKCAMH BHH3Y. ‘

YMHoxkas obe yacty paBenctsa (1.16) va X! ¥ cymmupys no HH-
Jekcy i, MOJAYYUM

X X! = g, XIXk = X - (1.17)

AHMOTHYHO,
XY = g, XYt = XiY,. (1. 18)

Uro6bi epeliTv 0T KOBAPUAHTHBIX KOMIIOHEHTOB BEKTOpa K KOHTpa-
BAPHAHTHBIM, HALO paspewntb cucreMy (1.16) um3 n ypaBHenu#

(i=1,2,...,n) ¢ n HeusBectTHoiMH X* (k= 1, ..., n). Ilo u3-
BecTHOH (popMyJie anreGpel 3TO pelienue OyzpeT
Xk = gkX | . (1.19)

rae g — npusedeHHblll MUHOp 3JIEMEHTA g;, B ONpeAenHTese
g= detlgijl + 0,

T. €. QEBIOHKT 3JIeMeHTa g;,, AeJEHHHH Ha onpepeauresr g. Bce
3TO OTHOCHTCSI TaKKe K HHPUHUTE3UMAJILHBIM KOMIIOHEHTaM o'

MM @,

10



Has OPTOHOPMHPOBAHHOTO perepa
. 0, ecan [ =d,
8y =% = { 1, ecnmi=j,
no3tomy no dgopmyne (1.16) |
o X, = X,

T. €. KOBapPHAHTHbIE KOMIIOHEHThI BEKTOPA pPaBHbI -KOHTPABAPHAHT-

HbIM. MBI GyfieM THcath 6es pasiuyus of = @;, ©f = ©;;, COXpaHss
yCJOBHE CYyMMHpoBaHHs (1.2) Do JBYM OAMHAKOBHIM, OJHOMY —
BEPXHEMY, APYFrOMY — HHKHEMY, HHIEKCaM.

7. Ui uHHuTEe3NMaNbHbIEe a(pHHHbIE NpeoOpa3oBaHHUs penepa.
3aMeTuM eille, YyTO IPH KOCOYTOJIBHOM penepe Mbl y3Ke He MOMKEM ro-
BOPHTB, 4TO ypaBHenua (1.9) onpepensiior ABHxKeHNs penepa, H60 Ha-
IIM TPeXrpaHHHKH Tenepb He KOHrpy>HTHb. Herpyano 3aMerurs,
OJHaKo, 4yTo mpeo6pasoBanue KoopauHat x', x?, x® npwm nepexone
OT OAHOI'0 KOOPAMHATHOFO TPEXTPaHHMKA K ApyroMmy Oyjer onpefe-
JSATBCH nnneﬁnoﬁ noncradoskoi. [lefictBurenbHo, eciu o6osHa-

4ATDH yepes @; KOCHHYCHI YIJIOB MeXHY CTapLIMH M HOBBHIMH OCSIMH,
yepe3 x’— cTapele KOOpJHHATH nponsBo.anou TOYKH, yepe3d xi' —

HOBble KOOpPJMHATBl €e H uepe3 x; — KOOPAMHATH HOBOTO Hayasa
B CTapoH cHcTeMe, TO TMOJYYHUM A CTaphiX KoopauHaT ¢opMyny

3

Vg L dhx

x=xh L dix
[lockoapky ofmasti JidHelHAS WQACTAHOBKA oNpejensieT apHHHOE
npeo6pasoBanue, ypaswerus (1.9) onpedessiom urngpurumesumanrs-
Hble agpurHble npeobPas3osaruUs penepa. :




I'JIABA 1]
TEOPUSA NPAPPOBBLIX ®OPM

BosBpanlaeMcsi K OPTOHOPMHDOBAHHOMY pemnepy.
Mbl BHzIeIH, YTO NIPH 3aJAHHOM ABWKEHWN perepa, T. €. NpH 3a-

AAHHBIX KOOPAHHATAX DafiMyca-BeKTOpa M ¥ euHMYHBIX BEKTOPOB

OCer l B BUJE quHKnHH OT MapaMeTpoB u*, Mbl MOJKEM HalTH 6 KOM-
NOHEHT ®f, ®f WHQWHHATE3NMANBHBIX CMEllleHH penepa.

BosHHKaeT po6JieMa: MOTYT JIH IIPOM3BOJILHO 3aJaHHLIE LIECTH
dopM !, o)f, JIMHEHHHIe OTHOCHTEJIbHO dus, IPeACTaBJIsATb CMeLle-
HHUS Tpexrpannnxa B OOLIYUHOM TPOCTPAHCTBE?

Uto6bl OTBETHTH HA 3TOT BOMPOC, HAM npajeTcs ¢aenaThb OTCTyil-
neHHe B o6sacTb aHajgM3a M pAcCMOTPeThb cBoiicTBa NaddoBHIX
dopM.

8. AuddepeHunpoBanne B 3aJaHHOM HanpaBaeHHH. [lycTs
nana ¢opma Ildadipa

0 = a,dx' + a,dx® 4+ . .. 4~ a,dx".

Oudpdepenunasns He3aBUCHMBIX NepeMeHHBIX dx!, . . ., dx* o6GblKHO-
BeHHO pACCMATPHUBAIOTCS KAaK HOBble HE3aBUCHMbIE I[epeMeHHbIe,
HO MOXKHO TaKXe PacCMaTpHBATh UX KAK 3ajaHHble GYHKIUM He3a-
BHCHMBIX [epeMeHHbIX

dxt=§(x',...,x"

(hanpagaennoe cmewjenue ConpefeNeHHBIM CHMBOJIOM J¥ddpeperi-
poBanu#). PaccmorpuM nBa cumBona pguddpepenunpoBanua d H o
H aBa pana AuddepeHuHanoB

dox!, dox?, ..., déx",
ddxt, odx?, ..., %dx",
BoOGile pPas3NUYHHIX.
12



Mul MOKeM yCJIOBHTLCA, YTO 3TH jBa CHMBOJIA nncpcpepenunpoaaﬂuﬂ
nepeMecTUTeTbHbI .
ddxt = ddxt. (2. 1)

-

Teopema. Ecau cumsoanr Oupgeperyuposanus d u 0O
nepemecmumensro. 04l HE3ABUCUMbLX NEPEMEHHbIX, MO OHU nepeme-
cmumeabhot w043 (yrkyull.

HeficTBuTenbHO, paceMOTpuM (YHKUHUIO

f=F(E,...,x".
Torga .
of of
d _ d l- 8 :_____Exf-
f= -7 f= 7 o
BTOpOE nmpcpepenunponanné paer
adf= 2w 2w
axt oxk _ axt g
’ 2.2)
\ af of (
ddf = dxtdxk + —L- ddx
[ = o VA 5y A

3neck BTophie yjeHH paBHB B cHay ycioBHs (2.1); wto Kacdercs
epBbIX, TO, MEHSA BO BTOPOH (opMyie (2.2) MHAEKCH CYMMHPO-
Bau¥sa i Ha kB ¥ k HA i, NOAYUUM CYMMY |

?*f
9T 3k dyi
oxk oxt xk dit,

KOTopasi OTJIHUaeTcsl OT AHAJIOTHYHOH CYMMH B Bhlpawenns Odf
TOABKO NOPpAAKoM AHddepeHUNPOBAHUS BO BTOPOH - MPOH3BOLHON,
a MOCKOJIbLKY B CMELIAHHBIX YacTHBLIX NMPOU3BOLHBIX pPe3yJbTaT Ang-
(epeHIIMpOBAHNA HE 3aBHCHT OT NopsgKa auddepeHUpoBanus, nep-
BHe 4JIeHHl B NMPABHIX YACTAX BHpaxKeHuN (2.2) coBnagawr, M Mel
HMeeM

3df = dbf. | - (2.3)

Cunepcrtsue. Ceoticmeo nepemecmumenrsHocmuy O0ais 08Yx
cumeoa08 Juppeperyuposanus d ud ne sasucum om ebz60pa He3asu-
CUMBLX NMEPEMEHHBLX.

Huaye geno obGcrour ¢ pudpdepennupoBarveM JHHEHHBIX Q)opM

- I'IdJacbcba
13



9. bunaunefdbi KoBapHaHT ®polGennyca, Pacemorpum ndaddi
BY (opMy

o (d) = a,dx’
H COCTaBHM BhIpaxKeHHe
do (3) — do (d).
Hudxpepenunpys o(d) ¢ cumBonoM pudrpepennuposanus 8, nonyqﬁm
8w (d) = da,dx’ 4 addx’

do (3) = dadx* + a,ddx’.

Briuutasi U3 BTOpOro nepsoe, 3aMeTHM, YTO BTOpLie CYMMbl B CHJY
(2.1) B3aMMHO YHHMUTOXKAIOTCS, U MEl IIOJYUHM

do (8) — o (d) = dapx’ — badx = 22 dxkes —

i

— — dxkdxi.
dxk

HMamemnM B focsiefHed cymMMe yKasaTejH CYMMHpOBawHa { HaA K
H HaobopoT; MOJYyUYHM

i k__ (08 _ Oap) dx*3xi.
oxt \ ax* oxt )

Ec/i# e cyMMHPOBATb 110 COYETAHHUSM, TO JJIS KaXJ0H napsl yHces
i, R 6yayT naBa unNeHa

(aa‘ O ) dxoxt 4 (aak -~ g8 ) dxRxk =

dxk Oxt ax! dx*® :
da; day, dxFdxi o\
= — - (dxFdxt — dxiBxk).,
(6xk oxt ) ( )
aa, dag :
BoiHocs 33 CKOOKY OOIHH MHOMNKHTE/IL P R ¥ 06o3Hayas
X

CYMMHpOBaHHE II0 COYETAHHAM 3HAKOM CYMMBL ¢ IIOCTaBJCHHBIMH
B CKOOKAax HHAeKCaMH CYMMHPOBaHNdA, MNOJYYHM OKOHYATE/JBHO

do (3) — b0 (d) = Z( gi; - gjf )(dﬁckaf—»dx‘Bxk). (2. 4)
' R '

[TonyyeHHasa cnpasa ¢opMa JKHEHHA OTHOCHTE/bHO KaXAOH Cepuu
14



auddepeunuanos dxt, . . ., dx* u dx%, . .., 8x". OHa HHBapHaHTHA
OTHOCHTEJLHO 3aMEeHhI He3aBHCHMBIX NMepeMeHHbiX, T. €. IIpH 3aMeHe
nepeMeHHbIX X! B 06eHX 4acTaX ypaBHeHHs (2.4) paBEeHCTBO coxpa-
HseTcs. BopaxeHWe (2.4) HasnBaerca OuUAUHElHbIM xoeapuanmom

DrnnBpitiiiinsy WRIAITIA YVITAIIARA 2 WATANLITT NRDo Tt hanssey
‘i-"UUUGnuybu IIU YLIVILI1 X)L J ‘:I.CnUl Uy, Il UlJ DI¥YI DLWl l anuc li)UlJl.VlBl.

Teopewma. Ecau Ouasunednoid xosapuanm ngpagpgosot
QopmoL  PageH Hyao

do(®) -0 (d)=0, (2. 5)

mo Eopma ® 6ydem moutom Qughgeperyuarom.

eficCTBHTE/NIbHO, OOpamenve GopMut (2.4) B HyJb HPH NPOH3-
BOJIbHBIX Juddepennyanax dx!, dx! umeer ciepcTBHeM o6palleHHe
B HYJb KO3(pPHUHEHTOB

Oa;  Odap 0
axk .- oaxt ’

a 3TO, KaK M3BeCTHO, sIB/IsieTCsl HeOOXOAMMBIM H ,uoc:ra'roqnbm ycino-
BHeM Toro, utoOvl opMa

o = adxt = do

Gbljia TOYHBIM AYpEepEHLUNATOM.

Teopewma. Ecau busunednoul xosapuanm Gopmei ® pasex
HYyaio, Mo urmeepan

M,

u—_—jw(d)
M,

mexncdy Osyma mouxamu Mo(xo, ..., x0) ¥ My(xi,...,x) He
3asucum om 6pibopa nymu UHmMezpayuu;, Npu IMom npPeonoAazaemcs,
4mo nymu urmezpayuu, Coedunsioujue dmu 0ge mouku, obpasyiom

HON N NHRIRNNEG cemericman

Fowy UVV’JWI Lav L o ST BT T AW

Jra TeopeMa 3KBHBAJEHTHA INpebiAyILeH, HO Mbl JOKaKeM ee
He3aBUCHMO, TaK 4YTO 3TO A0KA3aTEJbCTBO MOMNKET CJYKUTb JoKa3a-
TEJBCTBOM M MNpeAbifylled TeopeMHl.

PaccMOTpHM HelpepbiBHOE ceMel
Toukn M, n M,:

<
|
c

d=xt2) (G=1,...,n),

rape o — napamMerp JIMHHH ceMeHcTBa, { — napameTp TOYKH Ha JH-
HHHM o 3TOro cemedcTBa. [lapamerp ¢ BHIGOpaH TaK, YTO 3HAUEHHe
= { coorBercTByeT Touke M, H 3HayeHHe [ = | — Touyke M,.

-~ 15



Takum o6pasom, ‘
x (0, a) = x¢,

x(l,a) =«

I

HE3aBHCHMO OT Bbi6opa a.
 .BBegeM cuMBOJBI AMddepeHHHPOBAHHS

OHH, OUEBHJHO, IepeMeCTUTENbHBI, GO

pdf = 2 (2-f) = 2 aw =2 (§)= e

7

[To ycsoBuio (B cuny obpaieHusi B Hysnp KoBapuanta ®pobenuyca)
YIMeeM :

do@®) —~3w(d) =0. 25

[TonoxumM
4
u@@:jum; (2. 6)
0

Orcopa

w(d) = —g—;i-=d;u, 8w (d) = ddu,

¥ ypaBHen¥e (2.5) sanuuercs

do(d) —8du =0,
une B cuay (2.1) '

- d{o@) —3u) =0

ans Jqoboro t 1 @, T. €.

0
-E-t-—-{w(a)—ﬁu] =Q.

[MockonbKy - pousBojHAasi 0O f paBHA HYJIO, PasHocTh o(d) — du
He 3aBHCHT OT ¢, HO ijia £ = 0, T. e. B Touke Mo, Bce nyTH cXouATCs,

16



v no dopmyae (2.6) HauanpHoe 3Hauenue 4 = (. CnejoBarenibHO,
oxt
d =

o (3) = g, =0, u=0,

H TIpH BCcAKOM !
®(8) —du = (.
B Touke M1, T. e. g { = 1, onATL BCe NYTH CXOAATCHA, H

cjenoBaresibHo, NpH f = 1|

=0,

T. €. A4 JI0GOLO0 NYTH MHTErPUPOBAHHMS. HENPEPHLIBHOTO CeMeHCcTBa
KPHUBBIX HHTerpaJ (2.6) naer ofiHO ¥ TO Xe 3HayeHue. 310 H Tpebo-
BaJIOCh J0KAa3aTh.

BusnnefiHblil KOBAPMAHT 3aBHCHMT OT ABYX Cepuil ,u,ncpq)epeﬂuna-
J0B dx‘, 0x' 1 MeHsleT 3HAaK IpH ¥X NepecTaHoBKe. buavHelHule aJ-
re6panqecxne ¢opMBl ABYX cepnﬂ NepeMeHHBX uf ¥ v*, MeHsIOWHe
3HAK NpY NepecTaHOBKe u! U U¥, HA3BIBAIOTCS KOCOCUMMEMPULHbIMU.

10. KococummeTpHuHbie GuanHeRuble dopmul. 1°. Koaghpuyu-
EHmbL KOCOCUMMEMPULHLIX (OPM CAMU KOCOCUMMEMPUUHLL, M. e. npy
NepecmanosKe uHOEKCO8 MEHSIOMm 3BHAK.

Tlycts

F_ ayuie — L@
KOCOCHMMeTpHYHAsA GopMa; TOra IPHA NEepecTAHOBKE & U U NOJYYUM

HAM, MeHsAs 0603HAYeHHA HHAEKCOB CyMMHPOBAHMSA i HA j U HA060-
poT, MoJyYuM

o vlul.
I -—-‘—uiJU

CpaBuuBag (2.7) u (2.8), umeem

——
[ W]
oo

R

L/ ome Ty
a,utv/ = —a;vu

au- : — aj‘, a“ — 0.

Kococummempuunas opma ocmaemcs KOCOCUMMEMPULHOL
npu 00HOBpEMEHHOL, C OOHUMU U memu oKe Koddhguyuenmamu, Au-
Helnoli nodcmanoske obeux Cepuil nepemerHbix.

2 . 3axas 533 17



Ut = Ak, - Vi= Ap*,

[Tpu sTOM, OYEBHAHO, 6Hnnneﬁnaﬁ dopma F mepeiier B OunuHel-
Hylo ¢opMy @
Fu,v)y=o U, V).

HeficTBuTeaIbHO, NpHM 3aMeHe uf HA ©*, oueBHAHO, MeHsercs [/
na V¢, u dopma © MeHser 3HaK BMecTe ¢ (popMol F. 3HayHuT

OU,V)=—@(V,U),

YTO ¥ Hajo ObUio JOKa3arh.

11. Baewmsue kBaapaTHuHbie HOpMbI, Ecnn B 3anucH GopMul F
1o dpopmy.ne (2.7) nepelTH K CYMMYPOBAHWIO 110 COUETAHUSAM yxasa-
Tesied I, j, TO B CHJIY KOCOCHMMETPHUHOCTH KO3((HHUUHEHTOB a;;
= ——-CI,; NOJYUYHUM

. fry ] rrdY
F = Eag (W) — Wty = 2%-
BregeM HoBoOe o00603HaueHHE;

] =

wiw

vl v/

vi v/ (2.9)

[Mpoussenenne [u’n/] OyfeM Ha3bIBaTb GHEUWIHUM NPOU3BEOEHUEM.
Onpepenutens, cTofmMit B npaBoit uyactd, OyJeM HasbIBaTb 3HA-
HeHUeM 6HewHez0 npoussedenus. Y1oObl MOJYyYUThH 3HAYEHME BHeIL-
HEro fpoM3BeleHUs, HAJ0 3aJaThCsl JBYMs CEepHAMH 3HAueHHH Oa-
3HCHBIX 3JIEMEHTOB uf, u/ u vé, v/,

Bce pefictBMs HAj BHEIUHUMY HPOU3BEJEHHMSIMH MHOAUHHSIOTCS
o0lIeMy IpaBuRyY: 060 npeobpa30BaHUe BbIPANCEHUR C BHEUHUMU
NPoUsBe0EHUAMY BAKOKHO, eCAU SHAYEHUS 3MO020 8uipaverus 00 npe-
06pasoeanus u nocie npeobpasoeanus PasHvl npu 8cakom evibope 08yx
cepull 3BHadeHull O6A3UCHBIX 3/EMEHMOS.

Hanpumep, ecnu umeeMm faBe JMHEHHBE (POPMBI

fr=au, fy=>bu,

TO
Ch@ R@]| | au bt |
[fl fﬁ] = ’ci (U) f: (U) = | a:Ui b:ﬂk == aiui bkvk — aivt bkuk =

= a;b, (uv* — viu*) = ab, l

v
= Z (@, b, — a, b)) [ut u].

(i.%)

ut u* i —_ [ut uk] —

18



CnepcrBus 1. IIpu nepecrnarnoske muoxcumeneli sreuiree
npousgeerue MeHaem 3HAK.

2. Brewnue npousgefeHus pPasHbix MHONCUmMesed uau omausaro-
WUXCA MHOXCUMEAeM NPONOPUUOHANBHOCMI PABHbL HYAO:

3. CKAAADHOIL MHONUMENL MONCHO 6bIHOCUMbL 3Q CKOOKY 6Heul-
He2o npouseederus.

12. OGparHbie Teopembl. Jlemma Kaprana, Teopema 1.
YUmobot npu 3adannol auneidnol gopme [ (e paenou HYAI0) uMe-
A0 MECmo pagencmso

[f 91 =0, - (2. 10)

Heobxo0umo u docmamodHo, 4mobbl Gopma ¢ Oblaa RPONOPYUOHAAE-
Ha chopme [ € HEKOMOpbIM MHONCUMEAEM NPONOPUUOHAALHOCIL:

HocTaTouHocTs BLITEKaeT U3 cJaeactBHa 2. Urobnl foka3aTh Heol-
XOAMMOCTb, U3MEHHM Gasuc u, u?, . . ., u”, BBels B HEro 3aaHHYIO
dopmy [ u eme n — 1 mo6uix JHHEHHBIX GOPM f1, f2, . . ., faz1 ,
JMIb Obl BMecTe ¢ dhopMoli f oHM 06pa30oBajii JUHEHHO He3aBHCHMEIN
0asuc (OTJANYHBIA OT HYJS ONpefenuTe b U3 Ko3(QPHLIMEHTOB B pas-
JoXKeHuH 3TUX popm no crapomy 6Gasucy). Hanpumep, ecnu dopma |
B CBOEM pPasJ/IOKEHHH 110 3JieMeHTaM (as3yuca COIEpXKHUT u*, TO MOIKHO
NPHHATL Kaxjoe

f=u ((=12...,n—1),

.
i
L

.\.--.-. .-A.-A-.n,-. P N »owr

110CJI€ 3aME€nbl 0a31cCd UCKOMAas (pOpMa ¢ ¢ OyAer

o =cf -t clfy1 .o+ Haoy

H ypasuenue (2.10) npumer Bup
elffl - fh) 4+ oo e ] = 0;

NepBHH Ynied fpofnajgaer B CHIY CJeACTBHA 2; BCE OCTAJBHBIE POU3-
BeJleHHsl JIMHEHHO He3aBHCHMH, KaK NPOH3BEIECHMS PAa3jNYHBLIX 3Jie-
MeHTOB 06a3Hca; CJeAOoBaTeJibHO, PAaBHH HYJIO Ko3(pdHIHeHTH

cl — P2
_

_pﬂ—lu
[  — O

——]

3=

2% . 19



Teopema 2. (lemma Kaprana) Hmobet npu

300QHNbIX AUHELHO He3asucumblx (opmax f‘ f2,...,f” (paur mar-
PHIE KOS(HIMEHTOR PABEH p) UMEAO MECMO MONOECNEo
(Flogd + [FPeal + . - . +1fP¢,] =0, (2.11)
neobxodumo u docmamodro, umobol gopmer ¢, (i =1, ..., p) au-
HeilHo ebipascanruce yepes 3adannoe opmol f*(k=1,...,p) c cum-
mempuinol mampuyett Kodppuyuenmos
9, = Cipf*,  Cip = Cpye (2. 12)
Hononnum sapansbie opmbt f!, ..., f? eiue n — p HOBEIMH ¢op-
mamu fP+1 . . f8 Tak, uroGut Bce n dopm fi, ..., f* o6pasoBaau
JMUHEHHO He3aBUCHMbH! Gasmc. TI0CKONBKY panr Marpunsl KoaddH-

IMeHTOB B pasaoxkeHnu ¢op™m f*(k=1,...,p) no snemenram 6a-
-34ca u!,”. .., u” paBeH p, B 3TOH MarpHue CylecTBYeT OTJHMYHbIH
OT HyJs ONpejeutesnt MOPAAKA p.

PRp—— PR T s S A e o mmmm . [Eyippny. Sgs Rpistympnps

HomnyctuM, uto 3707 uupt:p.e.umt:.ui: 06pasoBaH KoxphHIHeHTaMH

npu anementax Gasmca ul, ..., uP; Torpa J.Locra'roqno NPHHATDL
fP=uw (A=p+4+1,...,n0).
JonycTuM, yTO PasJioKeHHEe HCKOMBIX cpopM e,(i=1,...,p) no
3JeMeHTaM HoBoro 6asuca 6yaer
?I—C'kfk—i-_ctkfl, kzl,‘.o,p,

TOT /4
(F 9] = ¢ [FF 7Y+ canlF P 1,
¥ paseHctso (2.11) mpumer Bup ‘
e P - e dfif1=0. 21

.Bo BTOpO#t CymMe Kam[Iblil 4/eH COAEepKHT HOBYIO (hopmy f* , KoTo-
pas murze 6oJsblile HE BCTPEYALTCH, CJ'{e,D,OBaTEJIBHO BCe KOox(HIH-
€HTBl C; PABHBI HY/IO:

i = 0.
SHAYMT UCKOMblE OpMbL @, PA3AA2AIOMCS MOABKO O Popmam
f*(k =1, ..., p). B nepBoi cymme paBeHCTBa (2.13) mpu cymmupo-

BaHUH 10 COYETaHHAM yxasa're.ueu i, k Ha}me'rca JIBa IIOJ],OﬁHbIK
yneHa (C OHHMH M TeMHM ke opMamu [i, [¥) \

ColFF ¥l + €[TR 111 = (€1 — o) [F* F¥1.

o
<



Tenepr parBeHCTBO

E(Cik — Cpy) [’Iq ff1=20

(i,k)

HE COJIepKHUT NOJOOHBIX Y/IEHOB; CeloBaTe/IbHO, BCe KO3(DPHILHEHTH!

paBHBL HYJIO

10 M NPUBOAMT K opmynam (2.12).
Teopema 3. UYmobe: xeadparmuuras gopma

(7))

06pawarace 8 Hyav, ecau sdaemenrme. 6aszuca w' (i =1, .. .,

" 3AHbL - COOIMHOWEH UM

Foe el ) -
/ = v,

Fad
— L

Heobxodumo u docmamo4ro, umober gpopma F Goira suda
F = [f’ C?],

¢ — no0xo0suie 6oIOPARHAR AuHelHas opma.
eficTrUTeILHO, ecnM BHIGpATL HOBW Gazuc |, f1

ASAA B Wl A LFEANT

ede

TO ;})aBHeHHe (2.14) NpHMEeT BUJ

Fi=blff)+ YV oy P Gi=1....n)

()

M Moc/e TOro, KakK Mul BHeceM f = 0, moJiyuuMm ycsioBHe

- Zbij[fiff] =0, . e. b, =0.

U¥)
Takum oGpasoMm, dopMa F Oyaer UMeTh BHJ
F=0b,1f1=1f, b;f,
coBnaaaiouii ¢ dopmynofi (2.16), ecau nonokHIb

¢ = bjfj'

T et W A A B Ar a P vg AL AF Al Esuriaa r MRLF B N iy 3 = = %

(2. 14)

n) ces-

21



Teopewma 4. Ymobs xeadpamuunas ¢gopma F obpawarace
8 HYAb 8 CUAY CUCMEMbL

fl=0,...,ff=0, (2. 17)
e0e fi(i=1,...,p) — AunelnHo He3agucumoie AuHelHbiE HOpmbL,
Heobxo0umo 1 docmamouHo, 4mobst .

=" o + [Pl + oo 417 3l (2.18)
[lefictBuTenbHo, NoCKonbKy dopMbl fi(i =1,...,p) JHHeldHO He-
3aBHCHMBI, HX MOXHO JOTMONHUTL ¢opmamu f*h=p-+1,...,n)

O TIOJIHOTO JIMHEeHHO HesaBHcHMoro Ga3mca. Ilocsre samenn Gasmca
KBajpaTHyHas ¢opMa F npHMeT BHJ

F= oy PP FenlfiFl + aulp oy BT = Lo P

[Tfocne BHecenus B cuay (2.17) f¢ = 0 nmonyuuM ypaBHeHHe

[~ A fol - 0O
teap g 11 b

Taxum 66pasoM, ¢opMa F NMpHMET BHJ

F : [_fi: Ci}fj ‘%"Cflf)‘ls
yTO COBNAjaer ¢ npeacrasneHveM (2.18), ecaH HOJOXKHTE

©; =Cy P+ coft .

13. Buewnni pudpcdepenunan. Tax ke xax GunHHeinyo ¢op-
MY MOXKHO 3aMEHHTb BHeUIHeid kBaZpAaTHYHOH dopmoil, Tax 6u-
AHHeAHBIA KoBapHaHT ®pobenHyca

do (8) — oo (d) = (da, ox' — da, dx') < ... + (da, ¥x" — %a, dx”)
oT - opMHBI
o= adxt ...+ a,dx”

MOXXHO HPEICTaBUTh KaKk eHewHull dupghepenyuan

- ) 1

_— i:a'al d.x‘] _i_' - s . _F {a’ap dxﬁj.

—
N2
©

[Tpasuso grewreeo Ouggpeperyuposanus nNpPou3sedenua CKAAAPHOU
dyHkyuu Ha gopmy.

Ilyetb m — GyHKUMS nepeMeHHBIX X', . . ., X* H ® — JIRHEeH-
Hast ¢opma

W == agdx".
22



[Toacunraem BrewHH judxpepeniuas NPOU3BEIEHUS Mw:

Ad{m m) - Al (imaN dvil - I'n'(mn\ A il
W\'llf ‘-U}' o i \l’llrblrt} 4 I —— lu\r”w” w#\:]’
HO
d (ma)) = mda, +— a,dm.
CJleoBaTeNLHO,
d (m o) = m[da,dxi] +- [dm, a,dx'],
HJH

d (mw) = md o + [dm o]. (2. 20)




TJIABA 111

UHTETPUPOBAHUE CUCTEMDbI YPABHEHHWH
B MNOJIHbIX JUPPEPEHHHUAJAX

14. HHTerpaJlbﬂoe MHOrooOpa3sue CHCTEMbI. paCCMOTpHM CH-
creMy r ypasHeHHH Ilpadipa

UI=0’62=0’030,8’,=0’ . (30 1)
rae b, osHayawoT r nNHHEHHBIX AHQ)Q)EPEHILH&JIBHI:IX ¢opM, MOCTPOEH-
HHX Ha n-+r repeMeHHEIX xL, X, ..., X" K EX Audipepernmanax

TaK, 4TO KOIPHUHUEHTHI IIpH ,u,mp(pepenunanax Kknacca C:, T. e.
JONYCKAaIOT HenpepbiBHLIE YACTHHIE NPOH3BOAHEIE [1€PBOro NOPsAKA.
byneMm npeanosiarath 3TH (GOpMbl JIMHEHHO HE3ABHCHMBIMH, HHAaye
roBops, OygeM CUMTATh PAHI MATPHUbL KO3hDHIHEHTOB it PABHBIM 1.

Ionb3ysck reoMerpHyecKuM I3bIKOM, 6yieM paccMaTpHBATD fiepe-
MEHHBIE X’ KaK KOODJAMHAThl TOUKH B IIPOCTPAHCTBE N —- r H3Mepe-
H4¥ U Ha3BIBaTh TOUKY A 3TOro NpOCTPaHCTBA 0bujeli moukoil, ecnn
AJiST KOODJIMHAT 3TOH TOUKHM PaAHT MATPHUH Y% B TOUHOCTH paBeH f.

PaccmoTpiM B 3TOM NpPOCTPAHCTBE 7-MEPHOE HENpephIBHO JHd-
¢depenniupyeMoe MHoroobpasue V, T. e. Takoe, YTO KOOPJHHATH JilO-
Golt ‘H3 ero ToueK MOXKHO BHIpA3HTb HempephlBHO AudxpepeHuMpye-

MLIMIT AdAyuwmuamiy #71 manaumantnan: AYVTTOM TOBODHUTL. 4UTO 174 T R
AYAAJALIVA KL \*’J Ill\“l‘.nl‘lll e 1l€a CRLVIN.- L PUD’ UJA\-.[‘I. 8 UWP Xl 1l D’ b YAV [ ST KT NN

epansroe muo2oobpasue cucmemor (3.1) unu, uto oHO 0Opasyer pe-
wenue cucmemot (3.1), ecid KaxJpli H3 ero KacareJibHbIX 5JIEMEHTOB,
OTpejeisieMbIX  KOOPAHHATAMH HEKOTODOW TOUKM MHOrooGpasus V-
H HanpaB/IsIOUIMMH [1apaMeTpaMt dx', dx?, ,dx*t7 gacarenn-
HOM K MHOroo6pasHio V B 3Toli Touke, y,uosneTBopﬂeT ypaBHEHH A M
(3. 1). Ecnu paccMatpuBaeMast Touka A — o0mas Toyka mpocTpaH-
CTBA H ONpejesiuTeib U3 7 TIOCACARHX CTOJIOLOB. MAaTPHLH R B 3TOL
TOYKe He paBeH HYJO, YTO BCerja MOXHO JIONYCTHTH, MEHAH B CJIY-
yae HajoOHOCTH HyMepallkio KOOpPJHHAT, TO ypaBHeHHus (3.1) MoxHO
paspemmb B OKPEeCTHOCTH TOuYKH A oTHocHTenbHO aH(depenuHanos
dx?+X | ., dx"tr, cnejoBaresibHO, HepeMeHHble x#tY . |yt
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x', x%, .. ., x*, JouycKawoT B Touke A H BO BCeX TOYKaX, JOCTATOYHO
O6/1M3KHX K TOYKe A, Henpepunnme IIpOPI3BO,ILHbI€, epBoro MopsiiKa.
[Tonaras pns y,uoﬁcrsa H3JIOXKEHK 1

e =2 (a==1,2,...,7)
M OCTaBJAA JNisl yKasarenedl {, | TONbKO 3Hayenusa i, j = 1, ..., n,
MOXKEM 3anfcarb GopMbl 6. B BHje
O = C.3d2® - agdxt (;8=1,...,r), (3. 2)
. dpt! ,..m‘ :&

L “ag | 7 =

U ofipejesuTh MHOToOOpa3sne™ V mocpencTBoM 7 ypaBHeHHH
=2 (L, %% .., x) (e=1,2,...,7) (3. 3)

[lockonbky 2* pnONMycKawoT HenpepbiBHbIE YACTHLIE NPOH3BOAHLIE
repBoro MopaaKa, MOXKHO CKasaThb, YTO BCAKAA TOUKA HHTEI'PAJIBHOTO
MHOroo6pasHs, Kotopas sABjaserca oOmweHd ToykKoid NpPOCTPAaHCTBA,
GyAer pesysaproli TOUKOR MHOI‘OOﬁpaSHH 9TO M 03HAyaeT BO3MOXK-
HOCTb B OKPECTHOCTH 3TOH TOUKH AHAJUTHYECKOr'0 MpeACTaBJIeHHs
MHoroobpasus V B Buze (3.3).

15. HeoGxoaumoe ycaopHe noaHOM unTerpupvemoctu. O n-
pelleseHHe. Cucmena Hoagpgpa (3.1) Hasesaemcs enoare
uHme2pupyemoli, ecau uepe3 Kascoyro obwyro mouky npocmpancmea:
npoxodum O00HO uHMezpasbHoe MHO20006pasue.

KoHeyHo, Mbi TpefyeMm CYIMECTBOBAHHS 3ITOrO MHTErpajibHOro
MHOroo6pasHs B JOCTATOYHO MAJIOH OKPECTHOCTH paccMarpuBaeMoii
obuteli TOUKH.

HerpynHo nHaiiTu HeoGXolMMO€e YC/IOBHE MOJHOM HHTErpHUPyeMo-
cTd., [leHcTBHTeNbHO, oOpasyeM BHeILHHe JuddeperHurans Gopm
f.: aT0 OyAyT BHeElLIHWe KBajpaTHyHbie (OpPMBI, MOCTPOEHHEIE Ha
nepeMenHnx x*(k=1,...,n+r) u ux puddepenuuanax.

B. okpecTHoCTH O0miel TOuKH A, nns KOTOPOH HMEIOT MeCTo Cjie-
JIaHHBIE BHIOIe JONyileHusi, ypasHenHs (3.2) paspemaiorcsi OTHO-
CUTENIbHO d2® ¥ BHEUIHSAS KBaJPATHYHASN topma df, 6yeT BLIpaxeHa
qepes n AAddepennnanos dx' M r JHHEHHO HE3ABHCHMBIX (OPM

. Mol nonyuum

s A = — Auyldxt ) - Blald 0] = — CEF (6,0, 1, (3. 4)
rie HyAeKChl CYMMHpOBaHHH npoﬁerarm 3HaueHus {,j=1,...,n;
B,y=1,...,rmn

Ayj = — Ay, CF = — C¥
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obmyo Touky A; ecqd nepeMeaTbCA N[O 3TOMY MHOroo6pasuio,
TO ¢hopMmbl O, OyLyT TOXKAECTBEHHO PABHBI HYJIIO H TOYHO TaKxke op-
Mbl db,"; neBasi wacTb paBencrtBa (3.4) H ABe MOC/eJHHe CYMMBI TIpaBOH
yactH obpatsrcd B HyJaH. C Jpyro#l CTOPOHBI, B OKPECTHOCTH TOYKH
A, 1ns KOTOPOH HMeeT MeCTO aHaJHTHYecKoe mpeacrasneHue (3.3),
nmepeMeHHble ', . . ., X" OCTAIOTCS HE3ABUCHMBIMH, H, CJIEOBATEJNbHO,
KoahduurenThi A, ;; B cooTHouleHHsX (3.4) OyayT paBHBl HYJIO.
Otciona BuITeKAaeT CYUIECTBOBAHHWE B 3TOH OKPECTHOCTH TOMKJECTR

BHZA

"D
o]
=
oad
-
)
[¢"]
o

g
o
W
|~

—
Co
o

pu——

rane mi — NOoAXoJfAUle BbGpaHHEE /AHHEHHBle AudbepeHuHaNbHble
(dopMbl ¢ HelpepHIBHBHIMH (PYHKIHMAMH B KauecTBe KO3(xpHLHEHTOB,;

MOXKHO TIOJIO¥HTh, HampHMep,

A~

— B dxi - — CP0, .
rd 2 x 1

YcaosHe (3.4) MOXHO paccMaTpHBaTh KAaK HEOOXOAHMMOE YCJIOBHE
MOJIHOM HHTerpHpyeMoctH cucteMsl (3.1). Eie mpoine MOXHO Hany-
CATh €ro B BHJe CpPABHeHUH S

v Swh L -y S

do, =0 (mod,,0,, ....5). (3. 6)

16. Heo6xoaumoe 4 pOCTaTO4HOE YCAOBHE NOAHOHA HHTEr-
pHpyeMOCTH cHcTembl ypasHenHit Ildbadda. Tenepr Mol ¢op-
MyJiipyeM ofLlyi0 TeopeMy JJisi BIOJIHE HHTETPUPYEMBIX CHCTEM
[Ndadda.

Teopema. Ymobor cucmema I[lpadga (3.1) Goira enoaxe
unmezpupyema, Heobxodumo_u 0ocmamouro, umobsl 8 oKpecmHocmu
Kaxcood o6u;eu MOuYKW npoCmpancmeq eHewnue Oudipepenyuaint
dl, sesoix wacmetll cucmemot Obiau CPABHUMBL C HYAEM MO MOOYAIO
amux Aegoix dacmetd 01,02, ..., 0.

310 Heo6XOA¥MOE H JOCTATOYHOE YCJIOBHE MOXKHO BBICKA3aThb
JPYTHMH CJIOBAMH: cucmema sHewHux oupepenyuairos

do, =0, db,=0,..., df, =0 (3.7)

doadicHa Ovime ancebpaudeckum credcmeuem cucmemor (3.1).

HeiicTBUTENbHO, H3 paBeHCTB (3.5) Npsmo BhiTeKkaeT ofpalleHHe
B HYJb cdcTeMui (3.7), ecau paBHbl Hymwo 61, 02, .. ., 0.. C apyroi
CTOPOHHBI, U3 Teopemsl 4 1.12 HellocpeJCTBEeHHO CJ/eAyeT, YTO KBaja-
paTthuHble opMbi df, , ofpamalomyecs: B HYJb, KaK anrefpadyeckoe
cnencreue’ cucreMul f1,= 0, 62= 0, ..., 06, = 0, wumeror cTpoenue
Biza (2.18), uTo B TOYHOCTH COBMAAaeT ¢ ycjaoBueM (3.5).

[ ]
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[Nepexogum K j0Ka3aTejbCTBY OCHOBHOH TeopeMbl. Heo6xomwu-
MOCTB ycaoBHA (3.5) Hnu (3.6) BuiTeKaeT U3 NOCTPOEHHS ITOTrO
TOXJECTBA. JJIs JI0Ka3aTeJbCTBA JOCTATOYHOCTH MBI PACCMOTPHM
HECKOJIbKO BCTIOMOTaTeJIbHEIX  TeOpeM.

Hawm 6yaer ynofHo paccMOTpeThb n-MepHoe IPOCTPAHCTBO Napa-
METPOB C TOYKaMu (x¥).

Teopewma 1. Cucmema (3.1) donyckaem He 6Goaee 00HO20
pewerua (3.3) ¢ HAYQAA6HBIMIL SHOMEHUAMU

, : i
2" =2y q1a x'=xo; 20, Xo = const. (3. 8)

Honyctum, yto peulerue (3.3) CyulecTByeT, TOT/d Mbl MOXKEM HaHTH

ero 3nayenve B Toyke M(xf). Depem B npoc*rpaﬂcme (xY) Touxy

My(x6, . . ., ¥}) W 3ajaeMcsi 3HAYEHHMSIMH 2, . . ., 20 I[onycmM
yTo ToukKa M(x?) nexur BMecTe ¢ ToukoH M, B o;mon OJJ,HOCBHBHOH
o6JacTH, TIJe HMeeT MecTo . aHaJmmqecxoe npejacrasiaende (3.3).
HOK&)KEM, yTo B TouKe M (x!) QyHKUHMH 2* OJYYalOT BIOJIHE Ollpe-
aeneHnble sHauenus. IIng atoro coeguruMm TOouky M, c Toukoir M
nyreM, NMPOXOASMIMM BHYTPH paccMarpuBaeMod o06sacTH

g=f, 2=£0,..., =70, (3. 9)

rie ¢t — napamerp, onpeaesiomuii NoOXKeHHe TOUKH Ha NHHHH MM,
cO 3HaueHHeM ! = fo B TouKe M,, H Bce GyRKIHH fi(f) xnacca C*.

Brocst Boipaxkenus (3.9) B ypaBuenus (3.1), gens va puddepen-
uuan dit v paspemias ux B cuay M. 14 OTHOCHTENILHO NPOH3BOAHKIX

dz*

, TIOJIYUUM /51 HeH3BeCTHHIX QYyHKuHE 2¢ cucTeMy Komn

dae

_ dt

Hame pemende (3.3) fo/mKHO yAOBJETBOPATH 3TOH CHCTeMe, 4 MO-

CKOJILKY cucTeMa KoM jgonycKaeT TOJbKO OJHO pelIeHHe C 3a1aH-

HBIMH HauaJibHBIMU 3HaueHHsIMH (3.8), To 3TO pemneHHe GyAer eguH-
CTBEHHBIM.

17. Hesanncmwocrb peileHHsi OT NYyTH KRHTerpHpOBaHHs.
Teopema 2. Ecau ycaosue (3.5) uau (3.6) ydosaemeopeno,
mo @ okpecmHocmu obuweti mouku M, npu 3a0QHHOM HenpepbIBHOM
cemeticmse nymedl, coedunsoujux mouky M, ¢ mouxod M, srauerue
(2% ) He 6ydem 3asucemes om nymu UHMEZPUPOBAKUA.

PaccMoTpnM oflHOCBSI3HYIO 00/1aCTh B NPOCTPAHCTBE 1apaMeTpoB
(x¥), B He#t nBe Touku M, u M,, mocratoyHo 6.HM3KHe, 4TOGH MpH
HHTETPUPOBAHMH CHCTEMEL (3.10) nmo soboMy NYTH ReNpephIBHOIG

ceMeicTBa JIMHUR
xt=fl(t,a), x2=f2(ta),...x"=f"({,a),  (3-11)
COEIMHSIOMUX TOUKY M, ¢ Toukolt M, MHTepBaJ, HA KOTOPHIA pac-
27
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NPOCTPAHACTCA TEOPEMA CYIECTBOBAHHS pelueHHs KollM, conepxkan
TOuKy M, Kak BHYTPEHHIOIO TOYKY.

B ypaBHeHHﬂX (3. .11) napamerp { no-mpexHemy oTpejesser
TOUKY Ha JUHHH ceMefictBa M M, co 3Hauenusmu ¢ = 0 B TouKe
M,, t = 1 B Touke M;; napamerp a onpejensieT JUHHIO CEMEHCTBa,
dyuruun f (f,a) xaacca C'. Ilo kaxnoMy U3 3THX OyTell MHl. HHTe-
rpupyem cuereMy (3.1), Beixojs H3 ToukHM M, ¢ OAHMM H TeM Xe
HayanbHBIM 3HaueHueM (3.8). Hapo mokasatk, 4yTo He3aBHCHMO OT
BEIGOpA NYTH MBI BPHJEM B Touky M, ¢ OIHHMHU U TEMH XKe 3HaAUCH U -
MH 2%,

BBenem nBa cuMBoJa uncp(pepeuunpoaanuﬂ:

‘\ DT TTLE TTLVIMLIY XTI TAaT™ LI 'I'_I’IICI'

" DAU!{ID IIJ i ¥l rnilvl lllJ Lafirnn
d = 9 :
at
2) npu nepexofe OT OJHOTO NYTH K ApYroMmy
d
= .
da

B Touke Mo, T. e. aasa ¢t = 0, Bce MyTH CXOJATCA M BCe HEU3BeCT-
Hble QYHKIMH 2* OPUHUMAIOT OJHH M Te Xe HadaJbHble 3HaueHHs

= 2;. CnenoBaresbHO, BapHaUHM PAaBHBEl HYJIO
oxi=0, 82 =0,
H Mbl HMeeM s t = 0 _ _
5,0 =0 (@=1,...,). 3. 12)
B Touke'M,, T. e. ans t = l BCe MYTH CXOASITCH H
Y- 0;

HAJO JMLIb JI0KasaTh, uto 32z = 0. [losn3ysch q)opmynon (3 2),
nMeeM aaq =1

6, () = cu 22 + i

+ T Car

aa (3. 13)

B moboit TOYKE JIHHHH MM,, 1. e. ana moboro ¢, WHTErpHpyeMm

P, P WU S —— _— e -

CHCTEMY Uq = U, CACAOBAIC/IbHU, BCIULY

0, (d) =0. (3.14)

PacnucbiBaeM Tenepb KBajipaTtHuHble dopmbl (3.5) AnA IBYX CHMBO-
JoB fuddpepeHIIHpOBAHHA

db, (3) — 86, (d) = of (d) b 3) — of @) 6 (d). (3. 15)
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d9, (3) = of (d) 8 (3). (3. 16)

0, @) = Ha, of(d)=pldt;

cucrema (3.14) npumer BHj cHcTeMbl Kol A/ist OJIHOTO HE32BHCHMO-
ro nepeMeHHoro ¢

p—
c
Iy
-]

“mp

Hauvajspable yc10BHS slo1yuaeM H3 paBeHcTs (3.12)
H, =0 pas ¢ =0. (3. 18)

Cucrema Komn (3.17) uMeeT TOIbLKO OJIHO pellieHHe NpPH 3aJaHHOM
HAauaJbHOM YCJOBHH. 3TQ-pellleHHe OYEeBH[HO: MOCKONBKY CcHCTeMa
(3.17) onHOpOAHA, OHA noGycxae'r HyJIeBOe pelleHHe, KOTopoe YAo-
BNeTBopseT U ycjoBHio (3.18). -

CaiefloBaTesibHO,
b, (3).=0 H aasa t=1.

Ypasrenus (3.13) pator Tenepb AN NPOH3BOAHBIX ‘:’;il , %z:, -

" Brouke ¢ = I OJIHOPOAHYIO CHCTEMY C OTJIMYHBIM OT HYJIS onpe-
J].ETIIHTBJIQM '
| det|c.g | + 0.
3HAayuT, BCe
| d2P

e 0,

M 3HaueHHs 2f B Touke M, He 3aBHCAT OT MyTH HHTerpauui.

18. CBeaenue 3a]a44 HHTEerpHpPOBaHUs BNOJHE HHTErpHpYye-
MOMR CHCTeMbl K MHTerpupoBaHHl0 cHcTeMbl Komm. T-eo p e-
Ma 3. 3adaua UHME2PUPOBAHUSR BNOAHE UHMezpupyemold. cuc-
memoi  c600UMCA K URME2PILPOBARIIO CUCIIEMbL Oﬁb&KHOBGHHbtx Ough-
qbepenquaﬂbubzx Yypasrernuil muna Kowu.

Ilycte - A (xo, 2;) — o0Ilasi ToYyKa MPOCTPAHCTBA, y,ll,OBJIETBO-
pAomas NoCTaBNAeHHBIM BEIE YCJIOBHAM. BeAkoe HHTErpanbHOe
MHOroofpasHe, Npoxofsiiee yepes Touky A, AoNycKaeT aHa/HTHYe-
cKoe rnpencrasienue. (3.3). Beoagum B n-MepHOM IPOCTPAHCTBE apa-
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MeTpOB (X) NMOJSPHYIO CHCTeMY KOOPJAMHAT ¢ HAYaAOM B TOuke A
NOCPEACTBOM YpaBHEHHH

xt— (x), = ta’, _ (3. 19)
rie { — HOBAas, CYIeCTBEHHO NoJOXKHTeNbHasA Koopjuuara. Ilapa-
METPB! @ IPHHUMAIOT mot‘)ble 3HaYeHH s, YJOBJETBOPSIOUIHE YCAOBHIO

2 22 2 .
@)+ @2, .. @)r=1; (3. 20)

IJs BCAKOH cHCTeMbl 3HA9eHUR al Touka (x*) onHCHBaeT HpH H3Me-
HEHHH [ MOJYNPsSMYIO, BBIXOAAILYIO H3 TOYKH A; BCce MOJyNpsMble
3aMOJIHAT n-MepHOe NPOCTPAHCTBO. DTH MpAMbIE Tenephb 6yayT mpen-

CTABJNATL COoOOH HelpepLIBHOE CeMeHCTRO nvyrTel (Q 11). Ilocae 3a-

NFNTEA Ilvlal} BFARS L ANT Wt s AUR N AR Ve B RSNT J BT N B B

MeHbl dx! Ha @‘dt U dx"t* pa dz* TOJMYUYEM cnc'remy OGHIKHOBEHHBIX
LuddepeHuMANbHBIX YpaBHEHHH

dz» w ;
_c—lf—:Z (at’t,?; ) .(3.21)

C Hauvd/JbHbIMH 3HAUEHUAMH

2* = (2*), nasa t=0.

B nojiyueHHOM pelleHHd Mbl MOXXEM MOJOKHTb f = | H CYMuTaTh
al [IPOH3BOJILHbIMH BequHHaMH He CBSI3AHHBIMH YC .nonneM (3 20).
BHOCA BMECTO a‘ 3HAYEHHS \o 1:1) MNOJIYUHM ypaBHE
HOTO MHoroofpasus V.

IToaywernroe 3naqenus HeU38eCMHbLX (PYHKYWE 2* 8 Kaxcdod mouke
(x)) 00HocessHol o6Gaacmu cocmasasitom  peuwienue cucmemor (3.1).

JelcTBuTeIbHO, NMPOU3BONBHYIO TOUKY M 3TOH 06s1a8CTH MOXKHO
COEIMHHTh NMYTAMH ¢ TouKaMH M’ ee OKPeCTHOCTH TaK, 4TOOLI CO-
BOKYIHOCTb KaCaTeJibHBIX K 9THM IYTSAM B Touke M coBmajgaaa co
Bceil cBs3KOM mpsMbix B Touke M mpoctpascrBa (xf). Tak xak 3Ha-
yeHHsi (2*) IoJyyajHuch KHTErPHPOBAHHEM CHCTEMEI (3.1), To 3Ha-
qeHus (2*), (dz*) Bgoab 3THX nyrteil yaoBnerBopsioT cucreme (3.1).
B uyacraocrd, B Touke M 3nauenus (z*), (dz*), (x‘) (dx*) coorser-

cTByloT Touke M u soGo#i KacarenbHo#l u3 3Toff Toukd. CJaefopa-

TeJbHO, MOXHO pAacCMarpHBaTh dx’ KaK BIIOJHE NPOHM3BOJIbHBIE Be-
nuyMHbl (guddepeHnianbl. He3aBUCUMBEIX [epeMeHHBX), a d2* —
KaK moJsHbple Audpdeperuuans GpyHxiud (2 ). OHH yAOBAETBOPAIOT
cucreMe (3.1); cienoBaTeNbHO, (2*) COCTABJAIOT PellICHHE BIIOJIHE HHTE-
rpupyemoii cucremel (3.1), cooTBeTcTBYIOlIiee HAYa bHEIM 3HAUEHH SIM

= (2" )y ans X' = ().

19. Mepeble HHTErpajbl BMNOJHE HHTErpHPyeMOH CHCTEMbl.
PaceMoTpUM BnoOJiHE UHTECPHPYEMYIO CHCTEMY

=0 (a=1,...,7). (3. 22)

HHE WHTErpanb-
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2 =[x, LX) (3. 23)

COAEPHKAT 1 NPOUSBOJBHEIX NOCTOSHHEIX — HAYAJLHBIX 3HAYEHHU [
HEH3BECTHHIX (YHKUHH

ur =25 pan x=xe(i=1,...,n). (3. 24)

Cucrema (3.23) copep:kvT jBa p#ja 3HAYeHHH HeU3BECTHHIX (QYHK-

TTIATIY 2% 1 mAgo .{Vl.\ T 1% — dq' B mawva A nun’ AODRITATTN 2ITLT
Wwri, & D UMD \A-’ rn - A& B 1uVanLu .H’lo. NsILKL }JUDI‘IUHPGDHDI,

nostomy cuctemy (3.23) MOXHO paspelINTb OTHOCHTEJILHO MOCTOSH -
HbIX

ur = F" (x',...,x%2, ..., 7). (3. 25)

(
DYHKIHHK 4* CTAHOBATCS NOCTOSAHHEIMH, KOT/a 2* 6yyT 3aMeHeHb! HX
3HavyeHUsAMH B Buje GyHkuuit ot Bcex x'(i = 1, ..., n). OHH Ha-

SHIBAIOTCSL nepesimu unmeeparamy cucremsl. Cama cucrema (3.22)
SKBHBAJICHTHA CHCTeMe

dF* =0 (a=1,...,r). 3. 26)

S Sy s o os 3 g Ll

CnepoBarenibHo, cucTeMa (3.22) BrnosHe HHTerpMpyeMma, €caH oOHa
anre6panvyecKy SKBHBAJIEHTHA cHCTeme BHAa (3.26).

20. CooTHOUIeHHE MEXAY BHeWIHHMH IZuddeperuHanaMu u
¢opmyaoit Ctokca. B TpexMepHOM NMPOCTPAHCTBE, KAaK H3BECTHO
M3 aHanusa, ¢opmyna Croxkca 3alUCHIBaeTCs B BHe

(bfP(de,#Qdy—{ﬁRdz ﬁ ( Q)dydz

opP OoR o aQ_ap
—l_(az B Gx)dde I (Ox ay)dxdy}’

(3.27)

rje cnpaBa MHTerpan GepeTcsi Mo MJOWIaAH S INIPOCTOrO KyCKa IO-
BEPXHOCTH, OrPaHHYeHHOI'O KOHTYpoM L, a cjleBa — 1o 3TOMy KOH-
Typy. B 3amucu uHTerpasna no NMoBEPXHOCTH, HAMPHMEp,

e

npousBejenue AHdbdepeHuHaioB dydz Hajo NMOHWMATL KaK BHeIlHee

L

Qu
N
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npou3Besnenye, H60 NpH NpeoGpa3OBAHUM TNEPEMEHHLIX, HanpHMep,

y=g(u,v), z=~hu,v)

nmnauanenaue dudr nenfinasaveTrTeca na dhnnuy ne
llPU'loD\rA\an!l\' uyuﬁ IIPWUVH\JJ\'I"’I LA ‘-!’UP]." o k%
| dg ok
a(y, Ju Ou
dydz 292 qugy — | % % | gy dy,
N d{u, v) ag oh
dv Odv

TQ B TOYHOCTH COOTBETCTBYeT npeo0pasoBaHUIO BHEILHEro MpoH3-
BEJIeHH S

(dy dz] — [-‘?5- du - ag do, % du 4 22 dv] _
ou ou ov

ou Jv du

Ecau Bocnonb3oBaTeCs 3TOH 3anMCBIO, TO MOXHO OTMETHTb 3aMeua-
TeJbHEIH (aKT.
[losoxum

:(ag o ag ah)[dudv]

o = Pdx -+ Qdy + Rdz
W TOJACYHTAEM BHeLIHH p,anpepeHunan aToit GopMHI

dm—[ dy +2£ dzdx]+[-2%dx+g§-dz,dg]+

L

R , . R
| +[——dx—, - dy, dz],

0x

WJIM, cOOMpas uieHH ¢ mpousseaeHnaMu [dydz], ldzdx], [dxdyl,

dw=("R _ ‘;f) [dy dz] - (ap — Zf)[dzdx]+

ay 02

(5 - ff’ ) tdxd1.

ST0 B TOYHOCTH COBIAJaeT ¢ MOABLIHTErPAJNbHHIM BhIpaXKeHHeM Ipa-
_BOH yactH pasenctBa (3.27).
Taxum o6pasom, dopmyny Croxkca (3.27) MOXKHO 3amHCaTh B BHje

(0= ({do. (3.28)
i § oo :

CrnpasegiuBocTh 3T0# (POPMYJIEI MOXKHO YBHAETh M3 TaKHX HHQHUHM-
TE3UMAJIbHRIX COOOp arKeH Ui .
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PaccMOTpHM 3aMKHYTBIH KOHTYP, OTPaHHUHBAIOUIMA HEKOTOPYIO
06s1aCTh NOBEP XHOCTH .

x=f(u’v)’ y=g(u,v), z=h(u, U)

Pa3zo6beM BCio .06s1aCTb HHTErPUPOBAHUS HA KPHBOJHHEHHBlE Iia-
paJliesiorpamMmsl, OrpesesseMele MepeceyeHHeM KOOPJMHATHEIX JIH-

Tug Ta ANMNANATANUO ¥NURATHWoatinArn uurrnr-nn A TIN u‘nnmtrnv
TISRERe JAVISE VLIMPUALVINILLLA DPADUBIICVEAIIVIY AL PAia LIV DUz yu y

06JIaCTH MOXKHO CJIOXKHTb HMHTErpajbl 10 KOHTYpPaM KaxKaoro sJe-
' MEHTapHOro napannienorpamma. IIpH ClOMEHHH HHTErpassl 1o
BHYTPEHHHM JeJIeHHSM, IPOXOAMMBIM JiBaXK/Ibl HABCTPEUY, COKPATAT-
cs, H MH TIOJIyYHM HHTerpaJ mo KOHTypYy o06JacTH, a MHTerpaJsl 1o
MJIOLIANSM CJI0XKAaTCs. TakKuM o6pasoM, JOCTATOIHO JOKA3ATD thopMy-
ay (3.28) ana ssnemeHTapHOrO mapasjesnorpamma.
21, Oprentaunsa. ®opmyna Crokca (3.28) npeanonaraer cora-
COBAaHHBIH BHIGOpP NOJOKHTENBHOrO 06X0j4a MO KOHTYPY H IOJIOXKH-
TEJbHOH CTOPOHHl NOBEPXHOCTH MM HMHTerpalja 10 NOBEPXHOCTH.

B Hekotopoit Touke M moBepXHOCTH S MOXKHO [1POH3BOJILHO yCTA-
HOBUTEL NMOJOXWUTEeNTEHOe unnpannnuup nnmnpnnq 210 1o JIOKHUTeNhL-

AN RR Xa N wasdedie wAANS AV INIALINSID

HOE HanpaB/ieHHe BpAMIeHUsl MOXKHO mar 3a INAroM IEPEHOCHTH
OT TOYKH K TOYKe MO MPHHIMNY HeNpepuBHOCTH.
OGo3nayass GykBamu M, M', M", M" BeplMHH KPHBOJHHEH-

HOI'O L14pd/iea0I'DdMMA [q]I’Il". .l) TaK, 4TO CMelicHHE JVJ.IVI BAOJ b

Y

7 T

d | | ‘

dur. !

auuuy # u cMemenne MM” BIOAL 1 KHUH U COOTBETCTBYIOT CHMBO-
JaM nupdepennpoBaHH

d d
d=asrr B=B5m
MI Mﬂ'

j.:‘”(d): iﬂ:———m(a)
M

3 . 3axas 533 33



Cvemenue M’'M” Toxe uzer Bioab JHHHH v, 8 M” M”—Bpoab
JIMHHM ¥, HO yXe C HOBLIMU 3HAUCHHAMH 1 HJH U TaK, YTO MOXKHO

NNONIOZXKHTD

Mo M
j:w(ﬁ)—{—dw(ﬁ), j:—_—w(d)m——ﬁm(d).
4 i

CxJsappiBasi, MONYYHM JJIl MHTErpaja Io KOHTYpPY

[0=0(d)+[00) +do@) + | —o(d —do(d)} —
MM M"M"M
—3o(d) = dm(B)——Sm(d)

T. €, 5JleMeHT MHTerpPajia 1o MOBEPXHOCTH B npaBoﬁ Ya4CTH paBeH
crBa (3.28). Ecam 310 HanpamneHve OyjeT COXPAHATLCA NPH 06-
Xolle MO KaKAOMY 3aMKHYTOMY KOHTYDY, TO MOBEpXHOCTb Gyjer
HasbIBaThCa oOpuexnmupyemoll (aBycropouHei).

Touno Tak e MOXHO QpPHEHTHPOBATH NOBEPXHOCTh, IPHCOENU-
HAS K KaOXJIOH TOYKe GHBEKTOp (COBOKYNHOCTb JIBYX KacaTeJbHHIX
BEKTOPOB, B3fATHIX B OlpeAe/eHHOM nopsjuxe).

OPHEHTHPOBAHHO! NMOBEPXHOCTH HETPYAHO MePedTH K OpHeH-
TauMH KOHTYpa (I10JIOXKUTENbHOE HapaBJieHHe Ha KoHType). Ecau
B3ATb TOUKY M Ha KOHType H [epBbi BeKTOp M3 ToykH M Hanpa-
BHTb BHe 06s1acTH, OTpaHUYEHHOH KOHTYPOM, a BTOPOH IO Kacarelb-
HOH B [OJIOXKHUTE/NLHOM HANpaBJIeHHH KOHTYPA, TO OPHEHTAlMH KOH-

Typa M TNOBEpXHOCTH GyayT COI‘JIaCOBaHbI, €CJIM TIOCTPOEHHBIH OM-
BEKTOD ﬁvnm‘ MOJOKATENEHEIM OTHOCUTEJILHO Bﬂﬁnaﬁﬂﬂx JAJNS OpHeH-

e RR AN A AN WAL AARES L W ARFLRATAL A BRLS r LYl P

Tauuu nonepxnocm GUBEKTOPOB.




ABA IV

a Vadaasr

OBOBINEHHE

22. Bruewnne nrddepeHunanbunie hopmbl o60ro nopsika.
PaccvoTpuM BHeIIHI0I0 KBajpaTHYHYIO dhopMy

w = a; [dx! dx/]

H npucoefHHEeHHYI0 OHIIHHeRHYIO dopMy

o(d,?) = Z a,; (dx' 3 — dw/ 340,
.1)

“ﬂﬂ“(‘ﬁ“ﬂnﬂ norag T™TnMay rLauananan n nAapa1TIaa /’ I" A
B ARAALEINTAELIIAV/N. JAWL/R Ai.l\fﬂ N ELEVR LISV INS L2p A \—t’ iy FUU“LII 4] W]" ug, u-3
BHIpaxKeHue

dy o (dydy) + dy 0 (dsdy) + d3 0 (d,d,) (4.1)

me Oyner comepxkartb ndddepeHLHANOB BTOPOTrO mnopsaka. YUToO
JIOKAa3aTh 3TO, JOCTATOYHO PAaCCMOTPeTh OJUH uYJIeH

dx dy

(D—‘“"—A[dxtiy]: . ay

Buipaxenne (4.1) Gyaer cojepkarb TOJBKO CleYyIOmMe YJeHBl CO
BTopeiMu  fuddepernuanamMmu

4l & axdldgyl_l_ | ddor dyday | | dadyx dodyy) |

|- dex dgy | dyx dyy | | dgx dyy |
dyx dzy LA G dw | 4 1 dx dy |
dydyx dydgy | dydyx dydy dydyx dyday




H aﬁaﬂOFHqule YHHYTOKAIOTCA H OCTAIOTCA TOJBKO
d,A d,A d,A
dyx dox dyx | =[dAdxdy].
dyy doy dgy

310 mpununelinoil Kosapuarm, un gHewiruil dudepenyuan xsad-
pamuurod Gopmot ®:

do = Z [da;; dx dy]. (4. 2)
(.0

Orciona npaeuno gHeuwineeo Oudpghepenyuposanus BHemHeﬁ dopMb
JoGOro MopfAAKa: ecyu BHEIIHAS dopMa © nopsiaka p uMeeT oGmui
uieH BHJA .

Aldxt dx2. .. dx*},

TO BHEIIHHM AmpcpepeﬂuuamM dco Ha3bIBaETCﬂ BHeUlHAs QopMa

2 a8 =hil?a] [ 2 __I_. ‘ e f\"""ll II' TTATY
H{e Pagna p 7 1 C OUlunm 418n

[dAdx!. .. dx?].

1]

BrHemHee yMHOXeHHe BHemMHUX ¢popM ai06o-
ro.--nopsapaxka Ilpm BHemHEM YMHOXEHHH JBYX BHEIHHX
(opM NOPAAKOB p H ¢ KaXKAblH ysieH 0JHoA (OpMEI YMHOXKAeTCsl Ha
KaXABf yned ApYrod ¢ eoxpaHeHHeM MOPsigKa MHOXHTeneH, a npH
NEPEMHOKEHHH OJIHOUJICHOB KOXPHHUUEHTH MEPEMHONKAIOTCH, A JIK-
Hefible (OPMHE KaXK/0ro OJ{HOYJIEHA NePEeNUChIBAIOTCSA C COXP aHEHHEM
nopsaKa.

Ecau Mul epeMHOXHM BHEIUHUM o6pa3oM GOpMBI IOPAAKOR p H ¢

@ ¢ o6muM uiaeHom A-[dx'dx®...dx?],

R . S S S G D .01
UM 4/JeHOM D {dy ay ... ay?),

(o
o
Ch

®

TO TMOJYYHM BHEIIHee NpOH3BeNEHHe NMOpPAAKA p -Hq
[0 0] ¢ 06IAM HreHoM AB[dx1 de?...dxrdyt...dys]. (4.3)

Hpannno AniPpepeHULHPOBAHUA NpOH3Be-
AeHUA-BHEIWHUX ¢op M. Honycrum, yro Mpl AuddepeHuu-
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[d(AB),dx!...dx? dy'...dy!] = ,
= B[dAdx' .. .dxedy' .. .dy?) + A(dBdx! . . .dxPdy' . .. dy1].
~

[lepBulil useH MOXHO HAIHCATb B BHJE

BldAdx! . ..dxedy' .. .dy" =[d o, o].

Bropoit unen, ecau dB noMeHATh MeCTaMH 10 ouepenH ¢ nuddepen-
nuanamu dxi, . . ., dx°, MeHfisl KaXAbpld pas 3HaK, npeobpasyercd B

A[dBdx* . . . dsrdy' .. .dy] =
= (— 1)?[Adx' ... dx?dBdy' . .. dy?] = (— 1)? [0 d o].
Hrak,

dlo ] = [doa] -+ (— 1) [o do], e

rje p — NOPAJOK mnepBoii (GopMH @.

23. Teopema [lyankape. Bmopoii srewnuil Ougdepenyuanr
om Ougpeperyuaroroil (opmel MoNCOECMBeHHO paser HYMO.
PaccmoTpuM ofMH M3 4sieHOB OpMBI ®

Afdxt...dx?). *

Buemnuit guddepennuan ero paseH
[dAdx! . .. dx*]. ' (4. 5)

Ecan A — @ynxuna nepemeﬂnbrx £ x2%, ..., %7, 10 dA Gyper ain-
HefAHON KoMOHHauue# ,U,H(p(bepeHIJ,Ha.ﬂOB dx1 dx?, . .., dx?, ¥ BHem-
Hee npon3peneHue (4.5) oﬁpamae'rc:ﬂ B HY/b. Ecan A — quHKuno-
HaJIbHO HE32BHCUMO OT X', . . ., ¥?, T. €. COJIEPIKHUT XOTH OHl OIHY He-
3aBMCHMYIO [IepeMeHHyI0 xP+1, TO, CMEHUB 6a3UC, MOXHO CYMTATH
dA 3a puddepenunan HoBoM He3aBHCHMO nepemennofi.

IlockoabpKy Tenepn KosddHuMeHT NpH TpoHu3BeleHHH AMpde-
PEHIMAJIOB PaBeH eJHHHNE, a [IPH COCTaBJIeHUH BHelHero JHgde-
peHuMana HaJo YMHOXMHTL CJeBa BHEIIHee NpousBeneHHe AHpde-
pennManoB Ha jauddepeHunan kosdpdpuuventa, a on Oyuer pasen

HYJI0, TO MBI NOJYYHM

d(do)=0. B (4. 6)
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A A Y o Py . o o . .
24, Popmyaa OcTporpaackoro.

5 J (Ady dz—- Bdz dx - Cdx dy) =

.___.M(aa‘: L ";3 T )dxdydz. @)
)\ ox

Peub uzaer o pacnpocrpaseHuH 3TOA (OPMYJBl Ha n-MepHOe IIpo-
cTpaHcTBo. B mpocTpaHcTBe 1 M3MepeHH# pacCMOTPHM TPeXMeEpHYIO
obnactb D (T. e. MpeaNioNsioXUM, UTO CYLLECTByeT cCHcTeMa lapamMer-
pPOB &, U, W TaKas, YyTO MOXHO KaXJod Touke oGnactu D comocra-
. BHTb B3aHMHO-OIHO3HAYHO TPOHKY uHcesa 4, v, W), OrPAHUYCHHYIO
AByMepHo¥# mNOBepxHocThio F. Ecnu © — BHeUIHsAs KBajpaTHYHAas

¢dopma, To HMeeM
Sj‘ m = j‘j'y dw. (4.8)
F D

IlpeanosioxxnM, uro obnactb D opuenTHpyeMa, romeaMop¢dHa
aHaTATHYECKOMY KyOy, T. €. MOXKHO BLIOpaTb Napamerpel &, v, W
TaK, YTOOW OHH YCTAaHaBJMBAJiH B3aMMHO-OJHO3HAYHOE H Hellpe-
PHIBHOE COOTBETCTBHE MEXAY TOUKaMu obnacti D M TOUKaMH aHajiu-
THYeCKOro Ky6a. OpHeHTaudell MoXeT CHAYXKUTh TPUBEKTOp, oOpa-
'30BaHHBIA KOOpPJIMHATHLIM TPEXTPAHHHKOM, HAMpAaBJIeHHS TPeX oceH

KOTOPOT'O COOTBETCTBYIOT TOJIOXKHTEJIbHBIM TNpHpauenusMm du, dv
n dw (dur. 2).

dur, 2

BrejgeM cumsosan guddepeHnupoBans

a 2 d
h=%r h=% BT
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BHewnuit auddeperuran do B TpUJAHHEHHON dQopMe 3anumercs
d o (ddydy) = d, 0 (dyd,) + dy 0 (dgd,) +d o (d,d,).

ITocne unterpupoBanus no oGveMy «napasnenenunenay MM, M, M,
~
NIOJIYY M

j’j dw(dddg)—--ﬁw(ddswjj (dady) —

MM,RM, M,QSP

—f{o wdﬂ+jj wﬂg—jj wdg+55 o (d,dy).

MM PM; M;PSR

CorsacoBanne 3HakoB: eciau GuBektrop MMiM: orpuuarenes, To
TpuBekTop MM’ M M, otpunarenes; ecaum GuBektop MzPQ mno-
JOXHTENEeH, TO U TpHBeKTOp MsM”s P (Q nonoxureneH H T. . D10

nheofnazoBadue MOXUO ofofmuts Ha aiofoe YUCHO UaMepeuun
“'r \—\Ivrf CAVIAS LFLA LA KA N AYARSSAR AL LIS vmll F ) 4164 [P LW LW LWL WY TAEANSS IS x‘ul"l\-’y Wwll IAK]L

ITycts pana o6nacte D pasmepHoctd p 4 1 u ee rpanuna F—p us-
MepenHii. . [lonycTHM, yTo 06JNAcTh JOMYCKaeT OpHMEHTAIMIO, T. €.
MOXHO 3a/1aTh [OJIOKHTENBHEIA NOPANOK BEKTOPOB penepa B KaXIoH
TOYKEe, HelpepLlBHO MEPEHOCHMBIH OT TOUKH K TouKe. Opuenranus
obJqacty D MEPEHOCHTCH Ha ee rpanHly F, nMeHHO, ecnu TouKa M

JIEXKUT HA rpaHuue F u (MT BHELIH Ui BEKTOP (HanpaB.neH U3 TOUKH M

BO BHEIUHIOIO YacTh NPOCTPAHCTBA), a MT 1, MT 2, ¢ v . AT, — BEK-
TOPHI BHYTPH p-MepHOro mMHoroo6pasus F, To IIOJIHBEKTOP M'D T1. ..
MoJIOXKHTE/IeH, ecd_oObeMmmomuit nonusekrop MTT,... T, no-
JIOXKUTEJIEH, TpPH STHX YCJOBHSX

* (p)

(p+1)
[o=[do. @9

25. 0600menne Teopemnt 1 n. 12, Teo pewma. Heobxo-
OuMbimM 1 GOCMAMOUHbIM YCcroBuem, 4mobei eHeliHee npou3ssederHue
gopmet F na aunedinyro gpopmy [ o6pauiaroce 8 yas, 6ydem paseHcmso

gopmet F npouseedenwo f Ha nodxodswyro gopmy .
HJoxasarteapcTBO. 3mo ycacsue docmamouno, Ecnn

F=[fq],

TO

[Fiy=1f¢f1=0,

160 KaXAHH ujieH NpHCoeqHHEHHON NouaHHelnol GophMul Gyaer
HMeTh BHJ| OUpEJIE/HUTeNsI C JBYMsl PABHBIMHM CTpPOKaMd. Imo yciao-
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Bue Heobxo0umo. 3aMeHHM 6asMc JUHEHAHHIX ¢GOpM, BKJIOYHB B HO-
B 6asuc ¢opMy f:

f. fl .. L

Ecnu 661 B HOBoM 6asHuce nocJe NMpuBeeHUs MORO6HBIX uieHoB ¢op-
Ma F uMeJia 4jeH, He COIEPKaniui MHOXKHTE/EH f

—
~yy
iy
e ]
3
)
)
ypd
——
e
Pk
L)
"

TO NPOU3BEJEHHE

coJepxasno OB uJjeH

aio ..p[flsf2’°°°fp’f]’

KOTOpHIi He paBeH HyJ0;, u00 Bce MuoXHTequ fi, f2, ..., /2, ] —
pasnuuable (OpMBI 6asHca, H KOTOPHIi He MOXET YHUYTOXKUTHCA
C ApyrTUMH yJenaMu npoussefienus [Ff 1, u6o gpopma F umeer TosbKo
oA¥H yJied (4.10) c TakuM HaGopoM Ga3HUCHBIX GOPM.

IIpumep. [MHana dopma

o = Pdx - Qdy -+ Rdz.

YpaBHeHue ® = ( BuosHe HHTerpHpyeMo, ecnd do = 0 ecrb
anrebpanyeckoe ciepcrsue o = 0.

B cusy J0Ka3aHHO! TegpeMHl 5T0 YCJOBHE 3KBUBAJEHTHO ypaB-
HEeHHIO

(o, d o] =

do— (a’; _ ZS)[dydz]—]—(gz _ g’: )[dzdx]+

aP
+ ( ‘;3 ) [dxdy),

o dojz [P[2R _ aQ\.;_QraP ®)
l\ay -9z \ 0z ox /

-+ R( o 35 )} [dxdydz],

TO YCJIOBHEM [10JIHOH HHTerpupyeMocTH OyjeT obpartiiense B HYJb pH-
TYpPHOH CKOOKH.
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A. TEOMETPHUS EBKJIMAOBA TIPOCCTPAHCTBA

IJTABA V

TEOPEMA CYIIECTBOBAHHMSI MHOTOOEPA3HS
PENEPOB NPH 3AAAHHBIX HH®HMHUTE3UMAJIBHBIX
KOMIOOHEHTAX ool

26. MHorooGpa3ne KOCOYroJIbHbIX TPEXTpaHHHKOB., Mbl BO3-

BpamaeMcd K reoMeTpHueck¥M npobsemam. B Hauase BTOpOHR riaaBhl

6nl1a MOCTaBJIEHA 3ajada: NPH 33aKaHABIX KOMIIOHEHTaX of, o] M-
(HHHTEe3UMANLHBIX CMEINEHHA OPTOHOPMHPOBAHHOTO TPEXT'PaHHHKA
CYIIeCTByeT JIH MHOP006p83He TPEXT'PAHHHUKOB, JAOMYCKAIOWHX TaKHe
KOMIIOHEHTHI?

Ham Gyaer ymoGhee paCCMOTPETb CHauana ciayua#t KOCOYroJb-
HBIX TPeXI'PAaHHHKORB, KOrJla BeKTOPHl perepa - He CBsI3aHBl HHKA--
KHMH JOTIOJIHUTE/IbHBIMH YCJIOBHAMH, KDOME YC/IOBHSA nnneﬁnon He-
3aBHCHMOCTH.

O6paruMcst k cucreme (1.9)

dM=vle, | ()

-

M JonycTUM, 4TO GOopMbl 0¥, 0,/ 3afaHbl JHHEHHBIMM KOMOHHALVAMH
audxpepennuanoB du* ¢ Koadduurentamu knacca C'. Ecau cucrema
(I) momyckaer pemenve, TO0 nopctaBuB ero B ypasHenHs (I), Mul
NOJYUYHM TOXKJECTBAa, KOTOPhle MOXKHO IOYJ/JEHHO nu(pq:)epenuupo-
BarTh.

Huddepennupysa BHellHEM 06pa3oM B 3TOM NpeirioioKeHUH obe
yacTH pasencTB (), Mbl TOTyunM B JIeBOH 4acTH HY/b (BHELUHHH RUb-
depennman ot noJsHoro auddeperuuana), a B nNpasoil yactH GyAer

[de wf] - edm‘ =
4]



[de; o] +-€;d o] = 0,

aad, Baocsa o dopmyaam (I) dz;., dé:-, NOJy4YHM
[0] 0] &; - e,d vl = 0,
[ 0f] €, - €;d o] =0;

CMEHHB B NEpBLHIX 4JeHAX WHJEeKCH CYMMHpOBaHHUsA (B IepBoM ypae-
HEHWM [ HA j, BO BTOPOM £ HA j) U BHIHOCH 33 CKOGKY 00Ul MHOXKU-
— -

€/lb COOTBETCTBEHHO €; H/H €;, OyjeM HUMeTb

DT nnY %y

~3

i {dmi + [mi' (!)J]} = 0! (5‘ 1)

Ilo ycaoBuio GasHCHBIE BEKTODH €; JHHEHHO HE3aBHCHMH, CJelo-
BaresbHO, 00paIaloTcs B HYJb BelpaKkeHHs B GHTYPHBIX CKOOKax

d ol = [0/ 0],
. h (N
dol = [of 0l].

IT0 cmpyKkmypHoie ypasHerus npocmparcmea, IM A0MKHBL YI0BJe-
TBOPSTh peuwrenus cHucreMmel (I), ecnn onu cymectsylor. ITokasmxkeM,
YTO 5TH YCJOBHS HE TOJBKO HEOGXONHMEI, HO H JOCTATOYHBI, YTOOHI
cucrema (I) onpemensna MHOTooo6pasue TPExXrpaHHHUKOB.
Teopema. Ecau auneiinoie qpopmo o', ®) ydosremsopsiom

cmpykmyproim ypasrerusm (11), mo cucmema (1) enosne unmezpupye-
MQ, U 0As 6CAKO20 HAMAABHO20 NOAONCEHUS HEBLIPONCOEHHO20 mpex-

> —»0

epannura T o (cogoxynnocmo sexmopog Mo, ei ¢ mouxe M o) onpede-

Asem  MHo2000pasue penepos, NOAYHaeMsix u3 rHauaisro2o To nod-
xo0AuuUMU  QPUHHBIMU NPe0dpa3osaAHUAMY.

HeiicTBuTenbHO, MBI BHJEJH, 4TO BHeuwlHee nuddepeHimpoBanue

ypaBHeHu# cucreMb! (I) IpUBONMT C MOMOWILIO YPABHEHHE CHCTEMBb

K cHcreme (5.1), yPaBHeHHH 3TOH CHCTEMHl 00paualoTcsi B TOXAECTBA,

ecsH dopMH o, ©; YAOBNETBOPAIOT CTPYKTYPHBIM ypaBHenusM (I1).
CnenoBaresnbHo, cucrema (I) B ycnoBHsix TeopeMmbl BMOJIHE WHTETPH-

pyeMa, H JJsl BCAKMX HAYaJNbHBIX 3HaYyeHHH KoopjpHuar Bektopa Mo
¥ HE3aBHCHMBIX BEKTOPOB €; AJA 4" = i, CyHIeCcTByeT peilicHHE
C TaKUM YHCJOM He3aBHCHMEIX NepeMeHHHIX u* (me GoJbuie 12),
C KaKHM YHCJIOM 5THX NapaMeTpoB 3aJaHbl JHHelnble Auddepenninans-

Hele ‘GOpMH o, .
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27. MHorooGpa3He OPTOHOPMHPOBAHHBLIX TPEXTPAWHHKOB.
YpaBHeHHs! HHOUHHTESHMANBHEIX CMEIEHH! OpPTOHOPMHPOBAHHOIO
Tpexrpannuka (1.1) npeacraBasior yacTubld Ciyyai ofuiell cHCTEMBI
(1.9). CnepoBaresibHO, JAOKa3aHHAsS TeopeMa CYIECTBOBAHHS pelie-
HHSI pacrnpocTpansierc ¥ Ha 3Ty cHcreMy, OfHAaKO 3JeCh MBI HMeeM
Jno6asounsie yciaoBHda (1.3) m: 2. JlokaxeMm, UTO ec/id HayaJbHbIH
TpexrpanH¥k T, YIOBJETBOpSieT 3THM YCJOBHAM, TO M BCe Tpex-
rpaHHdKd T HHTerpajbHOro MHOroo6pasuss OyAyT HM YAOBJIETBO-
pATb. 3anumeM ypaBueHHs (1.3) Gosee KOMDAKTHO B BHAE .

—

liT- = Bij’ Bij — { (5_ 2)

1, ecant i = j
I ; H
Mtul npegnonaraeM, uto ycJaoBHs (5.2) ynoenerBopenbl B Touke Mo,

T. €. AN u* = ug.
O6o3nauuM BooOLIE

—_ —

LY, =g, (5.3)

b

udpepennupya 570 TOXKIAESCTBO H NOJB3YACh ypaBHewusMH (l.1),
DOAYYHM ’

dg,; = i;th "“Tth
Hau B cuay (5. 3)
dg,; = [ & ]} G (5. 4)

Ilpx sapannsix Qopmax @/ aT0 cHcreMa J_mcpcpepenunanbnblx ypas-
HeHd# (B nmoaHBX AddpdepeHnHanax) s HeH3BECTHHIX GYHKIHH
gi;- Mul BUjiend (reopeMa 1, m. 16), 4To Takas cHCreMa JOmycKaer
He GoJiee OJHOTO pPEUIeHUs C HAYa/bHHIMY 3HAYEHHSIMH

g;=2%; ana u =ug, (5.5)

HO TaKoe pellleHHe OYeBHJHO; OHO OMpefensieTcsi, Tellepb HJIsl BCEX
3HayeHHH nepeMeHHbIX 4* , ypaBHenusMH (5.5) [locne mozcranosku

agaueguit (5.5) B Jepol yacTH NOJVUUM HYVJIYU. 2 B Nnapoil

lll \v.u’ - AN RIS LA A A UUIJ CARRLAYE J..IJ vl‘l L I l.ll.] SAALFVFEL

0,

I

k k
w; Bkj —+ u)]. Bik
AU
i i —
07 -+ (nl. =

4TO, OYeBHIHO, YIOBJeTBOpeno B cuay (1.4).
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- CnegoBarenbho, JOCTATOYHO BHIGPATH OPTOHOPMHPOBAHHHIM Ha-
YaJbHBIfi TPEXTPAHHHMK, YTOGL! BCe TPEXIPAHHHKH 0GNafanH 3THM
CBOACTBOM H MBI HMEeNH pellieHMe Hauled 3agaud,

28. Muoroo0Gpa3He KOCOYroibHLIX TPEXTPAHHUKOB € 3ajaH-
HbIM JHHEAHbIM 3/1eMeHTOM. OpTOHOPMHUPOBAHHHIA TPEeXTPaHHHK

HMeeT Bce GasHcHble BEKTOpH I; B3auMHO-HEpPNEeHAUKYJSPHBIMU C
ANUHOA, paBHOH efuHHIE Takue TPeXTPaHHUKH, ecJH OHH OJHOI
OpHenTaukH (HampuMep, Bce NpaBHe, KaK MBI YCIOBHAHCH B I. 1),
KOHTpy3HTHH, I[losToMy MBI roBopuM, uro cucrema (1.1) Tipm
ycaosusaa (1.4) u (II) onpenensier aBuXenue TpexrpanHHKA B TPO-
crpancree, a cucrema (1.1) mpu ycaosum (II), no Ges ypaBHenuii
(1.4) onpexensier HHbHMHHTe3MManbHble adHHHBIE f1peo6pa3oBanus
TpeXrparHHKa.

OpHako He cjenyer AyMaTh, YTO 3TO 3aKJIOUEHHE HEPa3pPLIBHO
CBSI3aHO C OPTOHOPMHPOBAHHOCTBIO pemepoB. JIerke 3aMeTuTh,
uT0 ypaBHenus (1.4) NpeICTaBJMIOT YACTHHIA cayuail cHcTeMsl (5.4)
H MOJIy4aloTCsl M3 Hee B CHay cooTHOUeHHH (1.3). Ecau MBI coxpaHum
cucreMy (D.4) M 3ajag¥Mcsi NPOM3BOJLHBIM HAYAJNBLHBIM penepom'

(HEBbI OXKJIeHHbIM) » T T. €. AJd u* = llo 3HAYeHHUsIMH BEKTOpOB M ’ e,,
0

JUWb Ghl BeKT()pr e/ He NeXanHu B OAHOM TIOCKOCTH, TO Pas/IHIHEIM
HAYAJbHHIM penepaM GYAyT COOTBETCTBOBATH acpuHHbIe npeo6Gpaso-

RAUU G TNINTUIATUNATNA MUNATANANAIUA TNAYTNAnUUYNAR RN cvilectTBvVeT

AFRALLER FL IIUUIJ LN RLAAINSE W O AYIAANJSL UUUY SAJDERFL L HLAI tl CALRALELINGS Ly IAUU \vJ LLAN. lp.y el

OJZHO ¥ TOJBKO ORHO adHHHOEe npeoOGpasoBanHe IPOCTPAHCTBA, KO-
TOPO€ NEePEeBOJHUT HAYAJbHBIA TPEXI'PAHHHK B NMPOHM3BOJBLHO 3aKAH-
HbIfl (HEBLHIPOMKJEHHLIH) TpPeXTPaHHUK, 4 eCJIH COBHNAAYT Hayalb-
HHE pelephl, TO COBNajaer BCe NepBoe MHOToOGPasHe pemnepoB Co
BTOPBIM, TdK KaK JUHefHOe C NOCTOSiHHBIMH Koacm)uuuemﬁmu ac‘pHH-
HOE Mpeo6pasoBaHHE BEKTOPOB OJIHOBPEMEHHO B JIeBOH M MpaBoit
YacTAX YpaBHEHUH (1 .9) He Menser OTHOCHTEIBHBIX KOMITOHEHTOR
!, (n‘.

Ecau xe Mbl IpeoGpasyeM Hada/bHbIl pelep, COXpaHAs HAYAb-
Hole 3HaueHHs KoadduiuentoB (1.10)

g = ggj A U =ul,

TO CHCTEMA (5 4) A@eT TO JKE pEilleHHe U B xam,uoﬁ TOYKE OCTAHETCst
TOT e JIMHeHHBIH H/eMeHT poCTpancTBa (1. 14) Bce paccrosinus
6yRyT coxpaHeHHl H NpeoGpasoBaHHe HHTerpajbHOrO MHOrooOpasus
penepoB GyjieT MPOCTHIM HepeMemendeM {cp. m. 32).

29. UnTerpuposanHe cucrembl (1) MeToi0OM HHBapHAHTHO-
C¢TH (popM. PaccMOTpPHM BCe OPTOHOPDMHDOBAHHBIE TPEXTPaHHHKH
00bIMHOTO €BKANZ0BA npocTpancrBa. OHM onpelensioTes TpeMs Koop-
AHHaTaMH x, Yy, Z BepIIMHH M ¥ TpeMs 3HJepOBHIMH yrjamu 6,
®, P, ONpelessioMHMMH NOBOPOT TpexXrpaHHUKa,
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TlogcuntaeM Ans 9THX TPeXrPAHHHKOB KOMIIOHEHTH HHGWHHUTE3H-
MAJILHBIX CMeulenuii

;i(x’ Q, 2,0, 9,9; dx,dy,dz,db,d ¢, dy),

el (..., de. .., dY).

D10 nuHeiHHEe GOPMBI, COOTBETCTBYIOMKE NIOGOMY JefiCTBHTEILHOMY
fiepeMelleHHI0 OPTOHOPMHPOBAHHOTQ TPEXIPAHHUKA B IIPOCTPAHCTBE,
ClefoBaTeJbHO, OHHM YJOBJETBOPSIOT YPABHEHHAM CTPYKTyDHI

o 0],  (5.6)

|

Ecnu cymlecrByer pemienne cucteMul (1.1) ans dopm o, w{, KoTOpoe
COOTBETCTBYET MepeMelleHHi0 TPeXrPaHHHKa B HPOCTPAHCTBE, TO
JOJIKHH CYIIEeCTBOBATh Takue PyHKUHUH X, ¥, 2, O, ¢, P OT nepemer-
HBIX #*, 4TOOBl YROBJETBOPSAJHCH YPaBHEHHS

.;i(x,'...up,dx,...',dq))sz(ul,...,uﬁ;' du',...,du)
;{(x,...,q),dx,.'..,dq))=mj(u1,...,u6;du1,...,duf‘)

310, OUEBHAHO, CHCTEMA B NOJHHX Audepepenuunanax. duddepeHnn-
Pyd BHEIIHHM oGpasoM obe 49acTH YDAaBHEHHs, MOJNYYHM

. (6.7)

* d 0 = dm‘

dof = d
#J4, B cHay (5.5) u (5.7)

[0? wi] = [wkwll],
[0 of] = [0 ol].

QOueBHJHO, B cHay (b.7) at¥ ypaBHeHHs yAoBJeTBOpeHH, Cienosa-
| Y . U \ R TT A TTYTT M Y FeTAN e T . ¢ . r - W - M TYT

TeJbHO, CHcTeMa (D.7) BHOJIHE HHTel pHpYyeMa, H JJisi BCAKOIo HadaJib-
HOTO DPACIOJIOXKEHHA TPEXTPaHHHKA

x=x, y=y°, 2=2°
6 =0°, <P=?°, b =% i u* = uy

¥iMeeTcsl eNHHCTBeHHOoe pemeuue olnpeneqdioiee JBHIKeHHE Tpex-
rpannuxka 7.
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4 o
3ameuanue JIpuMeHeHHHR 31ech MeTo] CPABHEHHS KOM-

TMIOHEHTOB ® H @ SIBASIETCS METOJOM ONpeAe/ieHHs1 NpeoGpasoBanuil
TPynnbsl JABHKEHHH TpexrpaHHukKa. YpaBuewus (II) — cTpykryp-

Hble YPaBHeHHs IPYNNH, GOPMH f, ®}— HHBapHAHTHLIE ¢dhopMH rpyn-
B,
30. YacThubie cay4aM. Esxaudosa naockocms. imeem pBe ocn

— -

11, I, TpH dopMh 0t, @2, ©F, TpH napaverpa x, y, 6 (dur. 3).
o', ©>— npoeknuu BEXTOpa | (dx, dy)

Y% COOTBETCTBEHHO HA OCH ll, l2 Hmeem
! - wl__dxynnon I P nn-ﬂ Y
‘b 7 — LUo v '_r' uy wlil U
: ) »? =-—-—dx -8in 0 4 dy-cos b, | (5.8)
| \ // =db
/] )
: Mixy) ~ Yenosus (1I) yposnerBopeHst:
| do! = [0? )],
0| x S do? = [ol m?],
dur. 3 ' dow?=0.
HeficTBUTebHO,

do! = — sin 0 [df dx] + cos 8[d 8 dy] = [d 80?] = [w?3 2] =
— [0.) 0)2]

H aHaJOTHYHO JBA OCTAJIBHHIX.
ITpumep. 3anagumcsa dopMmamu
o! = du — vdw,
= dv 4+ udw, (5. 9y

(n% = dw.

Cucrema (I1I) ymoeanersopena. CaepoBaresibHO, 5TH (OPMHI omnpefe--
JISIOT NPAMOYTOJbHBIA pellep, ec/IH HayajabHBIM TPeXrpaHHHMK Gyper
NpsAMOyroJabHLIM. ITpuMenuM Bropo#i Meton. M3 cpaBreHHMst ypapHe-
Huil (5.8) u (5.9) mosydaum

dx.cos0 4+ dy-sin b = du — vdw,

— dx-sin8 - dy-cos 6 = dv + udw,

d b = dw.
M3 rnocneauero ypaBHeHMsi HHTeTpHpPOBAHHEM TMOJyyaeM
0 =w-4 ¢, c==const.
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H3 nByx nepBHx ypaBHeHHiH onpejeinsieM dx:
dx = cos(w + ¢)-du — sin (w + ¢) dv —
— {p q(_g)J_c\J_;;sin(w—Lc\lde
L I ’ \ } 7} ?

COS{ j
OTKYJla TIOCPEACTBOM KBajp aTypr ToJIyuaem
x=ucos(w-+ c)—uvusin(w-c) +a.
Ananoruuso |
y = usin(w -+ ¢) + vcos(w + ¢) + b,
a,b=const.

¥ pasnerus (11) ABAMOMCA Y PABKEHUAMU CMPYKMYPLL 2pynnsi o8u-

ocenudl.
Teopus nosepxnocmed Qapby. Nap6y paccmaTpuBas JBHIKEHHS,

3aBHCHIINE OT AByX mapamerpoB. OH ponaran
ol =&du +§ duv, o= pdu - p,do,
of = ndu+ 1, do, o} = qdu + gdo,
0¥ =Ldu+ ¢ dv, o?=rdu- rdo.

Ycnosus (1) Toraa npHHEMaOT BHJ:
nepBas cepud

dot = [o* of] + [o? o],

0& 3
e =(n— )+ (4 —49) (5. 10)
M T. . OJHOBpPeMeHHOH! KpyroBoH 3aMeHOH AByX cepuii 6yKB §, ¥, §

Hp, qr
BTOpasd cCepHSH

d 03 = [o} o],

) d
RN .0

‘M T. A. Kpyroso#l 3aMeHol 6yKB p, ¢, r
31. [lpocTparcTBa TpexrpanHuKoB. Cemeticmso mpexepannufwe

¢ obwum navarom. Kak onpesennts ero auddepenniHanbHEMH ypas-

HEHHUAMMU?
IlocKkoapKy Hauaso M HENOABHKHO, HMeEM

o!=0, 0?=0, *=0.. - (6. 12)
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3T0 CHCTeMa ypaBHEHHH C TpPeMsi HEHU3BECTHHIMH (PYHKIHAMH OT
TPeX He3aBUCHMBLIX NepeMeHHbLIX. CucTeMa BIOJIHE HHTErpUpyeMa;
3TO OUEeBHJHO H3 IeOMETPHUYECKHX cooOpaxeHHH (Takoe ceMedcTBO
CYIIECTBYET), HO MOXHO H HeNoCpeJICTBEHHO nposepn'rb o6p amenue
B ToXjaecrBo ypaBHenuit (II).

Cemeticmgo mpexepaﬂnurcoe ¢ obwei naockocmoro. OHO onpe,ue-
JsieTcs  CHCTEMOH:

0¥=0, o3=0, of=0,

Cucrema BIIOJIHE HHTerpHpyema.

Cemericmgo mpexzpannuxos ¢ obuum pebpom Isi Taxkoe cemeiicTBO
TPEXTPAHHHKOB ONpEAEeJseTcsl CHCTeMOH
ol=0, 0®=0, 0}=0, o}=0. (5. 13)

Ira KOHQHUrypauus 3aBHCHT OT 4 IPOHM3BOJLHHIX NapaMeTpoB, YTO
COOTBETCTBYET H3BECTHOMY (PakTy: TpPeXMepHOe TOUeYHOe NPOCTPaH-
CTBO 110 OTHOIIEHHIO K HOBOMY 0O6pasyiolmieMy SJIEMEHTY — IIpsAMOH
O6yIeT 4YeThIpeXMEPHLIM.
Touxa wKar xongﬁueypauuﬂ mpexzpannurxos. TOUKYy KaK
KOHQUFYPAaLMIO TPEXTPAHHHKOB MOXHO ONpENeJHTH elle HHadge,
PaccMoTpuM TpexrpanHHK M TOuKy A ¢ KOOpAUHATAMM a1, G2, A3

THOCUTEIRUA TOTN THRAYFMATUUKRA 1laornefAven urTnfity aTa Taura
Lllv\alll\'vlullv wF L\JA NS a P\'“l lJ CALRLLILEARLGA, F s J-VLVMUJ \—1\'1, TRLUWUNLN L Cd LUJTRALGA

OCTABaJIaCh HENOJBHXHOH DpH CMeHIeHHAX TPeXI'PAaHHHKA BHYTPH
ceMeficTBa.
HMeeMm

A=M-|al 4 adl, 4 a’l,
—
3nece MOAYJb BeKTOpa A — paccTOsiHMe OT HeMOABHXKHOTO Hauana
Jo ToukH A (at, a?, a®).

JudepeHnupys, B CHIY HENOABHKHOCTH TOUKH A, HMeeM

dM + atdl, + a*dl, + o*dl, =

—- —»
UM, BHocA 3Hauenust dM, dl; mo ¢opmysam (1.1) u npupaBuusas-
——— T VWS - r\l“\A‘l' » b 4 - - - L # 4 T AT R W YFL BT Y uF knTat i g P N g‘“—?A -h.l_), ?_ s vt PrryPu a
HYJIO €34dBHCHMBIX BEKTOPAEX 11, 12, 18, [IOJYYHM

OJra cHCTeMa BIOJHE 'HHTerpnpyeMa.
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Takuwm 00pasoM, MOKHO pacCMaTpPUBATh TPEXTPAHHUKH KaK KOH-
CTPYKTHBHLIH 3j1eMeHT TIPOCTPAHCTBA M ONPEAeJATh TOYKH, IJIOCKO-
CTH, NpsAMEE KaK KOHGHI'YPAUHH TPeXI'PaHHHKOB.

OTKyp,_a CJefyeT SKBUBAJNECHTHOCTb DAa3JHUYHLIX oOIpeJeeHHI
TOYKH?

INonoxum

ol — l a2 ) 43
w' = o 4 qg°wy + a° w3,
2 2 1 3

0? = o + a! 0? - 0% o}

0} = 0* 4 ¢! w3 4+ a? 0d,

3_ .3
0 = 0,
1 __ ol
Wz == O3,
02 = o2,

1 1

"~

Hoswte opMul @f, @] yrosaersopsitor yesaosuam (11), i Touka 6yaer
OnpeleNsaThCs MOCPEACTBOM

P — ~—

1—=0, 02=0, 03=0. _ (5.15)

PaccMoTpuM JaBe cHcTeMBbl napaMerpoB X, Y, .. ., P, XLy, . . ., ¥,
0603HaYHM yYepes o =0 (x',...,9"). Cucrema

wt = o, ;i = o (5. 16)

BIIOJIHE HHTerpupyeMa, 210 — cucreMa 6 ypasHenHH# gad 6 Hewus-

y
BecTHHIX GyHKUHHA X', y', 2/, 0", ¢’, ¢’ npH 6 He3aBHCUMEBIX HepeMeH-
HHX X, ¥,2, 0, ¢, ).

Bri6vpas HauajbHbIe JAHHBIE, TOJYYHMM, YTO BCSIKOMY Iepeme-
LIEHHIO TpexrpaHHuka T (x,y,2,...¢) B T (x;, 4. .., ¢;) Oyner
COOTBETCTBOBATh IepemelleHHe Tpexrpanuuka T'(x',y",...,¢’)

B T; (x;, y;, e ,ap,) npHueM Bce (OpMHI w?, m{ COOTBETCTBEHHO

paBHH f, w! U GYAyT NPEACTABJIATb OHO H TO JKe nepemem.enne

B IIpOCTpaHCTBe.
Ypasuenuss (5.16) ompenensior COBOKYIHOCTH HepeMeleHui
B TPOCTPAHCTBE.
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TJIABA Vi
OCHOBHASI TEOPEMA METPHYECKOH TEOMETPHUH

32. Heu3srubaemMocCTb TOYEYHOIr0 NpoOCTpaHCcTBa. TeopeMa
Bedtas. Popmu 0, 0%, 03, 3a0annsie 6 pynkyusx napamempos u*
MAK, 41M0 8EPULLHLL MPEX2PAHHUKO8 3ANOARIIOM MPEXMEPHYIO 06.iaCmo

npocmparcmsa (t. e. q)oprl ®! JUHeHHO HEe3aBHUCHMLI), OOHO3HAHUHO

onpedessrom opmol ©3, ©3, ©-.

IHokaszateabcTBOo (o6wHiA cayuai). ¥Ypaswenus (11)
n. 26

do' = [0 o] (iL,)

UMEIONM MOAbKO 00HO peulerue.
Honycrum, 9t0 6y,ue'r ABa peLleHUus m; H ml, 0603HauHM

—

of = of — ol

Torja, cocTaBisisi PasHOCTL JIEBHIX H NPaBHX yacTeli ABYX ypaBHe-

Hufi (II), omHoro — gnst pellenus co;i, Jpyroro AJs co,i,_nq.nyqnu
lw* «}) == 0,
OTKyAa no jemMMe KapraHa nony4um

6
(6.2)

Si = Cih wha '
¢k, =(!
kh T “Vhk®
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C Apyroit CTOPOHH, B CHJy AHTHCHMMETPHIHOCTH JOPM @} HMeeM

¢, = — ¢k, (6. 3)

OTKyJa, MpHUMeHAS N0 ouepexd npeobpasoBanus (6.2) u (6.3), no-
JYYHM

33. I'eoMeTpHYecKni cMbica Teopemnt Beitas. Bysem paccmar-
pHBaThL npeoOpasoBande ceMeHCTBA TPEXTPAHHHKOB, YCTAHABJIHBAID-
UIHX TOYEUHOE COOTBETCTBUE MPOCTPAHCTB.

Paccmo'rpum JIB€ OKPeCTHOCTH: TOUKH M mepBoro H cooTBETCTBYIO-
el eii Toukr M’ Broporo cemeficTBa. IIpennosoxuM, 4T0 3TH OKpeCT-
HOCTH paBHHl J0 GecKOHEYHO MaJjbiX BToporo nopsjka. Torpa, nepe-
HOCA Bce MePBOE CeMeHCTBO TPeXIPAHHHKOB Tak, 4robbl Touka M
NocJIe MEepeHoca CoBnana ¢ ToUkolt M’, MBI MOXKeM COBMECTHTb HX
OKPECTHOCTH TepBOro nopsaka. Takoe npeo6pasoBaHHe HA3LIBAETCS
uszubarnuem npocmpancmea.

Teopema yTBepKAaer, YTO E€IWHCTBEHHEIE H3THGAHHA HAIIEro
npocTpanctBa GyAyT NPOCTHIMH MepeMelleHHsIMH;, HHAaue TOBOpH,
moueuHoe npocmpancmso Heuszsubaemo.

Bor HekoTOphie MONPOGHOCTH 3THX PAacCyACHHH.

Touke M, cooTBeTcTBYeT HeKoTOpasi TQUKa M, Tak, uTO HHQ)H-
HETESHMAIbHAS yacTh MPOCTPAHCTBA, oxpy:»xarom,aa TOUKY M, (BMec-
Te ¢ HeH camoH), paBua coonercrsyromeﬁ 9aCTH, OKpyxaiouieh

ouxy M,. Ilpucoepuuny x Touke M, Tpexrpannuk T ¢ HazaioM

B TouKe M,; eMy COOTBETCTBYET TPeXIpaHHHK T, ¢ HauaaoM M,.
—-—b
Ecan (0) — HHQ)HHuTesumanbnmu Bektop M, oM H (0) — COOT-

BeTCTBYIOIMH eMy BekTop M, M TO paccMarpHBaemoe npeoGpaso-
BaHMe olpezlensiercs ypaBHeHHHMH .

ol = 0f, o=0?, of=od (6.4)

HeiicTBUTeNbHO, TIEPEHECEM BTOpOE CEMEACTBO TPEXIPAHHHUKOB TaK,

yro6ul T, cosnan c T,. JonyctuM, uto Touka M mepeiizier IpH 5T0M
B TOUKY M ‘. B cuny paBeHCTB (6.4) Mt BUAUM, 9TO Touka M’ coBna-
naer ¢ M BIIOTH A0 GeCKOHEYHO MaJbiX BTOPOro nopsjka (Touka
M npepnonaraercs UHGHHATE3UMANBHO OJMM3KOR K Touke M),

4% * 8l
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uupalnu, pacCMOTpHM TOUYETHOE 1 *peoﬁpa dHHe, KOTOpOe 4acTH
MPOCTPaHCTBA BOKPYr TOYKH M IOCTaBJsIeT PABHYIO €d 4acThb
npocTpaHcTBa okojo M,.

IlocraBuM B cooTBeTCTBHe pernepy 7, TPexrpaHHHUK T-, KOTOPHIH

B mepéMellleHHH, DNPHBOASIIEM K COBTIANEHHIO COO’I‘BeTCTBYR)III.He
OKDECTHOCTH JBYX FMPOCTPAHCTB, cosna,n,ae'r C TpEXI‘p&HHHKOM T,.

Torna umeem

(1)5: O)i,

OTKyJa

u)‘;- E= {D{
M npeofpasoBaHHe OyzeT NPOCTHIM HepeMelieHHeM IIPOCTPAaHCTBRA
KaK TBEpJOro Tena.

3ameuyanue IloaydenHoe cBolicTBO He TaK OYEBHAHO.
3JT0 MOXKHO YBHJETh HA TIpUMEpe TaHTeHUHAJLHOr0 HpPOCTPaHCTBA
(DpocTpaHCTBA HJIOCKOCTEH).

34, U3aru6Ganue TaHreHuHajJbHOr o NpocTpancTna. PaccMorpum
iBe Toukd M u M’ n B Hux tpexrpauuuku T u T'. Ilycth HekoTOpast
TouKa P ¥MeerT OTHOCHTENbHO TpH3pa 7 KOOpAHMHATH X, Y, 2, & OT-

HOCUTEJIbHO TpHaapa T’ — KoopAaHHATH X', y’, 2.

-
Torna, npoektupys paguyc-sekrop M'P Ha ocH epBoro TpexrpaHHu-
kKa T, noJayuuM

P - — hadhng
x=o + XL+ L, 2 15l (6.9)

W IBA AHANOrMUHBIX BHIPAXKEHHs i y 4 2.
Kpowme toro, mo dopmyaam (1.1), cuuras Touku M u M" ungu-
HUTE3UMAJIBHO 6J1H3KHMH uMeeM

i

~:|;+'au1 =1, + o2l + ¥l

=1+ ol + ol

—

=1+ oll; 4+ ;.
CrnenoBatesibHO, ypaBHeHus (6.5) MPUMYT BHJ
x=o0 +x +y o] +2 o
y—«mz—i—y + x" 0 + 2
{ z~—w"+z —1—x of + ¢y o
u, obparHo, - > R

52



X =—old-x—yo)—20]
r_ 2 2 _ 502

Yy=—0'+4y—x0;—20g
Z = — 0¥ 4z — x03 — yui.

Orcioaa cesyer, 4To TpeXI'PaHHUKH HMEIOT OJHY 4 Ty Xe MJOCKOCTb
xy, ypaeteHus z = 0 u 2’= Q coBnagawr, ecau

wW¥=0, 0¥=0, ol=0

HHaye, ypaBHeHHe TJIOCKOCTH 2° = () OTHOCHTENbHO TpeXrpan-
Hika T B oflWeM ciayyae Gyjper

z = 0¥ 4 xod + yol.

CaefoBareabHo, (OPMEI

3 3 3

w?, o), W
SIBJASIIOTCA TAHT€HUUWANBHHIMH KOODAMHATAMH HHQHHHTE3HMAJLHO
6JIM3KO# IJIOCKOCTH. DTH (opMbl GYYT JHHEHHO HE3aBHCHMHI, €CJIH
ceMefiCTBO NJIOCKOCTEH COJepIKHUT Bce MJIOCKOCTH B HEKOTOpo# Tpex-
MepHOH 06/acTH NPOCTPAHCTBA, YTO MBI U QyjeM nPe/noarars.

PaccMoTpuM Temlepb B2 MpPOCTpaHCTBA IUIOCKOCTed (MM JBa

pasa OJHO HPOCTPAHCTBO) H B KAaXKAOM IIPOCTPAHCTBe CeMefCTBO
TPeXTPaHHHKOB, nmpnﬂu'resnmanbﬂble CMeIIleHHsl XOTOPHIX oIlpe-

—

pensitorcss GopMaMH ), ® 115 mepBoro, @, @f— st Broporo. MoxHo
CUUTATh, YTO POPMHI !, ®] HAMHUCAHH /5 MEPEMEHHbIX u°* , a dopMbi
o, Of — ana vt . SR s
PaccMOTpHM COOTBETCTBHE, - KOTOpPOe YCTaHABJHBaercs Mexay
TPeXrpaHHHKaMH CHCTEMOH . '

~

08— 0d 0 — 03 wd — ol |
03 = 03, 0} = 0}, o) = . | (6. 6)

Herpyano mpoBepHTh, YTO 3TA CHCTEMA BIIOJIHE WHTETpHpyeMa, HO

OHa YCTdeBJIHBdET COOTBETCTBHE HCE Meﬁ{}.—(y ipexrpaHHﬁKaMﬁ I‘iep-
BOr'0 H BTOpOIro MPOCTPAHCTB, a4 MEXKAY CEMEHCTB&MH TpEeXrpaHuukKoB,

MMEeHHO: ec/ld B NEePBOM INPOCTPAHCTBE TPEXIPAHHHUKH OIHCHIBAIOT
ceMeACTBO ¢ OOIe#Hi NAOCKOCTHIO XY, TO

3 3
w3 = o] = 0y =0,

a, cJaefoBarenbHO, B cHay (6.6)

3 — @ e @3 —()
0¥ = 0} = 0} =0,

M, 3HAYHUT, COOTBETCTBYIOUWHE MM TDEXI'PAHRUXH BTODPQro I'IPOCT_D‘_&HE
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}

CTBa To})e 06pasyloT cemeiicTBo ¢ ofmeil niockocThio x'y'. Takum
o6pasoM, cHcreMa (6.6) ycTaHaBJAHBAET COOTBETCTBHE MEXKAY ILJIO-
'CKOCTSIMH IIepBOTO H BTOPOro NIPOCTPAaHCTBA.

PaccMoTpHM Tenepp JiBe COOTBETCTBYIONiME IIJIOCKOCTH Py H P,
fepBore M BTOPOrO MPOCTPAHCTBA K IBA COOTBETCTBYIOUWMX MM pe-

nepa Ta u To.
[lepenecem Bce BTOpoe MPOCTPAHCTBO C €0 IJIOCKOCTAMH H TpeX-

FPaHHUKaMH TakK, 4TOGH! IJOCKOCTh P, € OBNAaJa CIJIOCKOCTHIO P,

4 TPEXTPAHHHK T, COBHAan c Tpexrpamiuxom T,.
‘PaccMoTpUM  Kaxylo-HHOYAb DJOCKOCTE P B HHPUHHTE3UMAJb-
HOY OKDEeCTHOCTH ILIOCKOCTH P, mepBOro MpOCTPaAHCTBA H COOTBET-

CTByIONLYIO efi B cooTBeTcTBHH (6.6) nockocTs P B MHOHHHTE3HMAD-
HOH OKDECTHOCTH ILJIOCKOCTH P, BTOPOr0 NpPOCTpAaHCTBA.

IIpexye Bcero 3amMeTuM, 9T0 COOTBETCTBYIOLLASA TIOCKOCTh P jieii-
CTBHTEJIbHO OKAXETCS HHPHHHTE3UMAJIEHO GIH3KOM K IJIOCKOCTH P,.

Heno B ToM, ur0 mJjocKocts P OTHOCHTEeNBLHO TpexrpaHHuka T,
HMeeT KOOPAHHATHI '

3 wd o

we, v, Wag
B CHJIy cOOTBeTcTBHs (6.6) mjockocTs P OTHOCHTeNBHO penepa T,
HMeeT KOOPJMHATH |

~ — ~—

3 3
mwwg,

KOTOpHE B TOYHOCTH COBNAA@OT € KOOPJHHATAMH MJOCKOCTH [P.
CrienioBare/IbHO, NOC/IE NEpPeMellleHHsi Broporo IPOCTPAHCTBA H COB-

nafeHHus nockocreli P, ¢ P ¥ TpeXrpanyHKkoB T, ¢ T4, NJOCKOCTH

P u P 6ypyT BMeTb OJiHH H T€ K€ KOOPAMHATH (10 6eCKOHEUHO MAJBIX
BTOPOro NOPSANKA) OTHOCHTEJNLHO OJAHOI0 H TOro Ke pemnepa T;
C/Ie[IOBATENILHO, OHH COBIAAAI0T [0 OECKOHEYHO MAJBIX BTOPOro
TopsiAKa.

Tak ompegesisieTcsi Haru6anye NepBOro MOpAAKa B MPOCTPAHCTBE
fiockocreli. O6paTHo, ecsqd [Be NJIOCKOCTH COBHNAKAIOT BMECTE CO
cBOMMH 6eCKOHEYHO GJU3KHUMHU ([0 GeCKOHeuHO MAJhLIX BTOPOro I9-
pANKa), To B KOOPAHHATH MJOCKOCTeH OTHOCHTENbHO obliero pemepa
coBnanaiT (1o 6ecxonequ ManblX BTOPOro MNOPSAKAE); C/eJoBRa-
TEJIbHO,

— — ~

wd = w? o® = @3 0 = w

H 1 1? 2 (b' b)

a2

Caenyer Ji¥ M3 3TUX PABEHCTB COBIAJEHHE OCTAJbHBIX KOMIOHEHTOB
¥ KOHTPYIHTHQCTb OGOHX TPOCTPAHCTB?
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PaccvoTpuM mocsenoBaresibHO BHEMIHHE JH(deperuHansl Gopm
(6.6), Hcroab3ys Besje 3TH paBeHCTBA AN 3aMeHbl THTJIOBAHHLIX

bopM © oOnIKHOBEHHLIMH ®. MMeeM:
Yy ’rnnamnwouwy a HT

AT g TRnevIrnhawguura 1T nng vTh e
“Ul 1 1 l’be H 4 I1iI A1 EL I a4 F 3 AU]. Fi F Y P\vﬂl yull Al Fh IN

= [o! 03] - [0? wd], do* = [o! o3} + [0 0],
dvd = [0? 03], dod = [u)% w3,

CpaBHHBaH PaBEHCTBA JIBYX NOCJAENHHX CTPOK, HMeeM

[‘”2 = (n2 2] =

~—

[(‘01 - (!)é, 0.)?] = O’

OTKYRa B CHJIy TeopeMnbl | m. 12

~

2 (2 == 3
W] — O] = oW},

—

TR I -
0 w2.._3ml.

Ck/1ajibiBas NOYNEHHO STH PABEHCTBA B CHAY @ + @y = 0, NOAYYHM

3 3
aw; 4- fo?) = 0
OTKYMa NpH JIHHeHO He3aBHCHUMHIX (POPMAX @, @y MMeeM
U
w? = @? . (6.7)

1 I-

CpapHeHMe ypaBHeHHH TNepBO{ CTPOKH Iaer

.

[ml - wl’ (ﬂ?] + [(”2 - wa: (.!Jg] = 0’

orkyaa B cuay (2.11), (2.12)
ol — ol ———am3-—}—bm ,

o~

2 __ 12 pud 3
0® — 0? = bo} 4- cwl.

(6. 8)



ﬂ
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—
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=
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=
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.l
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Bueiiiree nuddenpeHIIUDORAHHE VpaBHEHYU

mET -~ K Ty

T T r T « A
IeCTBY, a ypaBHeHH# (6.8) — x BHeIIHHM KBa,I[paTH‘IHbIM ypaBHe-
HHAM And da, db, dc, BooOlle He paBHEIX HY.JIO,

Takum oﬁpasom, H3ru6anue DPOCTPAHCTBA TJOCKOCTEH He CBO-
JUTCS K NMpocTtoMy nepeHocy. Clle0BaTeNbHO, MAHZeHYUaIbHoe 1 po-
CMpPAancmeo mexee meepdo, uem moueyHoe; B HEM MONKHO IMOCTPOUTh
npeo6pasoBaHie, HE MEHAOUee Majble KYCK¥ NPOCTPaHCTBA, HO
ray6oKO H3MEHSIOImHKe TOJHOe TNPOCTPAaHCTBO.

35, Uarubande MIOCKOCTH KaK reoMeTpHYeCKOro Mecta nps-
MbiX. PaccMoTpHM JIBe MJIOCKOCTH ¢ KoopauHaramd (x, y) u (x’, y').
[onbaysick dopmyaamu n. 30, MB MoxKeM Ha KaxJIO#H MJIOCKOCTH
3afaTb NPSIMOYTOJbHYIO CHCTEMY KOOPAHHAT, ONpeAesieMylo OGUBeK-

— —> - —>
ropaMu (M, [, L) v (M’, 1,', I,’). Torna na meproil miaockocTu

dM = o'l + oL, | vmdecoshibdyeint
al, — o, (6.9) w? =x — dx.sin0 4 dy cos 9, { (6.10)
d[2=m2ll, {D?-—v':des )

o 1 .2 .2 : o g
H HAa BTOpPOH NJOCKOCTH ¢opMbl ©!, ®2, @] BLIPAKAIOTCH TEMU Ke
yP ABHEHHSIMH CO IITPHXOBAHHBIMH TepeMeHHhMH x', y', 0.
YcranaBiHBaeM COOTBETCTBHE GHBEKTOPOB

2 w3, u)% = wl. 6. 11)

IlockoabKy 3Jech TOJbKO JiBa ypaBHEHHs, a GUBEKTODP oIlpejensier-
csl TpeMsl KOOPJMHATAME X, Y, 6, To cooTBeTCcTBHE GyleT YCTAaHaBJIHU-
BaThCA MEXJY CeMeiCTBaMH 6HBeKTOpoB

[lonaras

ll

w*=0, v2=0, S (6 12)

Mbl YBHJIHUM H3 Q)opmy.n (6.9), uto BekTOpHI I1, Tz me BpamaroTcx

a Touka M omnuceiBaer ocb x. TakuM o6pasoMm, ypaeHeuus (6.11)
onpenensior CeMeiHcTBo OGUBEKTOPOB C obuied ochbio X,

M3 ypaBHenui (6.11) MBI BUAMM, yTO 3TOMY ceMeHCTBY Ha BTO-

SR Hua

poil MJOCKOCTH COOTBETCTBYIOT 6HBeKTOpr ¢ obwedt ochio x'. 3ua-

unT cHcTeMma (6.11) yeranaBiMBaer COOTBETCTBHE NP AMEIX Ha IBY X IO~
CKOCTSIX.

|

=
‘£
@
-
p..

y -cost = —dx-si
dby =d¥.
Bropoe ypasnenue (6.13) nuTerpupyercs
0 =0-4+¢, c¢=const,
a Torga mepsoe ypasHenHe (6.13) MoxHO 3amucath
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d(— x'sinf’ 4y cos ') 4 (x" cos b’ + y'sin6')d ¥’ =
=d(— xsinb 4 ycosb) + (x cos 6 - ysin 6) d 6,
HJH '
d{—x'sin® 4y cos® + xsinb — ycos b} =
- (%" cos® + ¢ sin® — xcos® — ysin) dé,

T. €. [oJlydyaeM YypaBHeHHUe

du = vdw,
KOTOpoe yAoBJseTBopsercs 060 yHKIHeHR
U = f(l'.?)),
eC/H B3AThH -
du ’
— =y, T. €. UV=[ (W)
= /@)

CnenoBarenbHo, npsaMasi

xcost—+ ysin— p=20 | (6. 14)

npeobpasyercsd B HOBYIO IPSIMYIO MO 3aKOHY

¥ =b64+c, p=p+f f= :ﬁ
HOO ‘
v=x"cos® 4- ¢y sinb’ 4 p’ - (xcosbh -+ ysinb 4 p) =
:Eda { —x’sinﬁ’—ry’cosﬁ’+f—+xsén0;—ycosﬁ} = fé-u.

[1Ipeo6pazoBanne npsmoﬁ (6.14) B npsimyto (6.15)
xcos(6+c)+ysin(6+c)w(_p_._}-_f)=0 (6. 15)
3aBHCHT OT NPOU3BOJILHOK (YHKUMH

F=10)

H He dBAAETCA ABHXXCHHEM IJIOCKOCTH, X074 OINpelaesner H3rubanHe
[EpBOro nopsixKa IJOCKOCTH KaK reOMEeTPHUECKOro MeCTa IpsMBbIX.
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36. JinneAuaToe npocrpaHcTBo. [Ipamas, unu, ayyiue, cemei-
CTBO TPEXTPAHHHKOB C 00Lie# 0Chio, ONpesesieHa yCJIOBHAMH (5.13)

ol =0, o2=0, (0?:0, wg,—_ 0.
[Tyers umeeM B2 MHOT00Opasus (ABa MPOCTPAHCTBA) TPEXTPAHHHUKOB
T2K, 4T0 |

— —~ o~ ~

o' =0% o}=o0}, of=o0l (6. 16)

Beskui ;pa3, Kak B OFHOM NPOCTPAHCTBE BHIIEJIHM CeMeficTBO C 00-
meR OChIo, B JPYTOM COOTBETCTBYIOLIHE TPEXIPaHHUKH ToxXe o6pa-
3YIOT ceMeHCTBO ¢ obued OChlo, T. e. 3THMHU gopMynaMu 6yjer ycra-
HOBJIEHO COOTBETCTBHE MeXAY IpPSAMEIMH JBYX mpoctpaHcTB. Kpowme
TOrO, €C/1H NepeHecTH BTOpoe MPOCTPAHCTBO TAK, YTOOHl OAHA Mps-
Masg ¥ OIMH HM36paHHHIA TPeXTPAHHHMK ee coBNmajajH 6bl C COOTBET-
CTBYIOINMMH TPAMOH M TPEXTPaHHHKOM ApPyroro IpPOCTPaHCTBA,
TO BCsiKasi G6eCKOHEUHO GNM3Kasi npsaMas COBNAajaeT co CBOEH CoOoT-
BETCTBYIOLIEH.
OcHoBHble ypaBHEHHA JAAyT TOrna:
Iasi TpexrpadHuka T

d o' = [o?ol] 4- [o® o],
d o® = [0 02] + [03 o),
o} = [0 03,

d v = [0} oi];

"o
1

ocjie 3amennl (6.16

S

DS TPEXTrpaHHHKa
dot = [0? 0} + [0 of],

do® = [o! ©?] 4 [0? 0],
d w3 = Tw2 edl.
1 — 197 Woi

S~

- dod = [o] 0l].

M3 mocnepgHux JABYX nap ypaBHEHHMi chegyeT

—

: 2 _ @l
L0 = of,

o8



IlepBoie paior

v

[0 — 03, 0] =0, [0¥ — 0} of] =0,

OTKYAA Chejyer

——

03 — o3 -—au)3 Bm

a H P — MHOXKMTENH IPONOPIHOHAJIBHOCTH.
EciH MeXAy @ H o HeT JHHeHHONl 3aBHCHMOCTH, To a=B=0 H

b

w® = @8,

T. €. AUHEUMamoe RPOCMPAHCMBO Heu32ubaemo.

o 3 3
JlunefiHast 3aBHCHMOCTh OCHOBHbIX (OpPM @), @y MOKa3bIBa/ia
6tl, YTO MHOroo0pasHe NMPSIMHLIX, OMHCHIBAEMBIX OCAMH Z TPEXTrpaH-
HHKOB, HE ueThipexMepHoe, a TpexMepHoe,




TJIABA VII
BEKTOPHBIA AHAJIM3 B EBKJIHAOBOM
N-MEPHOM NMPOCTPAHCTBE

V

37. [IpeoGpazoBatue npocrpancma ¢ co xpaneuneu Aunei-
oro 9JeMeHta. BosBpamaemMcsi XK TOYEYHOMY TPOCTPAHCTBY H

yAeM NpejnoJararb €ro n-MepHbIM.
B teopeme Beiins 1. 32 Mbl paccMaTpUBan¥ OTAENbHO KOMIIQHEH-

Qv

Thl

w! w? o’

3 = * oy

Ais jJoKasareJbCTBa HeH3ru6aeMoCTHU IIpOCTpaHCTBa. TToxaxem Te-

nepb, 4YT0 JOCTATOUYHO pACCMOTPETh CyMMY HX KBajparoB, T. e€.

JUHEHAHBIH 3JeMeHT JJHHBI
ds* = (0!)? + (0*)2 + . .. + (") (7. 1)

Teopewma. Beakoe moueuroe npeoo‘paaoeauue npocmpan-
cmea, coxpansiowee aurelnstl aremenm ds®, ceodumcea K npocmomy

DD AEDIIIDLILE m
n L S e A L el

STa TeopeMa CHJbHee Npenniayilefi. Panee Mel TpeGoBanH, 4ToOb!
OpH Mepememexuu Touku M’ B Touky M Becskas uncpunmesmanbno

Gnuskas Kk M’ Touka M; mepeluna B COOTBETCTBYIOUWLYIO TOUKY M,
oxpectHocTH ToukH M. Temeps Mbl TpefyeM TOJLKO PaBEHCTBA J/UH

MM, = M’ M,.

Ins pokasatesbCTBa TeOPEMbl PACCMOTPHM JIEMMY.
JTemMma. Junelnoul asremenm ds® 3asucum moabKo 0m Koop-
Juram 6epuiuHbl MPEXSPaHHuKa U uXx Npousso0HsiX.
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[Tyctp uMeeM n HesaBHCHMBIX ndaddosblx popM
2

wl’m!"',u‘)n,
BbIPAXKEHHBIX C MOMOUIbIO 7> NEPpEMEHHBIX H YAOBJETBOPSIOMH X

YCJIOBUSM

T dof = [0 ol], | (Iiy
i i .
o + wf . 0. (7. 2)
JokaxkeM, yTo JHHeHHBIH 3J/eMEHT
A2 — 11132 1 £7.20\2 I_ {2
Q8" =0 )" T W) 1 ... T
MOXHO NpPEJCTABHTL B BHJE
ds? = g dudw (i,j=1,...,n).
CucreMa ypaBHeHHH
ol=0, 02=0,...,07=0 (7. 3)

BIIOJIHE HHTErpHpyema, Hbo, corsacHo cucreMe (1), Buemwnne prd-

¢epennuans dot, unu (0twf ], o6pamalorcs B HyJb B CHIYy ypaBHe-
HUA _cueTeMul (7.3).

a ~UCsTARta UMep T 11 TIa
(OB W) LY R wii,) 2O ¢ ¥ AW wl Sy T ¢

O6o3nayuM HX
W, u?, ..., u"
Ownu onpefiensiioT NOJOXKEHHE BepiliHbl M Tpexrpannuka, H6o npH
u! = const, u?=const,..., u*=const

Bce opMul @ ofpamiaiorcsi B HyA» H ToukKa M CToOMT Ha MecTe.
HonosusieM 3TH n NEpEeMEHHLIX €lie 7 — n JPYrHMH M NPHHHMaeMm
HX.32 HOBbIE HEe3aBHCHMbLIE NEPEMEHHbIE

ul, w2, .. ut untt L u.
Torpa
ds? = g dutdw (i,/j=1,2,...,n).
IlokasxeM, uTo BCe g;; He 3aBHCST OT ut!, .. ., u’.
BBefem 1Ba cHMBoJAa JH(GDEepPEHOUPOBAHHUA:
d — mepeMelneHHe BEpIIMHBI, T. €. H3MeHeHHMe ul, .. ., u”
0 — H3MeHEHHe BTODHMYHLIX mapamerpoB utl, .. . u’.

Hapo pokasarn, uto -
6 (ds?) = 0.
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Tak kak 3w =0, 10

ddut=d3ui=0 (i=1,...,n),
ot (3) = 0. (7. 4)
O6o3naunm

B NMPHMEHEHHMH K 3THM JBYM CHMBoJIAM AH(depeHLHpOBaHNA ypas-
Heuue (1I1) Moxer ObiTh pacmHcaHo B BHJe OHAHHEHHOH QopMbi

ot () 04 0) |
ok (d) o} (d) |

[V )

wi ey — A wi(d
\¥*7 ad

1)
A7 Al |

S

uan B cuay (7.4) u (7.5)

+

o2
8
f
|
o

S
——
-J)
o
-

rae B NpaBod yacTH OOLIMHOE NPOH3BEJEHHE,
Huddepenuupys ¢ cuMBojoM O Haille BhlpaxkeHHe

ds* = Z (@),

MOJYYHM

3(ds?) =&

~D

i T
HO B cHay ypaBuenus (7.2) ¢opma ef TaK XKe, KaK ®y, KOCOCHMMET-
pUYHA, W, CYMMHPYS 1O COYETaHHAM, OyJeM HMEThb
8 (ds?) = — 22(%(»"&’3 + ef ok ol) =
(i.k)
= -2) @+ e uior=0.
.k
Hrak,

H JemMMa JOKasaHa.
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CeoMerprueckH ¢opMyaa

doi = — e;;mk | (7. 6)

A3€T H3MEHEHHe NPH MEPEXOJE OT OJIHOFO TPEXTPaHHUKA K JIPYTOMY
¢ Toit 3Ke BepHIHHOMN; ©® — KOMIIOHEHTH BEKTOpPAa CMEIICHHS BepIIH-
Hbl, @' €CcTb H3MeHeHHe KOMIIOHEHTOB @f mpH OeCKOHEYHO MaJioM
npeoﬁpasoaannu KOOpAHHAT (nosopo'r oceil).

OG6pauraemes Tenepn K OCHOBHOM TeopeMe MeTp HYeCKOH reOMEeTpHH .

HJoxaszateanbctBo. Tak Kak ds®— noJoXHTEAbHO OmNpe-
JeneHHas auddepeHnHanbHas gopMa, To ee BCerjia MOXKHO IIpeicTa-
BUTb B BHJE CYMMEI KBaJ[paToB

ds? = () + (0 + .. . + (o)
Bri6epem B Touke M OpTOrOHaJNBHLIA penep Tax, YTOObl BEJIHYH-

Ko o', @2 ..., 0" ObiH Koopaumatamu Ttouku M’ (MM’'= ds)
O OTHONLIEHHIO K 3TOMY penepy. JonycTHM NOKa, YTO 3TO BO3MOXKHO.

Bri6upas TakuMm ke o6pasoM penep B Touke M BTOPOrO MpO-

. CTPAHCTBA, NOJMYUHM @ = @, OTKYJA K CJAELYeT TeopeMa.
AR PapuncunhuncTk: nNnhuUuRegpuud nuueliuoro QAAMAUTA X

WFLre A SAAFALW W EAFERFAL WY % 1 &7 -lr.ll’vﬂvll ERSE FEELALWES RAWR WV P N YR % AR B WA N

CyMMe KBaApaToB H BHI6Opa pernepa OpTOroHaAbubiM. Jokaxkem
JIEMMYy, Ha KOTOPYIO Mhl CCHJIAJHCh.
JI eM M a. Bcakoe npedcmassenue rkeadpamuunoi opmer ds*

s Y s s o

6 tmue LyMMbL RELU DUTTIUE
ds® = (') + (0 + . . . + (07 (7. 1)
npusoum K OPMOSOHANGHOMY penepy.
Jra nemma caepyer u3 cdopmya (1.10), (1.12); ecau g; =3,

TO CKaJsiPHLIE MPOM3BEAEHHsT GA3UCHLIX BEKTOPOB €;€; (i~ ) pasHhl
HYJHO U BEKTOPbI OPTOTOHAJBHL; HO MH JaJEM NIpsAMOe J0Ka3arelb-
CTBO. _

Ilycrs umeeM suHedHBIA 3jeMeHT BHaa (7.1); nmpoeeaeM KoopaH-
HaTHLlIE JHHUH, OmpejessieMble yPaBHEHHAMH

0, ecau i+ &,

i X
®f = § == (7. 7)
e % .
{ 1, ecau i =&, -
rae k = , 11, APAacCMOTPHM €IHHHYHEIE BEKTOPH! KaCaTe hbHbIX

K 3THM JIHHHHM Bripaxene (7.1) faeT HaM npaBU/IO MoAcyera KBaj -
paTa BEKTOpa H ero MOAy. .

B uacTHOCTH, BeKTOpHI l,, onpe,uenﬂemme ypaBHenusMu (7.7),

HMAWYT KOAMIINAHUHAHTLI
AL & 144

R0, 0, (0,1, 0), (0,0, .., 1) (7.8)
u OylyT eJHHHYHHMH,
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— —

CkansipHoe mpoussefieHue BekTopoB U u V onpefensercs Kak
KO3((hHIHEHT OpH 2A B pa3sBepTHBAHUK KBaAp2Td JIMHEHHONH KOMGH-
HalHH ‘

-— a—

(G A V)2 = U2 20UV 4 22 V2,

— — )
Mexay Tem Aas Bekropos (7.8) suneitnast kom6unanus I, +Al2 nMeer
KOOpAMHATHI

(L, A0, ., 0)
OTCIOAA KBajpar €e no (opmyae (7.1) 6yjer

(L, AL)? =1 4+ AT, I, + 22,

—_——>
oTkyaa I, I;= 0, H BeKTOPHl OPTOrOHAJNbHHI,

MoXHO JaTh KuHeMAMuH4ECKOe uCMOAKOSAHUE 3TOH TeopeMbl.
HazoBeM npsiMBIMH JIMHHH, Adlomue MHHUMYM a8 ds2. OHH ne-
peAnyT mocjie npeo6pasoBaHHA B NPAMBEE, TAaK KaK HO YCJAOBHIO
ds® coxpanserca. OrpeskH coxpanar csoio Jauny. Ilycts MaTepuans-
Hag cHcTeMa o0JsanaeT IIOABHXKHOCTBIO, HO TaK, 4TO PAacCCTOSHHA
MeXRY TOuKaMH coxpansiorcsi. Cucmema moeda e Oehopmupyemcst,
a nepeHocumca Kax OCHO yeaoe,

39. KOMrpysuTHOCTb H cuMMeTpHs. Eciu ds? gaHo, To npocrpas-
CTBO H3BecTHO. [IBa mpocrpancTea ¢ ofHHM ds® MOryT ObITH COBMe-

MIAULT IINASMTLIM ITANATanorr ot un OUITTAATREUIAYT TR RBUTa rmananro.
Vil PGl UL pPLOs LI L. LAY WYLMLWLL D Y IV dDa Dnga spsaas

weHHl: JsudeHus nepgozo poda, WIH coOCmeeHHble OBUNCEHURA, KO-
TOpble IPH COBMEIIEHHH (Hryp HPHBOASAT K KOHESpYSHMHOCMU, H
Nudcerus 6mopozo pooa, MK O8UNCERUSL BMECME C CUMMEMPULHOLM
npeobpa3oganuesm, KOTOpHE NPH COBMEmEHHH PHUryp obHapyKH-
BAIOT HX cummempuurocms. OcTanoch BRHIACHHTH OJHO COMHEHHe,
OyAyT JIM NPEJACTABJEHH JBHKXEHHS MEPBOro M BTOPOTO POAA OLHHM
H TEM XKe aHAJTHTHYECKUM BHIPAKEHHEM HJH AAsA NPaBbX H JIEBHIX
TPEXIPAHHHKOB HHGHHHTE3UMAJBHEIE KOMIIOHEHTHI ABHXKEHHH Oy-
AYT PasIHYHLL

PaccMotpuM MHOroo6pasue Touek M H cHcTeMy NpaBHX Tpex-
TPaHHHKOB ¢ HayajdoM B M M KOMHOOHEHTaMH ¥, o, 3ajaHHBIMU
B GYHKuMAX oT u!, u?, u2, u Muoroo6pasue Touek M’ u cucTéMy Jie-

—

BLIX TPEXTPAaHHHKOB ¢ HaualoM B M’ U KOMNOHEHTaMH o, o}, 3a-
LaHHbIMH B pyHkuuax or o', v?, vus :

64



HepeMemaﬂ JIEBBIA Tpexrpannnx, MBI MOXKE€M COBMECTHTB TOYKY

—Ip =¥, —> —>,

M’ ¢ Touxkoit M ¥ ocu ll, l2 ¢ ocaimu Iy, Iy, HO ocu I; ul; Gynyr
HanpasJieHH B pasHule cToponsl. Orciona

—

o! = o!, 0¥ =0? o= o’

Ilonp3ysick ypaBHEHHSIMH CTPYKTYPHI

Cdoi = [of @il
lU} ij’
4
NOJIyIHM
02 = w2 = — ol 0= —
0] = 07, O] = Wy, 0, = ;.
Cucrema
0! (v, dv) = ol (4, du), ?(v, dv) = o?(u, du),
0? (v, dv) = o? (1, du), 3(v, dv) = — o3 (u, du),

o3 (v, dv) = — 3 (u, du), o (v, dv) = — o) (u, du)

BHIOJIHE nmerpupyema HO OHa He faeT [IBIKEHHS MepPBOro PoAa.

Ecaun pias ul = uo, vt = ¢ Toyka M, coBnana ¢ TOYKOH Mo, TO
TOYKH

1

M (o', 0%, 03) u M (0!, 02, — 0?)

HE COBMAAyT H 6YAyT CHMMETPHYHEL.
KOHrpy2HTHOCTH H CHMME’I‘pHH ONIPefeNAIOTCA PasNHYHEIMH
CHCTEMAMH ypaBHEHHH.
J

40. OnpeaeacHue popm o; no 3alaHHbIM popmam . [Tocra-

BHM 3 a JI a4 V: ZaHH GOopMHL ' ; @2, . . ., ©", OTIPEAEIHTH (POPMHI o),
TaK, YToOBl OHH YJOBJETBOPAJH CHCTeMe (Ih) n. 32 u GuliM KOCO-
CHMMEeTPHYHEL:

d o = [w/ w“;.], (I1)

of 4- of = 0. | (7. 2)

Brewmnui gupdepennuan do' — KBa)J,p aTHyHasA popMa OTHOCHTEJBHO

auddepennyanos du', du?, .. ., du®, a crepoBaresibHO, ¥ OTHO-

cutesnbHO opM @F, (02 ce I'Io:-rromy ee MOXHO NPENCTaBHTb
B BHJIE |

' dw = E ci.k[mf wk], (7. 9)
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3A€Cb CYMMHPOBAHHKE IO COYETAHHAM. ,H.Ol'lyCTHM, Kpome TOoro, 4rto

- -
Hamun voashHeHus (7N wu (IT.Y {7 O\ maanfRrnancrivraa
pdBHCHRA (/.2) N 111y, (.9} DPEOODA3YIOTCA
Yije + T = 0, |
Ciie = Tjir — Thij» (7. 12)

TaKk Kak npH nojacrasoske B (Ili) Beipaxenuii (7.10) coueranue

[@/0*] nomyuaercs ua aByx ckobok [wo}] n [vtw}]. Bumoansem
Teniepb Haj paBeHcTBOM (7.12) IBa pasa KpYroBylO NepecTaHOBKY
HHAEKCOB i, j, R, noayyaem

Vit = Thij = Cijp
Teji = Tije = Ciri
Tie;i — Vjwi = Crij
Bhl4HTas U3 NocaeiHell CTPOKH JiBe NepBble, NojayulM B cHay (7.11)

Crij = Clik — Ciki
Tije = 9 . (7. 13)

310 yNOBJIeTBOPSeT BCeM ypaBHEHHSM, T. €. H ypaBuenuam (IIi).
Huuto He nokaswiBaer, uto ds? nmpuHagieXXuT K eBKJIHAOBY Mpo-
CTPaHCTBY.
41. TpexmepHblli cayyall. B cayuae mpex u3meperuil MOXKHO
NOCTyHAaTh HHaue, GOpMbl ® 03HAYAIOT Tenepb GECKOHEYHO MaJblg

BpalEHUS.
-O6o3nayum
w3 = p ol - py 0 - p; w?, |
03 =gy o' + g 0* 4 g3 0%, (7. 14)
o =r; 0! - ra 0 + ry @d,

Cuctema (111) nmpurHMaer BHJ
de' = [w® @]] + [0° 0] =— (g2 1+r5) [0 03] 4-q, [0® 0] -
: + ry [0l 7],
dw® = 0! 0f] [0 0]} = — (p, - ;) [0¥0!] +
| + rz[wl 0)2] +p2 [(‘”2 Ll}?'],
do? = [0l o¥] + [0 03] = — (g + py) [0} 0] +
+ py[0% 07) + g, [w? 01].
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[IpuaoxuM 31H QOpMYJbl K 3aJaHHOMY JHHEHHOMY 3/1€EMEHTY B Mo~
JSIPHBIX KOOpJAMHATaxX .

ds® =dp* + 0*d 8 + p?sin*6d o?
Mbl MOXKEM MPHHATL 38 KOMIIOHEHTH O BBIP &XKEHHU A
ol =dp, ®=0d6, 0®=psinbdeo.
—r —> —» .
Tpu eaunnynbix Bekrtopa Iy, Ly, I; cooTBercTByloT H3meHenuid do.
di ¥ do. CocTaBHM BHelmHHe JU(DEpEHIIHAJL:
do! =0,
1
do®=[dpd b} = —[v! ©?,
P

dw® =sin 6{dpd o] + pcosB[dbd o] = — [u! o?] +
A P

ctgh
P

1

[w? 03],
17

- CpaBHHBas ¢ BhipaxeHHaMH (7.12), uMmeem

R |

0 e 0
o T 3=V, G =V, = U,

f1

1
p1+f3::0, rzz—;—, p2::0’

p1+Q2:0, pBZQZZO’ q; = — —,

HJIH

['eoMeTpHYeCKH OYEBHJHO, YTO H3MeHeHMe dg He Bpaimiaer Tpex-
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IPaHHHKA, dl Bpamaer OKoJIO OCH ls, dyp, ‘BPAMART -OKOJIO- OCH

l cosfi — 1I,sin 6.
Jureldnoll S e MEN T eexAu0osa’ npocmparncmee. Kak MoxHo y6e-
AMTbCS, 4To ds? onpe,n,emer €BKJIHAOBO NPOCTPAHCTBO?
Hpe,H,CTaBJIHEM ds* B BMle CYMMHB KBajparoB '

ds® = (@) |- . . . 4 (w®)2.

Briusic/ifieM, Kax Bbliule, @ H MpOBEpSEM, YAOBJIETBOP SIIQT: J,IH OHH
yp aBHERHSIM AR T

ST
d of = ok l]., (7. 16)
Ecau ynosnerBopsior, To. ds? NPUHALAEKHT K eBKJIHZOBY TPOCTPaH-
CTBY.
Pexomengyercst npoBepuTh 970 47151 ds? B IONSIPHEIX KOOPAHHATAX.

42. AGCOMOTHOE nuq)(bepel!uuponanue. Paccmmplm noJsie
BEKTOPOB, T. €. JONMYCTUM, YTO B KaXJOH TOUKE MPOCTPAHCTBA NpH-
COEAMHEH BEKTOpP C KOMIOHEHTAMH

(XL, X2, ..., Xn).

IIpn nepexone ot Toukn M x cocegHeill HHGUHHTE3UMANBHO GIU3KOI
TOYKE BEKTOp MCIOLITbIBACT U3MEHeHMe (BapuauHi). Buinumewm ero.
BexkTtop

-t

X == Xk, .
Ero pudxpepenunan
dX = 1, [d X* 1 ot X*),
HJIX TIOCJIE CMEHBI BO BTOPOiHl CyMMe MHAEKCOB R M hHAa h H R
dX = I, [dX® + of X},
3necs dX*

DX* = dX* 1+ of X" (7.17)

€CTh NOJIHOE H3MeHeHHe. 1o abcomomroilt Jugpgepenyuan. On cBo-
JAMTCH K OOBIYHOMY, €CJH OCH OCTAIOTCH IapafesbHEIMH.
[Tpunoxenue Ycxoperue Osudcyuwjelica mouxu.
[TycTs
v, 02, . .. .0U" — KOMIIOHEHTH CKOPOCTH,
wf = pi df — KOMIIOHEHTH MepeMelIeHH .
YcxopenHe ecThb abcoqoTHasi NpPOH3BOAHASF CKOPOCTH.
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do
R YL (nk U”.
g dt ' B
[Tycrs
0] = 7, 0%,
Torjpa \
dv
gk = dt — v 1 0

HJH I0CJIe NOJCTaHOBKH HHIEKCOB (fg,i)

du‘ dv’
. kyh — -
==+ Tan VU = — — 7y VRO
Korga
. dof
&=—r?
310 GYAET €CAU {;p, + Yipe = 0, T. €. 7 MeHsIET 3HAK MPH H3MEH

JABYX TMOCJEIHHX HHIEKCOB, HO | He MeHfer cBoeil BeJHYUHBI
KpyroBoil 3amene. 3HayHT, BCE 7;;, PABHH HYJlO, KpOME

Tias = G5
MO3TOMY
03 = go!, o) = gw?, u);-’ = qu°.
Ho B Takom cayuae : :
= [0? 0]] = d?[w’0?] = [dao'] -+ ad o' = [daw'] +
+ a ([0* w)] + [0* 05]),

HIH . ' S

[daow'l — 2¢% [0 0®] =0,

:l:
.'..'1
]
-
~
:
=
1%
=
=
1
--.

Ho npousseenne [02w?] ne genntcs na oty
Ha ofpanjaircs B HYJab OTLEJNBHO.
Orcrona ‘

a = 0.

IeHHH
bl TIpU
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3HayuT Bee dof = 0, T. €. o — noaHble AuddpepeHIHaNbI:

o' =du, o= dv, 0’ = dw

ds? = du® + dv? + du?.
43. JuBepreHuus Bektopa. Jlana 3aMKHyTag mOBepXHOCTb;
ds — 3jeMEHT NNOWAAH 3TOH NIOBEP XHOCTH.

—_

Paccmotpum norok Bektopos X (X!, X2, X?3) yepes noBepXHOCTb.
[lyctb d u 8 — cuMBosbl JH(PpepeHIHPOBAHHS, COOTBETCTBYIOLLIHE
cTopoHam GECKOHEYHO MAJIoro MapasJesiorpaMvMa Ha KaxIOM jeJe-

HHH NJiomany nosepxHocTd. [ToTOK BEKTOPOB HEPES 3/1EMEHT NOBEPX-
HOCTH paBeH
Xt X2 X3 !
O __ PRV IN —_ P2 .31 1. 2r1..3 .11
— —— ml ka) w“ (a’ wu (a’ —_— e lw LLd) l i e Y llU iy j T
(@) 0 () * (3)
+ X3 o' 0?]. (7. 18)

[Ipeo6GpazyeM pBOiiHO# MHTErpasn .no nonepxnoc'm S B TPOHHOMA Mo
o6beMy V .

{d§

Torga div X, T. €. AMBEpPreHIHA NOJs, ONPEfENIeTC PaBEHCTBOM:

5”"9 = SHd"vin‘ o? 0?], (7. 19)
4 1%

T, €. JHBEPreHIUHs eCTh KOsdxpHuUMeHT . IpH 3JjaeMedte 0OObeEMA
(o!®?®?| B BLIpaxkéHHH BHeumHero Au(pdepenunana d<.

ITp ume p. Onpedesums OusepeeHyu0 nOAL 8 NPOCIPAHCMEE,
OMHECEHHOM K NOAAPHBIM rcoopaunama,u (m. 41)

o' =dp, o __.pdﬁ ®® =psinfdo.
Teneps ¢opmyana (7. 18) 3anHIercs
Q = X'p?sin0[d 6 d o] + X®psinbdedp] + X3 o [dpdb],
d BHeIHHH puddepeHmuan

0 v

e . . [ N ﬂ
(.lhﬁ:**—"l\p l u
dp

=1 a s Ve L Ly o Jdh 1.1
vag) + —- (ATpsinb| lapavag] -

a -
+ 55 (X?p) (dpdbde] = div X - 0? sin 0 [dpdbde].
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—
Tak onpene.uﬁe'rca divX, xHem Heobxodumocmu 3HaAMb Gopmvt 6pa-
WEeHUR o). |
Hpyzoii memod noAyuenus Qusepeenyuu. l'lpe,unonomnM 4TO

UMEEM HoJie BEKTOpPOB X H B Kaxz0fl TOUKe MPAMOYIroJbHEIR penep.
Torga abeomorHbit aubdepenunan no dopmyae (7.17)

DXi - dXi 1L Xk b
17NN — s "]— F4 S \Dk
: 1 2 03 O
o6paiaercsl B HyJib BMecTe ¢ popMaMH o, ®*, ®°, OH He 3aBUCHT OT

BLIGPAHHOH OPHEHTALHH penepa; CcJeJOBATENbHO, OH NpPEACTaB-
AsieT JHHERHYIO (opMy OTHOCHTebHO of. Orciofa

DXi=X, o'+ X, m2.—{— X,y 03,

Ouesnpino, D X! He 3aBHCHT OT BhiIGpaHHOr'O pemepa.

" Beauwawnul X, QNpefensiioT To, UTO HA3HBAETCS N1pOU3BOOMbIAL
men30pox sexktopa X! (m. 51). Urobm OKAa3aTh 310, NOCTATOYHO
OTMETHTb, YTO CKaJlspHOE NPOH3BEllEHHE :

dX 3 M = DX,0! (3) = X, ! (d) o/ (3)

WHBApHAHTHO. -
l'locxo.nbxy TENepb . f

. Co b HLOL N
d [ X, [0%03) 4 X, [o%ol] + X, [olo?]) = "
' Y A "4 r VvV ‘f Y oyr 1.2 21
= (Ayqy T Ags - Agg) [ WTOTW7],
TO
-,
divX = X,; 4 X.o + X, (7. 20)
11 T~ Voo 48 { )

T. €, CBEPHYTHI# TeH30p aGCOMIOTHOH IIPOM3BOZHOH BeKTOpaA.
44, Inpdeperunanpibie napamerpnl. [lycts V—nwobas knac-
ca C? ckanspHas (QYHKIOHS TOUKH M

' dV =Vt + ... 4V, o

=™,
<

mom PyHKIH

dV = gradV.dM = V.

B oproronanbHelX AeKapTOBHX KOOpAHHATax

v v v
.Vl = Al !V2 = @;.'2 v ’,Vl! - Junt '

N L4
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Hugpdpepenyuarsrotit napamemp nepsozo pooa ecTb .KBajpat
MORYJA TpajHeHTa

AV=V)2R+...4+ V) - (7. 21)

Hudppepenyuarsnoid napamemp smopozo poda e€cTh JHBEPreHIUS
rpajHeHTa

sz=V11+V22+ P +Vrm' (7. 22)
B npsAMOyroJbHEIX AeKapTOBHIX KOOPAHHATAX OH paBeH

Vv 0%V

0%V
(0x1)® + (0x2)?

AV = (@2

P

(7. 23)

B OpoH3BOJBHBIX KOOPAHHATaAX OH ONpejeNfAeTcs YpaBHEHHEM

f J (V1[0 + V,y[0d0f] + V[0 0?] | =
:jjj A, V0! @ wd]. (7. 24)
Vv

ITpumep. TlogcunraeM A2V B HoAsApHBIX ~ KOOpAUHATAX.

Vimeem (u. 41)

o' =dp, ©®=pdf, o :_Psiﬁed?'

&V=""dp+ L g6 L _ % node.
dp o a0 psinﬂ do
3Ha4YUT
71% I av 1 av
V1=“““'"’V2:‘“'“"r -V:;: ; s
dp o ab psin® d¢

N IOTOK BEKTOpOB paBEH

———p sin 6 [d0de] + —— smﬂ[d edp] + ZZ

Judpeperuupys BHEII.IHKM 06paszom, H&XOJIHM A2V no cpopmyne
(7.24)

AV o* sin b [do d do] = siﬁo_??_( v )[dp b do] +

1
sin 0

(;aﬂ (31n9~—) [dﬁd dp] + @mz [dcpdpdﬁ?
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A

,

FJIABA VIII
OCHOBHbBIE NPUHLUMBI TEH30PHOM AJITEEPDI

45. MoHgTHe TeH30pa. Ten30p — COBOKYNHOCTL UHCEN, [MpH-
COEJHHEHHBIX K TOYKe IPOCTPAHCTBA H OlpefeasdIonHX TaM HeKo-
TOpHIH 06beKT (reoMeTpHuecKHMH HJaH (PH3HYECKHH). CJIEJIOBa-
TeJIbHO, CaM TeH30p 3aBHCHT OT TOYKH, a He 0T BbiOpaHHO¥
CHCTEMBI KOOPRHMHAT (penepa), XOTS KOMNOHEHTH TEH30pa TNpH H3-

MEHEHNH CHCTeMBbl KOOpAHMHAT (Bbifopa pelnepa) MeHsIOTCS. Bnpoyem

NOHSATHE TEH30pa 3HAYHTEJIBHO YXKe 3TOro ONpelesieHHs; KaK Mbl
ceilyac yBHIHM, TeH30D CBA3aH BIOJHE ONPEAENEHHHM CIOCOGOM
npeo6pa3oBaHHs €ro KOMIIOHEHTOB.

HpHMGpOM TEHSOpa MOXeT CJIY)KHTB BeKT()p (KOMHOHEHTBI BeK-
2y Muw punoanmu In A rhnnnnrnL! {1 1IRY (1 1AY (1 17 f] 1R)

opu}. J.'JDI D rijafhviri i1k, Wy \.tl\.l imm \-lo-lU}', \l-.lu}, \lcll” alU},

.19) ], uto npH HeopTOroHANbLHOM penepe BekTOop X HMeeT J(Be
CepHH KOMIIOHEHTOB: KOHTpaBapHaHTHHIX X* M KoBapHaHTHHIX X,
NpHYeM CKaJsPHBLIA KBajpar HoJyydeTcs: CBePTHIBAHHEM KOBApHAHT-
HBIX KOMIIOHEHT ¢ KOHTpaBapHaHTHBHIMU

XX = X, Xf = X, X2+ X, Xn = X2,

—
CKanspHOe NpoH3BefieHYe BeKTOPOB X H Y — CBEPTHIBAHMEM KOHTpa-
BAPHAHTHLIX KOMIIOHEHTOB OJHOTO MHOMKHUTENS € KOBapHaHTHHIMH
LD yroro

XY = Xy,

Bce 5TO nepeHOCHTCA HA TEH3O0PHl, H NocjaeaHsAs (popmysaa nocJje Ta-
KOT0 TNEpPEHECeHHs CTAHOBUTCH ero onpejeJenveMm. llpowe Bcero
CTPOro ONpeJeduTb TEH30p TpeGoBaHueM, YTOOH! MOC/E CBEPTHBA-
HHA € JOCTATOYHBLIM YHCJIOM KOBADUAHTHBLIX HWJIH KOHTDHBHDH&HT-
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HbIX KOMIIOHEHTOB BEKTOPOB (B OCTAJILHOM INPOU3BOJIbHBLIX) MOJY-
Yancs CKajsfp, H 3TOT cKajadAp OblA WHBAPHAHTOM OTHOCHTENBHO
Boifopa penepa. HanpuMep, KOMIOHEHTH! Q;jp ONMpPEREJSAIOT TPEX-
BAJICHTHBIH TPHK/bl KOBaDHAHTHbLIA TEH30p, €CIH AJA KOHTDABA-

PHAHTHHX KOMIIOHEHTOB TpeX NpPOHU3BOJBHBIX BEKTOPOB X, Y Z
CBEPHYTOE NpPOH3BEAEHYE

aiik'Xinzk' ' RPN B )

ABJIIeTCH HHBApHaHTOM (He 3aBHCHUT OT BbiGopa penepa). .
Teneph Mul MOXEM BbIBECTH '3aKOH HWHOHHHTe3HMAaJbHbIX npe-
o0pa3oBaHHA TeH30pa NPH BapHalHH penepa — 3aKoH, KOTOprI-l
MOMKeT CJAYyXKUTh OmpejeneHHeM TeH30pa. ’ |
[To dopmyne (7.17) aGcomorubifl JubpEpEnRHaAN, KOMHOHeHTOB
KOHTPABAPHAHTHOrO BEKTOpa paBeH HY.IIO an HENMOJBUKHOM TOuKe
IPUJOKEHUSA BEKTODa:

o DXk = dXF 4 wf X2 =0, 8.9

OﬁoaﬂaqHM Bapuaumo penepa CHMBOJIOM & H (popmy o}, (8) CHMBOJIOM
es. Torna u3 ypasrenus (8.2) HOyuHM

3Xk = — e kXh = ok X, (8.3)

ITHM onpenenﬂefrca H3MeHeHHe KOMINOHEHTOB BEKTOpa pH Ba-
pHauuH penepa. '

Jins TpexBasieHTHOTO TPHXKAbBI KOBApPMAHTHOIO BEKTOPA aijk
Mbl Hauyid wHBapuaut (8.1); cnefoBarenbHo, HMeeT MECTO PaBEHCTBO

3 (@ XWYIZ® = 0

HAH
8@y, XYIZF — a,, YiZle I X" — a;, X'ZFe;JY" —
X Y] e. kZh 0,

uk
, o
UAK, CMEHAS YyKasaresaH ) Bo BTOPOH cymme, (j) — B TpeTbeh H
() —B quBepTon NOJIyYHM - :
Ba,., —a,.ehb—qg.,., et — a,.en XiY/Zk = O,
jin <k 7 .

AT "l}R "n]k ~i ML |

[lockoabKy BekTophi X!, Y/, Z* BroJiHe NPOU3BOJIbHbI, PaBHAETCSH
HYJI0 BhIpaJKeHHe B CKOOKaX

P —_ B -B h '
Oai]'k = ahjk ei 4 amk e‘- "’{"' aijh ek . {8.4)

310 HeO6XOAMMOE M JOCTATOYHOE YCJOBHE LIS TOro, YTOOH BEAHGH-
Hbl @;j; ONpefelifJH TPUKAL KOBAPHMAHTHHIA TEH30P. '
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AHanOTHYHO MHUIyTCA GOpMyJbl AJisi BapHaildH K
HbIX BEKTOPOB.
Jlnpdepenupysi ¢ CHMBOJIOM 3 (BapHamust pemepa

pasencreo (1.16) m. 6

OCHOBHOE

X, =g;X
H noJsb3ysfck (8.3) u (5.4), nomyurm

X, = X3, + g, X = X (gy; €% -+ guef) -+ g€l

1

HAH, CMeHsi B MocaedHed cyMme HH,Z[EKCbI (h ,) H NMOJb3ysch Gop-
mysod (1.16), a Takxe TO)KJ],ECTBOM e; k4 el =0, nonyuum

3 X, = X, | (8.5)

Teriepr A/ ABYXBaJEHTHOTO TEH30pa @;', OJHH Pa3 KOBAPHAHTHOTO
M OfMH pa3 KOHTPaBapHAHTHOI'O, COCTABJIiEM HHBAPHWAHTHOe NPO-
u3BeyeHHe

d(a,f XY ;) ==0
n; audpepenunpysa ¢ nomombio (8.3) u (8.5), noayyaem

Saf XY, 4 a;i (¢, XVY, 4 e XY ) = 0

da;/ +aje" +al-ef =
WY
N i i foh L ahoaf
‘gl =alel +alel,.
J1s OpTOroHaNbLHOIO penepa KOHTPABAPHAHTHLHIE H KOBAPHAHTHLE
KOMIOHEHTHl COBNAAAIOT, H PacroJioKeHHe BBEpPXY HJIH BHM3Y HH-
KEeKCOB TipecyiefyeT TOJbKO 00o3HAaueHHe CyMMHpPOBaHHA.
46. Tensopuasa aareGpa. 1°. Ceepmesarue urdexcos™. U3 Tenzo-

pa ¢ AByMs HHJEKCAMH @;; MOXHO NMOJNYYUTb CBEDPHYTOE HPOU3BEfe-
HHe (CKaJIHprIH HHBapHaHT)

all + a22 ”} coee + Apns

OHQ He 3aBHCHT OT Bnlbopa oceil.

E E,Jm npocrom Bbm.ua,ziox Mbl GyneM HO’IdeBaTBCﬂ OpTOl‘OHa.ﬂbHHM pe-
nepoM.
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HeficTBuTe bHO, CMEHAS BO' BTOPOML: CyMMe HHIEKCH ¢, no-
JYINM .

s Za"" - 2 (€* ay, - e ay) = — 2 e;* (i + ay) =
3 ti,k) (i k)Y
v akz (e k + e )
(. k)
n6o -
ko d o
ek - et = 0.

- JApyroe janokasaTeabcTBo.
Brilpaxkenus

He 3ABHUCAT OT BhI6Op& ocedf, a MoToMy He 3aBUCHT OT BHifopa oced
H ¥X CyMMa .

0, (XY + XYY,

HAH, MEHAS BO BTOPOH CyMMe -HHjieKcH (;) H tionaras Y! = X,
6yzneM HMeTb

(@; - a;) XX/ = b, XX,

JTO0 KBajpaTHyHas CUMMeTpHuHAas ¢Qopma, uGo b, =a; -+ q,
Herpynno 3amerutb, uyro X b; — HHBAapHAaHT. ,E[eHCTBHTeJIbHo,
i

COCTABHM PpPd3HOCTD

Vb, XX~ ¥ (X0,

PaBeHCTBO HYJIO JUCKPHMHHAHTA (XapakTepHCTHYECKOE ypaBHEHHe)

‘b]?l I k b12 . . s b}.fl
b21 o b22 e }\ . 0. bza

- - - - - - - - e, e . &

brﬂ. | brﬁ! v brm — A

He 3aBHCHMT OT Bblﬁopa ocel. .
KopHH A xapakTepHCTHYECKOTO ypaBHEHHﬂ 6y)1yT CKANAPHBIME
TEH30pPAMH, & CHMMETDUYHHE (YHKIHH KOpHeli — WHBapHak-

]
TAMIT n uarTIoeTu AU 15 nr\unn
. A Eaavara e 1L # L 3 M.k KL, \,Jivuuu I\UP wrxi

bll i" b20 _Eﬁ . s 0. —'E—‘ bnn P 2Zai£ —

2 i
¢

4

YHBapHaHT.
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2°. Caroxcenue men3sopog. JIBa TeH3opa ¢ OJHHAKOBLIM YHCJIOM HH-
IEKCOB B MONapHOH# CyMMe KOMIIOHEHTOB AAlOT TEH30p

HeficTBUTE/IbHO, €CAM @&; U b;; — TEH30pHI, TO, CBEPTHIBAS KAK/AbIH
H3 HHX C IIpOHBBOJIbeIMH BeKTopaMH Xi, Y7, nonyuaeM HHBapHaHT,
a NoToMy 3TO GyJier clpaBefJiIHBO H IJisl CYMMBb!

c,; XY = a, X7 + b, XY/,

Mnunnweauguase Bcaku

O8N ANV EIN nnoﬂrmnanma F. 3 anao
L1 P IoJi VI v a5 viEIvit v (v U ao <

IlbDlWV'J LI T LS l'lv’.lb

CYMMBL CUMMEMPUYHO2O U AHMUCUMMENPULHOCO MEH30PO8. Heti-
CTBHTEJBLHO,

e

b =a,;

ectb TeH3op, HGO b, XY7 = a; X'Y7 ectb yncno, HesaBHCsLlee OF
seifopa ocel. O'rcmna

1 o
Ty = (a;; -+ a;) — TeH30p CHMMETPHUYHBIH,
ol 1 {ry ~ \ TAITAMNN AUIMIIOITIMAOT NI IrLY i
27 = “"2“— (47F 7 V1CHOUY danTHUAMMMCT DKUY HDIH

H

3°. VYmuoocenue mernsopos. O 6uee yMHOX e HHe Ecan

Q; W bery — TEH30PBI, TO

Cijpnt = Qyj brns

ecTh TEH30D; HO0, yMHOXKas1 Ha Bekrtopbl X¢, Y/, Zk Uk VI noayuum
NpOH3BefEHUE HHBAPHAHTOB, CJIEAOBATENbHO, HHBAPHAHT:

Coipny XYIZRURVY = (a,XiY7) (b, ZRURVY).

BEHyTpeHHee YMHOXeHHE (mnyMHox(eHnecocaep
TeiBaHAeM). CymMMa mpoH3BefeHHH

b =
ecTb JBYXBAJIEHTHHIH TeH30p, w00
_— w7
b,;YiZi = a;;, XkY?Z/

Xk

I]k

ecTb HMHBApHaHT.
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Otcioga

[ P g - e e e e S Wt E R WM L WE WE o -

€CTb OJAHOBAJICHTHLIH TCH30P. r\am;.l_uc CBepThbiBaHhe YMEHbILIGET
BaJIEHTHOCTb (UHCJIO MHJEKCOB) TeH30pa Ha JBe eJHHHILL.

KococumMMerTpuuHnb &t TeH30p. PaccmoTpum pBa
BekTopa X!, Y/ M ux obiiee Npou3BencHHE

a’ = XY/,
CocTaBHM pa3HOCTh
¢V = a’ — a/t = XiY7 — XY,

n(n—1)

IT0 KOCOCHMMETPHUHBIH TEH30p C. — > KomnoHeHTamH. OgeBHj-

HO ¢/t = — ¢V,

47. FeoMeTpHYECKHA CMBICH KOCOCHMMETPHYHOrO TEH30pA.
Mul BHzEAH, YTO KOCOCHMMETDHYHBIA TEH30p OMpEfeNsieTcss ABYMA
BEKTOP dMH, B3AATHIMH B oOmNpejesicHHOM nNopsanke (6usexrop). Utobnl
BbIICHUTD €0 reoMeTpHUYeCKHI CMBICJ, ONpejiesiiM, KOrja TakHe [Ba
TeHsopa O6ynyT paBHbi.

1°. Korga pektop Z NEXHT B MIOCKOCTH BeKTopOB X u Y? Pac-
CMOTPHM YPaBHEHHS, BHIPaXdlOlUHE 3TO YCJOBHE,
Ecnu MarpHua

X x*. .. X"
yiy:...vy"
lz‘-’. Zﬂ

HMEET Bce ONpEJE/IMTENH TPEeThero NOpfAJKa paBHBIMH HYJIO, TO
Z' YROBIETBOPAIOT CHCTEME ypaBHEHHH

'+ Zieh 2% = 0, l X' X 8. 6)

z1 L 2% Zhere ),

O4eBHIHO, NOJNOKEHHe MJIOCKOCTH BEKTOPOB XY 3aBHCUT TOJBKO
OT KOMIOHEHTOB C¥ 6HB€KTOpa

ITaockocme eexmopos X Y exodum CYLUECITIBEHHbIM  INCMEHNMOM
¢ nousmue mensopa c¥. UTo6H ABa KOCOCHMMETPHUHBIX TEH30DA

ci/, ¢l 651.1111 PaBHbI, Npexe Beero Heo6xoAuMO, 4TOGH MAOCKOCTH
BeKTopOB (X, Y) H (X*, Y$) COBMNAjalH,
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2°. BospbMeM mJocKocTbh OuBeKTopa ¢/ 3a maockoers (1,2).
Torpa mamM BexTOpel GYAYT HMeThb TOJBKO MO JiBe KOOPAHHATHI,
OTJIHUHBIE OT HYJA .

x:X111+X212,

-—

- —_
1= X1, -+ V2,
H OCTaHeTCHi TOMBKO OJHH KOMIIOHEHT TeHszopa ¢/
2 . X1y2__ X2yt
b

BCE OCTaNibHble OYIYT paBHH HYJIIO.
Herpynno 3aMeTuts, YTO 3TOT KOMNOHEHT 1O abCOJIOTHON BesH-
YHHe PABEH MOAYJIO BEKTOPHOI'O IPOH3BENEHHSI

X X1 = (X', 4 X*T) X (Y11, 4- Y21) == (X2 - X2Y) .

CJoefoBaTesbHO,  3TO — WJIOMA/L  MapasiienorpaMma, IOCTPOEH-

—>

Horo Ha sektopax X, Y, APH STOM KOMIIOHEHT c'? nonoxuTeNeH,
ec/H BPAMIEHHe OT BEKTOPa X x BEKTOPY Y mzer B TIOIOMHTeNILHOM

HanpaBJieHHH (OTHOCHTEJIBHO BbleaHHoro penepa l L, lq) Hrak,
busexmop c¥ ecmo OPUEHMUPOBAHHBIL NAPAANCNI0ZPAMM.

Jlsa Gusexmopa pasHsl, ecau Y HUX 00HA naocKocts (WM mapaJ-
JeJbHbIE TJIOCKOCTH), 00KA niowjads u 00HO PACNONONHCEHUE BeKMOPOs
{onMHAKOBaA OPHEHTAIHs).

[Mnowaner napansienorpaMMa MOXKHO 3aMEHHMTh J0GOH Jpyrou
OPHEHTHPOBAHHOH MNJIOUIAJBIO.

Ilpumep Gusekmopa: BHellHee TIpoH3BeleHHe [of o/} Gynrer 6u-
BEKTOPOM, TPEACTABJSIONHM 3JieMEHT mnJjowagh: of (d) o/ (3) —
-~ ot (3) o/ (d). CymMa GHBeKTOpPOB He Bcerja Oyher GHBEKTOPOM.
Beagkudl kococummempuurslll men30p MOXMCHO paccmampusams Kax
cymmy (cucremy) Gusexmopos. .

B mpexmeprom npocmpaﬂcmee KOCOCUMMEMPUHHBLIL  MEH30p
scee0n Ousexmop.

B uembipexmeprom NpoOCTPAHCTBE, HCK/IOYAH H3 JBYX MePBBHIX
ypaBHenui (8.6) Z', nosyuuMm

MeXIy TeM B cHcTeMe (8.6) Halinercs ypaemenue ans Z2, Z3, Z*
BUJIA | , .
' Z2¢34 | 734 o 60 = (.
YMuoxasi ero Ha ¢'? U npuGaBafs K NpeAbymeMy, 3aMeTHM, YTO
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YVHUUTOMKATCA UJIEHH He TONBKO ¢ Z%, HO U ¢ Z3?, ubo ¥ =k— ¢
[TocKOAbKY Mbl MOMKEM CYHTATH Z2£0, nonywaem - NEL D

024031 czs 041+034C12 0. ‘ ' ‘(8,7)
Herpyaso nposepuTb, uTo MpH yc.nos u (8. ) cuctema (8.6) 6y‘ﬁeT
COBMECTHA H ONPENENUT BEKTOpHE Z . MeXkamye B MJIOCKOCTH - (X .
l); TeM CaMbIM 6yJ1eT JO0Ka3aHo - CylieCTBOBAaHHE HJIOCKOCTH, onpe-
fenseMoit TeHsofoM ¢¥, a cyefloBaTeNbHO, H Taphl BeKTOPOB X

KOTOpHIE OIpefesisiioT 6HBEKTOp ct,
CunefioBaTe/IbHO, PaBeHCTBO (8.7) sBJseTCH YCJIOBHEM TOTO, YTOGHI -
¢’ Obl1 GMBEKTOPOM . B HETHIPEXMEPHOM: IPOCTPAHCTRE.- A eed
48. CKanspHoe npou3BeleHHe. GHBEKTOpa Ha BeKTop W Ha
OusexTop. IlpouMaBejgenune GmBeKTOpa HaA" BRI '
To'p. Ecan d;; — GuBektop, TO npouspefieHHe .. i

O6yller BEKTOpOM. L

YTo6Hl BLIACHATL TEOMETPHYECKHH CMBICJ 3TOro BeKTopa BbIGE-

peM ILIOCKOCTb GHBEKTOpa 3a IJIOCKOCTh (1,2); rorpa a,, + 0, Bce
ocrajbubie a; =0 n

troah

bl = — 0y X2, .b'a.= Q2 Xt, ‘bs = . ‘.=.bn.'= 0~‘.

BexTop (b;), oueBUAHO, JIEKHT B. MJI0CKOCTH 6HBEKTOpA, OH 3aBUCHT

TOJ'IBKO OT NPOEKIHH BEKTOpAa X Ha NJOCKOCTD 6HBeKTOpa. 9Ta

PQEKIHs YMHOXKAETCH Ha Benwmny n.noma,uu QHBeKTopa H TI0Bep:
HyTa Ha NMpAMOH yrp, . ‘

: ’ oo
- - PR . '-._. . |,.j_‘

. o
Hraxk, nnnu'-mpr?pmm (b)) pcmh npoexyus sexkmopa X Ha NAOCKOCMb

a;; O'ueefcmopa, nogepHYmMan. Ha npamoy yao/z 8 NOAONCUMENLHOM

Hanpagiernuu Gusekmopa u YMHONCEHHAS HA an2ebpauveckyro eenu-
quny eeo.

HABax g CBEpHYTOe ﬁpﬁﬁ33€ﬂ€ﬂﬁe;giix
6UBEeKTOD O B.

0y =ay B 2B (B.8)

310 ckangpHoe npoussefieyye. UToGbl BHISICHUTE TeOMETPUYECKHil
CMBICJI €r0, BhiGepeM IJIOCKOCTb MepPBOro GuBEKTOpa 3a IJIOCKOCTh
(1,2). Tor,n;a hi6i 8¢ nepnoro 6HBeK'ropa HMmeeM a1270 U Bce OCTANBHLIE -

S T T LT A PTTT

ﬁ TTEEYTY vy P ALY T]’ L & Aok &)
uij —_— U. upundbcAcnnc \0 Q} \..u,u;cpmnl TOADBRO UAl’l.ﬂ YJICI1 pannﬁ

1 ol CowE L
~ 12 Fe s
‘ vaijb" —"a12b W = :
(t i}

6 3axas 533 8%



Imo 6ydem npoussederue naoWadu nepeozo GUEEKMOPA HA NPOEKYUIo
6MOPO20 HA NAOCKOCML Nepeozo.
Orciona cxansipHbIl KBagpaT GUBEKTOpPa pameH

(@12)* 4 (@ye)* + . - -, (8.9)

H KOCHHYC yrJia IIJIocKOcTel fByX GHBEKTOPOB OyIer
Q;ij bij ot
COS @ = b (0. 1V)

VZ(alj)z Z (b¥/y2
i 1,]

3T0 paclipocTpaHsieTcs Ha TPHBEKTOPH H T. 1.
49. [IpocToe BpalieHHe TBEPAOro Teaa BOKpYr TOYKM. Pac-

' cMOTpHM BpanuieHne (of) penepa Boxpyr Touku O. JlBwxkenne nepe-

Hoca Touxku P(X) Bvaer
A AR LA - \.‘ , \JJ’—\\-.I.

iyt
Xt ok
eCJH TIIOJIOKHTDL

o

T =4

TO CKOpOCTb IlepeHoca vu; TOukKH P Gyzer
U! = X kak‘.

ITO BBOAUT KOCOCHMMETPHUYHYIO CUCTEMY uHcea (@), u6o a, ;= — .
ITa COBOKYITHOCTb YucCes ecTh TeH30p. JleAcTBHTENbHO,

4 XY = Y1 =V.Y

CKajIApHOe INpPOH3BEJlcHHE JABYX BEKTOPOB, CJ/IEOBaTeJbHO, HHBA-
pHaHT. B TpexMepHOM HpOCTpaHCTBE MOXKHO, CJEJOBATELHO, Bpa-
IEHHe NPEACTaBHTh GHBEKTOPOM.
Tlonaras
S 2 3

vy = 0gy X? 4 ag X7,

Up = @ X" + a5, X3,

vy = @3 X! + 255 X*
H ofo3Hayas

“ Qg =P, Qg =¢, G =17,

§2



X'=x, Xt=y, X=2z

1I0JIYUUM XOPOHIO H3BECTHhIe (OPMYJB KOMIOHEHT €KopocTH V
no OcSM KOOpAMHAT:
Ve=¢qz—ry, Vy=rx—pz, V,=py-—qz

Ana n>>3 npocmoim epaujenuem HasbIBaeTCsl BpauleHHe, aHaJIATHYe-
CKH HNpefcTaBjsieMoe 6nBeK'rop0M O6mee BpameHne Moxker OHITH
NPEACTABJIEHO TOAbKO cHcremoii 6HMBeKTopoB. Besikoe BpaiieHHe

B n-MEpHOM NpOCTpaHCTBE SBJSiETCA CYMMON "("2 ) TIPOCTHIX

a, X*

6yZeT CBEDHYTHIM NpOMSBEfeHHEM GHBEKTOpa (au) Ha Bekrop (X5).
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50. A6coawTHoe and(pepenunpoBanne. Paccmorpum mnoJe
TEH30pPOB U OYyIeM omnpefensite abcomoTHeIl gHddepeH Al Tensopa
sroro nosia. HauneM c BeKTOpOB.

1°. BekTopbl. AGcooTHeM JHbdepeHHansoM

DX =X"—-X
HA3HIBAETCH FJIABHAS 4acTh PASHOCTH WHQHHHTESHMAJLHO GJMSKHX

BEKTOPOB - X' u X.
Ecnu ocu penepor NOCTOSIHHB (HapaJI.He.HbeI) TO 3Ta pAa3HOCThH
Oyner HMeTh KOOpAMHATaMH /puddepeHHanbl

dX:,
[Ipy nepeMelleHHLIX OCAX Mbl DOJAYYHJH A a6COMIOTHOTO IM(pde-
peHnHana BelpaxenHe (7.17)
DX = dX! + o} X*,
2°. Tensops. To ke MOXHO THOCTPOHTHL I/ TEH30DOSB.

[lepeitnem u3 Touku M B Touky M’'. Eciu ocu penepos napaniesibhs,
TO H3MEHEHHe TeH30pa q;; omnpejeasercsa AugxpepeHHHaNaMH

(da,)).

Ecan ocu He mapannenbHbl, TO 9T0 H3MEHEHHe GyJieT ONpeneasThes
abconoTHBIM JH(pdeperasoM
(Da,).
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[TocTpouM aBa paBHOMEPHHIX NOAs BeKTOpoB X' H Y, T. e, TaKuX,
uTO

{ L Xk - 0
dX —|—ka ) ,“ (9‘ 1)

AVi 1. ol Yk
Wi 7 WwWipaia

[Mo ompepesienyio TeH3opa CBEPHYTOE NPOH3BEAeHHe
¢ =a; XiYJ
ABJIAACTCS. HHBAapHAHTOM, U He 3aBHCHT oT. Bbxﬁopa oceﬂ'
" ‘Bou#CIHM ABYMA. clloco6amu ,nmpq:nepeﬂunan NpH napaiiens-

HBIX OCAIX H IPH MEHSIOIIMXCH OCHX,
B mepBoM cayuae

“dc = Da,; X7, - - | (9.2)
H6o Bektopel X!, Y/ He MensioTCH. B
Bo BropoM cayuae
dec = da, XY/ + a,jdX‘YJ + a,;XtdY/,
wnu, sameria dX! it dY/ no gopmynam (9.1),
| dc = da,; XY/ — aUka Y/ —q, X‘w},Y”"" .

HJIH TTOCJIe CMeHbl HHIEKCoB (5 5) BO ropoit u (4 %) Tperbeit cymmax,
MOJTY4HM
Cde = (day; — ayof — ape}}- XX, o (9:-3)

HO ¢ He 3SaBHCHT oT Buﬁopa ocel, a c.nenona're.nbﬂo, | dc TOXKe He
saBucur, CpaBHuBas [Be nonyuéninie dopmyas (9.2) w (9.3), mo-

JYUHUM
Da,, = da,; — ay0f — a,0] . (9. 4)

310 W ecTb abeoaomnoe dudgepenyuposanue mensopa.

QopMmyaa (9. 4) pacnpocrpansercs Ha NPOH3BOABHGE HHCJIO
HHJEKCOB.

51. llpasuaa aﬁcomomoro nuq)q)epeuuuposaunﬂ. 1°. Qud-
geperyuar npousgederun. Teopema. Ecau

cijk_a,b
TO : ‘ SoIrIie
 Dcy, = Day-by, 4 a,- Db.,‘_ S (9__5)‘

Teopema oueBHHA, €C/TH OCH PElepOB B TOUKAX M 1 M’ napaasens-
bl TlocKOJBKY -abcommoTHoe JutdepeHuEpPOBaHHe He SaBHCHT OT
Beifopa pernepoB, ¢opmyna (9.5) Gyzer, enpaBejauBa. Beerna.
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. 2°. Huppepenyuar ceepuymozo npousgedenus. T eop ewm a.
CJIH

-k

TO
Dc, = Da,-b;" + a,-Db;*. ‘ (9. 6)

Hoxa3biBaeTcst Tak e, Kak BHIIIE, ' .

- 3°. ITpoussoOusii mensop om 3adanHozo men3opa. AGCOJIOTHOE
RUdpepeHIHPOBaHNE MO3BOJSAET H3 NMOJA TEH30POB NOJYYATH HOBOE
IoJi€ TeH30POB C YHCIOM WHIEKCOB HA eNUHHIY GoJiblile,

AGCOTIOTHbI nHbdepeHnHan Da, PaBEH HYJIIO, €CJIH Mbl OCTaeM-
csl B TOH Ke Touke M, T. €. eciH @k = 0 nockoabky Da,; o6pamiaercst
B HYJb BMeCTe C (popmaMH ok, 26COMOTHBI J:LqupepeHuHan Daij

NHHeliHAs ONHOPOAHAs q)yHKu;HH OTHOCHTEJIbHO ©F

[ToxaxeMm, yro BEJIMUMHK Gy, ONPENENSIOT HOBLIH TPEXBaJEHTHHLIH
TEH30p. '
O6o3naunm

k

b, —a
iy = Qe

rae X*—BeKTop, HanpHMep, BEKTOP CKOPOCTH X zBHXKymIEeACS TOUKH,
KOTOpasi NPOXOAUT Yepe3 TOuKy M, ¢ KomnoHentams o*. Ecnu 06o-

3HAYHTb 4yepe3 { BpeMsi, TO KOMHOHEHTH CKOPOCTH X 6ynyT

CnepoBatensso, ecaid ofe yacTd pameHcrBa (9.7) pasjenurtb Ha df,
TO HOJYUHM

Ddi}' | wk

- — — k

F7ER Qi a atij = b,;.

JleBasi uacThb Halllero CJIOXKHOrO PaBeHCTBA BblpaxkeHa B a0COJIOT-
 HeIX AHddepeHnHanax H.onpepensieT CKOPOCTH H3MEHEHHs] KOMIIO-

HEHTA @;; IPH JBHIKEHHH [0 KPHBOM, K KOTOPOI BEKTOP X (ckopocTs)
CJy:KHT "KacaresqnHoid. Takum oGpasoM, b;; GyAer JBYXBaJE€HTHBIM
TEH30POM, KaK NPOHM3BOAHAS OT TeH30pa aij B 33J|AHHOM HampaBie-
HHH, NPON3BOJHAR a6COMOTHAN, T. €. He3aBHCAMAN OT BHGOpa oced,
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3HaguT NpH MOGHX BekTopax Y u Z

6yneT MHBapHaHTOM, a CJENOBATENIbLHO, M Q;j; €CTh TEH30p. IJTOT
TEH30D @ij, HA3bIBAETCS NpOuU3600HbIM MEH30pOM OT TeH30pa a;.
[Tpumep. Ilycte V — mobas (knacca C?) yHKIHES TOUKH,
roraa V! 6ypmer rpaguentoM (T, €. BeKTopoM), V¥ Gyner ABYXBaJIeHT-
HBIM TEH30pOM H T, A.
52, TensopHas BHemHssl AudPepeHunanbHan popma. Hau-
HeM co cKansipHo# ¢opmsl. Eciiu @; ecTs BeKTOp, TO

a-dM = g0

ecTb QopMma, He3aBHCsulag OT BHIGOPA OCeH, Kak CKANAPHOE NPOHU3-
BefleHHe BEKTOpd Q; Ha BeKTOop oi.

Ilns GusekTopa a,; npousseseHue a;; lo'e/ ] npu ycaosui g,
'=— @;— HHBapHAHTHAas BHeWHsA IuddepeHuHaNbHAA GopMa. Lfeﬁ
CTBUTEJIbHO, (0! ] ecTh 5/1eMeHT NOBEPXHOCTH, T. €. GHBEKTOp, H MbI
MMeeM CKaJisspHOe npom3spefieHHe GHBEKTOpa Ha GHBEKTOP.

3710 MOXKHO 0606HTE. Ec/H TeH30p a;j, YAOBIETBOPsieT YCJAOBHIO,

Qujp = Qyp; = Qpgy = — Qyp; 0 T. I,
v. €. onpefenser TPHBEKTOp, To ¢opMa
[0t/ 0]

HE 3aBUCHT OT BHIGOpA Ocel, KaK CKajspHOe NpOU3BEJAECHHE ABYX
TPHBEKTOPOB., TaK e MOXHO NMOCTPOHTbL 8exrmophsie opmei. Tlycrs
a;; — TeH30p, TOraa

€CTb BEKTOD, AP MCOeNHHEHHbI K nape 6ecKoHeuHO 6IM3KUX Touek M
nu M + dM. 310 cBEeDHVTOE NpoMu3BeNeHHe TeH3opa ¢ HHMDHHMTEe3H-

AR mwvm AT M 4 \.uvr‘.J AWrFw Al rva-wu‘- A A T L= Somazgras B

MaNbHLIM BEKTOPOM JAHHOTO HanpaBJjeHHs wF.
Takum ke o6pasom, ecqH a;;r €CTb TEH30p, KOCOCHMMETPHYHDBIH
OTHOCHTEJIBHO HHJIEKCOR j, R, T. €. ecJiH
Qijp = ——CQypjs
TO

'I

€CTh BEKTOP, OTHECEHHBIH K 3/1eMeHTY IJIOMAH, HJIH 6eKMOPHAR BHEUL-
HAR Keadpamuunas gopma.
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Hna nanee, mocrpoum TeH3opHyo dopMy. Ecam ap— TeH3op,
KOCOCHMMETPHYHBI OTHOCHTEJIBHO NEPBHIX ABYX HHIEKCOB

Qiipg = = Qjips
0 q)qua

VRN L W=

k

Byner . KOCOCHMMETPHYHLIM J(BY XBAJICHTHEIM TEH30POM, OTHECEHHEM
K JHHEHHOMY 3/IeMeHTy, Onpe/ie/sieMOMY KOMIIOHEHTaMH oF, M
6HBeKTOpHOH ncpacptpoaon dopmoit H T. I.

53 upuﬁm:ma afcoaTHOrO BHEIIHETO AH(ppepeHHPOBaHHS.

-~

PaceMorpeM JiHHelinylo nmpcbepeaunanbﬂyto ¢opmMy @' 1 HEeKOTOPHIH
obveM V, orpaHuueHHBIH nosepxnoc'rbme C KamxJbM 3J1EMEHTOM

KOTOPO# - CBSI3aH BeKTOp . IeoMeTpHyeckas CymMMa BeXTOpoB
" (BEKTOPHHIX (OPM) HA MOBEPXHOCTH PaBHA FEOMETPHYECKOH cyMMe
‘BHeIIHKX Ax(xbepeHIHAIOB, NPHJIOKEHHBIX KO BceM Toukam ofbeMa.
Ecan Bo- Bcex ToYKax o6JacTH OCH NApajJIeibHBI, TO NO @opmy.ne
Octporpaackoro - (4.8) HMeeM

(o= ao.

o

v§ %
Ecan ocH He napanaje/bHE, TO BBelleM OAHOPOAHOE N0Jie BEKTOPOB
X; ¥ PACCMOTPEM CyMMY npou3BefieH ki

X,
Buemnu# audipepernnan He 3aBHCHT OT Boifopa oceld. Ecau onwu
mapaJJienbHbl, TO BHEIIHHH AH(pepeHnHan OyAer

LT ' de;

Hﬁo no.ne onuopom{o, H BeKTop X; He nmpq)epeuunpye'rca Ecau
OCU He napaanesbrbl, TO BHEIUHHA AU depeHLtan moNyynM B BHIe

Xdo! + [dX 0]
HJH, TOJB3YSCH dopmynamn (8.2)
dX, = o} X,,

B BHJe

AN 5 1 L AT AR

Xdo! + X, [of 61) = X dot 4 X, [o} o*].
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OGoanaunm aGcomoTubifi nuddepennnan or gopMbl o! uepes D of;
TOrza ]

X Dot = X, {det + [} 0#]},

OTKyAA
o~ o~ F 2 L
Dol = do? |- [eg 0¥], 9. 8)
T, €, TO e NpPaBWJIO, YTO M BHIIE,
ITpumenp. ol — ol ecTb, QUEBHJIHO, TEH30p.

BHemnsas 36coJoTHas MpoR3BojHAad 'Dco‘ 6y,11e'r 10 npaBHAaM
HOACYHTHBATECA B BHJE

Dol = dot 4 [o

Wk '_';d_l_ [k
L

0

ar-'-

III

‘1
b

i

L)}

a:r

H paBHA HYJIO B cHJIy OCHOBHBIX YpaBHEHHH, DT0 JIerKo MOHATH:
NP OPTOrOHAaNbLHOCTH ocell ! = dx!, T. e. nonHui Juddepenuuan.
Tensopras arzebpa pacnpocmparsemcs xwa Ougepenyuarsrsie gop-

Mbt Ecan paum o, 0,, TO BHemHee NpoH3BEACHHE

[E.;fe..!
n . J’ N -
‘ecTb TOxXe TeH3op. Hanpumep, [w!o®] ecTb 5jeMEHT MOBEpXHOCTH.
TeopeMma. Kakosst Got Hu Goiw Jea mewsopa oy, 9,, new-
Hall Ougppepernyuar ux 6Hewneeo npoussedenusn [o;; 6,1, 6ydem

(Do, ] + (— 1P [0,;D8,], 9. 9)

rae D o ; €CTb a6COMOTHHI BHEIUHUA AuddpepenLHan OT ©;; i» @ Db —

'o'r ﬂk i p ecTb NOpsiNOK ¢dopMul co (r. e. UHCJIO TepeMHOMXKaeMbIX
Auddeperunanor), [das poxkasar eﬁi:c 'Ba ]
JeNIbHble OCH.

[Ipumep:

OCTATOYHO B3ATH IladeI'
[whe/],
Buewnuit auddpepenuuan npousne.neﬂnﬂ [wlw/] 6y11e'r -paBeH
HYMO

160
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b. YYEHUE O PUMAHOBbLIX TMPOCTPAHCTBAX

TJIABA X
MOHATHE MHOTOOBPA3US

54, 0011ee noHsTHE 0 MHOro00pasuH, Obliee NoHATHE MHOT000 -
pasHs JOCTATOYHO TPYAHO TowHO onpexenutb. IloBepXHocTh Aaer
NpeAcTaBjieHHe O JBYMEpHOM MHOroo6pasHu. EciaH MBI Bo3bMeM
cepy HJIH TOp, MH MOXKeM Pa3/joXKHTh 3TH NOBEPXHOCTH Ha KOHey-
HOE YHCJIO yacTell Tak, 4To OyJeT CyumiecTBOBaTh B3aWMHO OJHO3HAY-
HOe HenpephiBHOE OTOOpaKeHHe KaxXAOH H3 3THX yacTeid HA ONHO-
CBSAI3HYIO 00/aCTh €BKJHIOBOH NJOCKOCTH,

Tounee, ecnin sanana npou3BoJbHAs Touka P, MHOrooGpasHs,
TO MOXKHO HaHTH JJisl OKPEeCTHOCTH TOYKH P, CHCTEeMY KGOpAHHAT
I, U Tak, 4YTO eClM &,, U, OyAyT KOOPAHHATAMH TOUKH P, To Haljercs
NOJIOXKHTENbHOE YHCJO r, ofJajamloulee CJAEAYIONHM CBOHCTBOM:

TR FYYr M aew Fad? Fal 7. S W F.,Y L a2 F FaTal o4 - SERIATTY Traen TS

BCAKadA CHCTeéeMa 4YHced nw, v, yAUDJlClDUiJﬂMIJ.LaH nCPdIﬂ:l’lL Dy

(u—uy)? 4 (v —1,)2 < r? (10. 1)

CJAYKHT KOODJHHATaMH OJHOR M TOJBKO OJRHOU TOUKH MHOro0oGpasHs
B OKPECTHOCTH TOYKH Po, H 06paTHO: B JOCTATOYHO MAJOH OKpecT-

HOCTH TOYKH Po Kaxjaasa Touka P umeeT KOOpPAMHATH &, U, YIOBJe-
TBOpsiiomve HepaBeHcTBY (10.1).

Cdhepa H Top — nByMepHBIe MHOrooGpasus 6e3 rpanuusi. Kpyr-
JHIL LHIHHAD, THnepbosuyeckKu#l napabosOHl — OTKpPhITHE JBY-
MepHble MHOrooOpasHs (c rpasHued B 6eCKOHEYHOCTH); OZHA [0JI0CTh
KPYIJIoro KOHyca, ec/li HCK/IOYHThL BepulHHy, oOpasyeTr MHoroo6pa-
3He ¢ OJJHOH I'paHHLed B OeCKOHEYHOCTH M OJHOW rpaHHued Ha Ko-
HEYHOM pAaCcCTOSIHHH (BepILIHHA).

O6mbeM, 3aKN0UEHHBIH BHYTPH cepsl, 06pa3yer OTKPLITOE MHOTO-
obpasHe Tpex H3MepeHHH C rpaHHUeH B BYJE NOBEPXHOCTH Cdepsl,
O6meM, 3ak/ioueHHBIH BHYTPH opephl, BMecTe C ee NOBEPXHOCTHIO,
06pa3ye'r TpPeXMepHOe MHOroo0pasHe ¢ rpaHHIled, HO 3Ta IpaHHNa
COCTaBJIsIeT YacTb MHOrooOpasHs, KOTOpoe TJ03TOMY Ha3biBaercs
samkHymoim. B 3THX npHMepax Kaxpoe MHorooGpasue omnpejens- -
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JIOCh KAaK MHOXKECTBO TOYEK, JIeXKAlHX B CYIIECTBYIOIEM YK€ Hpo-
CTPAHCTBE; MOXKHO INpeiCTaBHTbL ceGe MHOrooGpasue abcmpaxmro.
B o6meM cnyuae n-MepHOoe MHorooGpasHe XapaxkTepH3yeTcsl BO3MOXK-
HOCTbIO AHAJHTHYECKOrO NPEACTABJEHHS OKDPECTHOCTH Ka)KIO# TOu-
KH Po mocpeacTBOM CHCTEMH! 71 KOODAMHAT ¢, CMOCOGHBIX NPHHHAMATL
BCEBO3MOXHEIE 3HAYeHHs] B OKDECTHOCTH cHCTeMbl BeaHuHH (uf)o,
KoTopasi npeacraBJjsieT TOuKy Po.

55. AHalMTHYECKOe npeactapiaeHHe. KoopaHHarel, crocobHbie
aHaJMMTHYECKH NMPEACTaBASATh YacTh MHOroo6pasusi, MOTYT BLIGHDaTh-
sl GeCKOHeYHBIM UHCJIOM crnioco6oB. Tlpy nepexone ot ofHOH CHCTEMBb
KOOPAMHAT K APYro# npeanosaraercsi, 4T0 HOBEIE KOOPIAHHATH OYAYT
HeNpepHIBHEIMH (GYHKUUAMH crapelx (kaacca C° u  HaoGopor.
Tonosozus ¥Meer 3ajjauedl H3yueHHe CBOHCTB MHOrooGpasuii, uH-
BapHaHTHEIX OTHOCHTEJBHO TaKHX NpeoOpa3oBaHHili KQOPHHHAT.

B nuddepenupanpHoii reomeTpHH NPHOABAAIOTCA JAPYTHe YCJO-
BHA: HOBLIE KOOPAMHATHI, paccMaTpHBaeMule KaK (DYHKIMH CTapHIX,
He TOJBLKO HenpepbiBHbl, HO H JONYCKAlOT HellpephiBHBIE YACTHHIE
MPOM3BORHHE JO olpeneneHHoro nopsaxka ¢ (kmacca C9). Ilose
HHBADHAHTHLIX OTHOCHTE/BHO TaKHX KOOPAHHAT MpeoGpasopa-
HHH yXKe 3HauuTeJLHO IIHpe, YeM B TOMOJIOTHH,

Onpenenrm, Hanmpumep, JHHHIO, 33JaBas KOOPAKHHATH €€ TOUEK
¢yHkuuaMH napamerpa f. Ckasarb, 4TO 3TH cpyuxunn audpepenuy-
pyeMbl [0 NepeMeHHOMY f, 3HauHT OGBSBHTL CBOMCTBO JIWHHUH, CO-
XpaHsomeecss NpH BCAKOM IONYCTHMOM npeoﬁpasoBaHHH KOOp 4~
HaT: Mbl IPHXOAHM TaKUM 00pa30oM K NOHSTHIO AUNEUH020 3/emenma.
AHanuTHUeCKH JHMHEHHBI 3/€eMEHT onpefenasieTcss TOCPENCTBOM N
KOOpAHHAT ul, ..., u® W B3aHMHBIX OTHOWEHHH judxbepeHuHANOB
dut, . . ., du®. TeoMeTpHYeCKH OH ONpENENSETC COBOKYNHOCTHIO
JIHHHiA, KOTOophHie B 3afaHHOW TOYKE Kacaromcsa dpye Opyea.

MH npHXOAHM K NOHATHIO NAOCKO20 3AeMerma, paccMaTpHBas
MHOXKeCTBO JIMHEHHBIX 3JIEMEHTOB, BHIXOAAMHX H3 ONHOA H TO# XKe
TOYKH H YJOBJIETBOPSIOIHUX ONHOH H TOH XKe cHeTeMe n — 2 ypapHe-
HHH, JIHHEHHBIX OTHOCHTE/IbHO JH(Gepennuanos du', .. ., du;
370, OYEBHJ[HO, TAKOE CBOMCTBO 3TOM COBOKYIHOCTH, KOTOpPoe CO-
XpausieTcsst NPH JOMYCTHMBIX NpeoGpasoBaHusXx KoopauuaT. Takke
ofpeessioTes IJIocKie 3eMeHTH 3, 4 U 6oJiee H3MepeHHil.

Ecian H3 3a1aHHON TOUKH BHIXOZHT 4 JIHHeHHbLIX 3J€MEHTa, Ka-
CAIOUIHXCH OTHOIO H TOr0 XKe IMJOCKOr0o 3JIeMeHTa, To CJ0XKHoe { (aHrap-

— AN S —m—a s A28 % ALANTWARVIL W7 SAJLNSAVAR AL A =

MOHHYECKOE) OTHOIUEHHE 3THX JHHeHHBIX 3/IEMEHTOB 6y;1e'r YHC-
JIOM, KOTOpO€ COXpaHfieTCs NPH IIPOH3BOJILHOH 3aMeHe KOOpJAHHAT.
MoxuHo pasnuyHbLIMA ciloco6amMH 0606nIaTh 3TH COOOpaKeHHs.
PesoMHpys, MOXKHO CKa3aTh, YTO HM3yueHHe CBOHCTB 3TOro poja
ABJIIeTCA TeoMETpHedl MHOrooOpasHst ¢ TOYKH 3peHHst TPYNNbl He-
npepoistivix U Oughdpepenyupyemoix TodedHLIX NpeoOpasoBaHuii, B TO -
BpeMsi KakK monoaozuf Oyner reoMeTpHeil MHOroo6pasHsi ¢ TOYKH
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‘3peHHs TPYNNBl [POCTO HENpepbiBHbX TOUEYHBLIX fipeoGpa3oBaHHH.

EcaH npeniiosoxuTb, YTO HOBHIE KOOPAMHATHI JONYCKAIOT He-
NpepLIBHBIE YaCTHbIE NPOU3BOIHBIE ARYX MEPBBIX NMOPSAKOR OTHOCH-
‘TeJbHO cTaphix (Kaacca C?) u o6parHo, TO N0Je reoMeTpHYECKHX 110-

HaTHUH aI11e nﬂf‘l‘ll’“ﬁ“'l‘{"ﬂ Tﬂf"ﬂﬂ MNOMITIN T‘ﬂ‘ﬂhﬁﬂ"‘l“l’. ﬂ MTAOUayY IO -
51111 ih Libv pa iprgaivit, A AAER WAVLIWANS A b wde [ F 43 v 40P, W4 V) AW LV

IIMX MeXAYy co0OH KacanHe BTOPOro mopsika H T. J.

56. PuMaHoBE MHOroo6pasusi. Peryadpuas metpuka. Puma-
HOBbL MHO2000pA3UR, UALL DUMAHDEHL I pocmpancmea, GYRyT MHOroo6-
pa3usMH C HpHCOE}lHHEHHOﬁ Mempuxou STO 3HAYHT, 4UTO B Ka}KﬂOH
'4acTH MHOrooGpasusi, HMelOLledl aHAIHTHYECKOE MpeACTaBleHHe
NOCPEACTBOM CHCTEMBI KOOPAHHAT u!, 3ajaercs KBafipaTHHAs aud-

¢epeHuranpHas ¢opma

ds? = g, dutdu/.

Mui 6yzem npepnonarars, 4To Kosqpon,HeHTbl g, OyRyt tbyHKuHHMH
kaacca C2, Mul GygeM nomyckarb TOJILKO TaKHe NpecGpasoBaHHA
KOOPJAHHAT, KOrjla HOBble KOODAHHATH JAONYCKAaIOT HelpepbiBHbIE
YacTHble IIPOU3BOJHBIE ABYX IepBBIX MOPSAAKOB OTHOCHTENbHO CTa-
peix (kjaacca C? u oGpatHo.

Mbl GyzeM rOBOpPHTBH, YTO MeMpuKa pecyiipHa B 3aJ1aHHou 00-
JIaCTH Mﬂorooﬁpaann €CJIH B KX 0l TouKe 9To#t 06/1aCTH KBajpaTHy-
Has .popma ds® Oyzer HOJOKHTENBHO onpe,ueneHHon OTHOCHUTEJILHO
AubdepeHnHanoB  dul.

Mui, koHeuHO, Gygmem Npenrojararh, YTo eciH MHOroo0pa3ue
COCTaBJIEHO H3 HECKOJbKHX 4yacTeil, JOMyCKaIOMHX pa3JjHYHble aHa-
JAATHYECKHEe MpeACTaBJEHHs, TO BO3MOXKHO COrJIaCOBaHHE METPHK
MeXAY COCEJHMMH yacTsaMH. MoxKHO, HanpuMep, NPEAIOJIOKHTL, 4TO
aHaJHTHYECKOe IpeACTaB/ieHHe Kaxo#h TACTH MOXKET ObITb HEMHOTO
NPOJAO/IKEHO B COCEHHE YacTH H ABe dopmel ds?, mosyuaembie Ta-
KHM oGpasoM B O0LIKX 4acTAX, MOTYT 6bITb flepeBefcHLl OHA B ,npy-

L1
FranTy WITIT A LA ATTANY A NATHITATYN i -

'Y 3aMeHoOH nuuyp,nnax, uuanu.unmtu.cn HEPEHTH OT OAHOLIO aHaJiu-

THYECKOTI'O - [IPEJICTaBJEHHA K APYyromy.




L TVIABA XI
JlOKAJleO EBKJ]HJlOBbI PHMAHOBBI HPOCTPAHCTBA

Ly : .

. D7.. Onpe.ne.uelme JAOKaAbHO eBKJlHﬂ.OBa npocrpaﬂc'rsa. Puma-
HOBO Mnorooﬁp asue HA3LIBAETCS A0KAABHO eemuaoebm eC/IH B-KaXK-
floit M3 uacTell 3TOro MHOrooGpasui, aHaJanqecKH onpenennemoﬁ
¢ TIOMOILbIO HEKOTOPOH cHCTEeMBl KOOpAHHAT uf, popMa ds? ynoJieTso-
psier yesoBusMm (I1) n. 26 nuneiinoro s;aeMeNnTa eBKJAKI0Ba NPOCTpaH-
CTBA. JTO 3HAUHT, B CHJIY TOFQ HTO GHIO, CKa3aHO BhIlLE, YTO MHOIO-
o0pasHe B JOCTaTOYHO MajIol OKPECTHOCTH KAKQH-HUOYIb H3 CBOMX
Touek Mo JonmyckaeT otoGpaikeHHe Ha - Ma.nyro 06M1acTE eBK/HJ0BA
JIPOCTPAHCTBA C,COXPaHeHHeM -popmel ds>. i

Bynem roeopuTh, uTQ 31O o'roﬁpa}xeﬂne oﬁpasye'r paseepmoisarue
4aCTH PaccMaTp}BaeMOro MHOrooGpasks Ha €BKJIHJIOBO IPOCTPAHCTBO,
WJIH 06/1aCTh €BKJIHIOBA NPOCTPAHCTBA Hanoofcuma Ha COOTBETCTBYIO-
My Manayio o6Jactb MHoroo6pasus. 2

EciiM MeTpHKa pHMaHOBa MHOTroo0pasusi BCIOAY peryJasipHa,
TO MOXKHO IUar 3a 1JAaroM pasBepHyTb Bce MHOrooGpasHe Ha €BKJTH-
JI0BO [TPOCTPAHCTBO. O;u{axo 3apaHee pH 3TOM He.nbsﬂ Ourth yBepen-
HBIM B TOM,

1°) uTo BCsIKasg TOUKaA EBKJHAOBA HPOCTPAHCTBA MOXKET ObITh
liojiyu€Hd NMpH 3TOM pa3BEPTHIBAHMNH,

2°) yro HeKOTOpas TOYKA EBKJAHAOBA IIPOCTPAHCTBA, MOJYUYEH-
‘Has TPH pa3BepThHIBAHHH Mﬂoroo(Spasnﬂ ne MO)KET noaygurecs Go-
jle¢ OXHOrO pasa. |

- 58. Ilpumepsl. TIpexpe vem HaTH pasnbive, paCCMOTpPIM HeCKOJIb-
KO 'HPOCTHIX ilPpHMepOB.

1°. preﬂbzu yuiundp B OGBIKHOBEHHOM HpOCTpaHCTBe HMeeT
JIUHEAHBI 5/eMeHT :

d32 du® + dv?,

-€CJIH oﬁosﬂaqmb tiepesz “. . KDHBOJIHHEHHY IO adcunccy (0 <u<l)
CEUEeHHH, HOPMAMBLHOTO K OCH IHJIHHAPA, M qepea, U — OPAMHATY;
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3TO €BKJIKJIOB JIHHEHHLIH 3/1eMeHT, HO MHoroopasue, o6pasoBaHHoe
IMJIMHAPOM, HEOZHOCBSI3HO, U pa3BepPThIBAaHHE HAa €BKJAHJIOBY IJO-
CKOCTb [deT INOCJeJOBATe/IbHOCTh OECKOHEYHBIX 110JIoC IIHPHHOH
I: xaxpas ToYka UMAHHAPA HMeeT COOTBETCTBYIONMIMMH GeCKOHEeyHoe

MHONWEeCTRO TOULK NNOCKOCTH, NMONIVUAININTUYed QA U2 TDVroR meng-
AAVTELP s & AENT -

T e AR l.-lv\‘“v\‘& Ltig IJVUIJ AT bdd AL RN S WA AL A BAS H J & WAL -‘\'

HOCOM B (PUKCHPOBaHHOM HAlpaBACHHH, C AJHHOH DPaBHOH NPOH3-
BOJILHOMY KpaTHOMY otpe3ka [,

Mul BHAHM, YTO 3A1€Ch ILJIOCKOCThL MOKPHITA BCSl 1IEJHKOM TOJILKO
OfHH pa3. Mbl moayusM o6pas MHOrooOpasHs, Bbijensi Ha MJIOCKO-
CTH I10JI0CY, HEOT DaHMUEHHYIO B 00€ CTOpPOHbI, LIHPHHOH /, H mosa-
rasg TOXJeCTBeHHBIMM JBe TOYKH I[apaJjJjesbHbiX JHHH{, OrpaHu-
qHBAIONKX HOJIOCY, €CJIH NpsMasl, coefHHsIoNasi 3TH TOYKH, nep-
NEHJMKY/sPHA K 3THM Napajiie/IbHbIM IPAMBIM.

2°. [pyroii nmpuMep IpeacTaBisieT mop; NOJOXKEHHe TOYKH Ha
TOpe BIOJIHE ONpefesAercs ABYMs yIiIaMH 6 H ¢ (kaxaud ot 0 j0
2x%), ¥3 KOTOPBIX NEePBHH JaeT MOBOPOT PAfHyca OKPYXHOCTH 6OJIb-
IOro Kpyra, a B'ropon ~— TIOBOPOT pa,nnyca oxpymnocm MepHAHana

(bur. 4).
ni .
!

- = e = —— 'Y -TE .
[

npeicTaB/eHre Topa 6yx
x = (a— bcos¢)cos 9,

y=(a— bcose)sinb (11.1)
z = b sin ¢.
3ajiasas Ha TOpe npPou3eOAbHO THHEHHbIH 5/1€MeHT *
ds* = a db® - 2bdbde + cde? (11. 2)

* Camo co60fi TOHATHO, YTO STOT JHHEHHHI 3/1eMeNT He HMeeT Huuero ofmero
¢ JIHHEHBIM BJIEMEHTOM, MHAYLHPOBAHHEM COLEeMJIIOMHM NPOCTPAHCTEOM B aHa-
JHTHYECKOM NpeRCTaB/eRkH, safannoM cucTemch (11.1). Kuaannr (W. Killing)
3aMeTHJ, YTo 3TO MHOrooOpaske KOHKpETHO peannsyerca (npH p = 0) B ueThpex- .
MEpPHOM EBKJIMIOBOM MPOCTPaiCTBE HA NOBEPXHOCTH, ONpeiefsieMolt ypaBHeHHAMA

% =Vacosh, xg=Vasinb, x,=Vccoso x, =V csing.

Knudpopa (Clifford) pan zpyryo HHTepnpe'raumo B SJIHNTHYECKOM NPOCTPaH
cTBe Tpex usMepenuil.
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c TIocToaputvu vnawhdhuiiHaumraMu ML ANNATeNnadad A STOM MIINTN-
F ¢y & LBIVA ‘l, A¥A LAL V‘ll‘l w;llmu ALSGA F L WFAYL AYANRJA \J

ID

06pa3uy eBKJIHJOBY METPHKY. B eBKJIHI0BOH NJOCKOCTH NEepeMEeHHbIE
O u ¢ 6ynyr nekapToBbiMH KoopauHaramH. CiepoBaresibHO, TOp pas-
BePTLIBAeTCS] HAa €BKJIHJAOBY IUIOCKOCTh B IlapanJeniorpamm

0<0<2n; 0 <9< 2m,

Yrolbbl onpeliesinTe paspepThHBaHHE, OTPAHHYHBAIOTCH TOJHLKO TPO-
BeJleHHeM JIHHHH, He NepeceKaiomMx HH JHHHHE O = 0, HU jnuHMH
¢ == (. Ecny cHATDL 5TH OTpaHHYyeHHs!, TO TOP OGYAET pa3BepThlBAThLCs
HA BCI0 IJIOCKOCTB, KOTOpasi 6YIeT MOKPHITA TONBKO OJHH Pas; HO
06/1aCThI0 AHAJUTHYECKOTO IHpeAcTaBjieHHs MHorooﬁpasHa 6y,neT
napajJesiorpaMM, NpPOTHBONOJIOXKHHE CTOPOHBI KOTOpOro He pac-
CMaTpHUBAIOTCS Kak pasJiHyHble,

3°. Tlocnennuit npuMep IpeACTaBaAsieTC OJNHOH HeOrpaHHYEeH-
HOA [OJIOCTBIO KpY24020 KOHYcQ, JHHEHHBIH 3j1eMeHT KOTOpOro
BhITEKaeT M3 METPHKH OOGBEMJIOUIEro IPOCTpaHCTBa (OGHLIMHOrO).
Jra ¢opma ds? Toxe, KaK H3BEeCTHO, €BKJHAOBa. ToJbKO 3jech
GEPULUNG KORYCQ — 0C0bas mouxka mempuKku, TaKk Kak HNoJynpsMmas,
BRIXOJAMIAA BCe BpeMsi H3 BepiIHHH KOHYCA H NpOXOASIAs Nnoce-
AOBaTe/IbHO BCEe HANpaBJeHA S (Ha KOHYCE), Onucoieaen yzon, Menouluil
2n. Ecsii Mbl XOTHM H30€KaTh HCCAELOBAHNS OCOOBIX TOYUEK METPHKH,
MBI JIOJIKHEI MCKJ/IIOYHTH BEPIUHHY H3 paccMarpHBaeMoro Muorooépa-
3HA: OHO GYZeT Tellepb OMKPobIMbiM B CTOPOHY BepLIMHE (M B CTOPOHY
6eCKOHEYHOCTH), CTAHOBACH, TAKMM 00pasoM, C TOUKH 3pEeHHs TOMo-
JIOTHH, TOMEOMOP(HLIM. KpPYIVIOMY IHJIHHIPY.

Pa3BepThiBaHHE 3ITOTO MHOINOOOPAasHs HA €BKJ/HJOBY IJIOCKOCThb
JaeT BCIO IIJIOCKOCTDB (3G uckatouenuem oOHOU mouKy), HO TIIOCKOCTD
3Ta MOKpHITAa GECKOHEYHOEe UHCAO pas (ecyjH TOJMBLKO CHHYC [IO/IOBH-
Hbl yIJjid IIpB BePIIKHEC OYACT YBCJ/IOM HPpalHOHANbHbIM).

4°. HakoHen,, poU3BOJIbHASL pA3GEPMbIBAIOUAACA NOBEPXHOCL
TOXe HMeeT eBKAHAOBY dopMy ds?, Ho pe6po Bo3Bpara 6yzer reoMer-
PHYeCKHM MECTOM OCOOBIX TOYEK METPHKH; paccMaTpyBas TOJBKO
OJIHY I10JIOCTH MOBEPXHOCTH, NIoJlyyaeM pasBepThiBaHHE, KOTOpoe TNo-
KpHIBa€T TOJIbKO OAHY 4YacThb eBKAMJOBOH MJIOCKOCTH H MOXKET [o-
KpHITh 5Ty 4YacTh MHOTO Pa3 H jaxe GeCKOHeYHOe YHCJO pas.

59. PUMaHOBO NpPOCTPAHCTBO C TMOBCIORY peryasipHoOd me-
Tpuko#. Paccmoanuenm [AB] Mexny ABYMsl TOUKAMH A B B puma-
HOBa NPOCTPAHCTBA € MOBCIOAY peryJasipHod METpHKOH HAa3eIBaeTcs
HEXHSAS TpaHHUA IJHH AYT (COpSIMJISIEMBIX) JIKHHH, COEIHHSAIOMUX

ToukM A ¥ B. Tlpu 3afauuuix NDOH3BOJLHO Tpex Toykax A, B

ANS BARAE At ® r r WFAFS WAL AFAANS .;l.lyﬂ AW AARAY SRy AFy U,

O4eBHJIHO, HMEeT MeCTO HEepaBEHCTBO

>

[AC} < [AB] - [BC).-
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Copepoii c ueHTpoM-A u paguycom R Haabmae'rca MHOXKECTBO TOUEK
M, ynomle'rnopmomnx HepaBeHC'rBy

AM] <

bBeckoneyHOe MHOXKECTBO TOYEK TPOCTPAHCTBA HA3LIBAETCH 02PAHUNEH-
HbiM, €CIIH PACCTOSHHE PHKCHPOBAHHOMH TOUKH A OT ToYeK MHOKECTBA -
OrpaHHYEHO; 3TO CBOHCTBO HE 3aBHCHT OT BbiGopa ToukH A,

Touka P pHMaHOBA MPOCTDPAHCTBA. HA3GLIBACTCA NpPedeAbhol MoY-,
K0ti GeCKOHEUHOrO. MHOKecTBa (E) Touéx 3Toro pOCTPAHCTR3, ecin
B KaxzoH cdepe c.ieHTpom P i TIPOH3BOJBHO MaJIbM PAnKycoOM 7
CyIlecTBYeT 10 KpaiiHeft Mepe ofHa TOTKa. MpoxectBa (E), o*mnq-\
Has or P. Hx 6yne'r Torna 6ecxonequoe Mu\omecmo ]

60. JloKaabHO . KOMDaKTHOE npocrpaucmo. Pumanoso. ipoct-
PaHCTBO C MOBCIOAy PeryJspHON Me'rpnxou 'HA3pIBACTCS | AOKAALHO™
KOMNAKMHbIM, €CAU BCAKOE 02DAHUMERHOE -GeCKORedHoe * MHONCECTBO
MO4EKX 3MO20 NPOCMPARCIE] aonycxaem no kpaiinel mepe o0ry npe-.
OenbHYO MOUKY. ‘

OueBHHO, OffHA 6ecxouetmo npoauparomaﬂcﬂ no.noc*rb Koayca.

{Hea ap‘gu;nubt) ; pnr-nua'rnynapuaq KaK nnvupnunp DUMAHORBRO IDO-

e e VA VA WA & !l A S A WrAVE WA TR Alm‘ J AY A\-t’ AANS N ll‘l-A l“l&qu llrv

CTPAHCTBO, CHAGXEHHOE METPHKOM, nﬂnyuuposaﬂﬂou €BKJIHIOBHIM
TPOCTPaHCTBOM (OﬁbIKHOBeHHbIM) B~ KOTOpOE KoHyc norpyxeH,ne
oéna,uaeT STHM CBOKCTBOM: .
. Mul OYZ€EM - TOBOPHTD, . q9TO pHM&HOBG upuupduubu JTOK&.HBHO
KOMIaKTHOE, C IOBCIOLY pery.nﬂpﬂon METPHKOR HopMmarvroe. Lln-
AUHAP, TODP (CHACKEHHBIE MeTPHKOH, onncampoﬁ BBHJIIE); camMO €B-
KJIHJOBO TPOCTPAHCTBO, OYEBUJHO,. Hopma.nb;ibl Cymecmylo'r maa
GOJILIMX - KNacca -HOPMAanbHHIX MPOCTPAHCTE..

 1°. Hopmasstoe pumarogo npocmpaucmeo nqapzeaemcx mxuy-
mois (clos), WM KOMNAKMHbIM, ECAU 6CRKOE. OECKOHEUHOE MHONCECIBO
mouex Oonyckaem no Kpavned mepe 00Ny npede.ibtyro mouky. B Ta-
KoM mpocrpancree paccrosiine [AM] ipuxcupopankof TOUKH. A
OT nepemeHHOH Touku M orpaHuueHo. .’

' 2°.. HesaMKHyTHIE HOpDMaJbHBIE pHMaHOBbI npoc'rpchTBa — om-
Kpoimsie 8 GecKoneunocms; HANpHMED, KPYFVIbIA LWHIKHAD H caMo eB-
KJIHJOBO NMPOCTPAHCTBO OTKPHITH B' GECKOHEUHOCTh. 310 BHIpA)KEHHE
caMo co60# MOHATHO: OHO YTBEPKIJET cymec'mosaune GeCKOHeUHBIX
nocne,nosaTeanocTeu TOYEK, HeOTPAHHYEHHO YAANSIONHXCs OT 3a-
AdHHUH TOYKH n HE. HMen upeﬂeﬁnnun 10'-iKPi

MoxHo noxa3a'rb YTO HOPMAJBHOE PEMaHOBO I‘IpOC’I‘paHCTBO
c eBmH,uOBon METPHKOH NPH PA3BEPTHIBAHMM HA E€BKJHNOBO MPO-
CTPAHCTBO TIOKPLIBaeT 3TO MPOCTPAHCTBO U TOJILKO ONMH Pas. '

Bcsikoe oiHOCBS3HOE 'HOPMAJ/IbHOE PHMAHOBO TIPOCTPAHCTBO ¢ €B-
KJIHAOBONH METPHKOU TOXJECTBEHHO eexnn,uonomy MpOCTPaHCTBY.

61. 'pynna ronoHoMHu. EciH HopManbHOE, JIOKALHO €BKJIH-
JOBO PHMAHOBO MPOCTPAHCTBO He 6yneT O,EHOCBHSHHM 10 Touka M,

9%
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P,, P, Py, ...;

KaxJasd M3 HHX CHaGkKeHa [eKapTOBLIM Derepom

(Ro)s (Ry)s (Ry)s ---,

COOTBETCTBYIOMHM 9HCJOBHIM 3HAYEHHAM KOIDGDHIHEHTOB g;; (KO-
TOpBLIE JAIOT MOLYJAH KOOPAMHATHHIX BEKTOPOB M KOCHHYCHI YIJIOB
Mexay HAMH) B Todke M,. Bce 3TH penepnl, Clief0OBaTeNbHO, PaBHH
WIH CHMMETPHYHEL.

Ecnu 66 MH HavyajqH pasmpepThiBaTh, CONOCTaBAasisi Touke Mo
TouKy P,, cHabxkeHHYy10 peniepoM (R,), TO Pa3BepThIBaHHe PHMAHOBA
NPOCTPAHCTBA He mperepileyio 6B HUKAKOrQ CYIIECTBEHHOTO H3MeHe-
HHSl; €CJH HeKOTOpH# nyTh (7), HRymui u3 M, B M, npuBoaua B nep-
BOM cJsyuae B TOuKy P, cHa6xeHnylo penepom (R) TO HOBOE pasBep-
THIBAaHUE NpHBeLeT B Touky P’ ¢ penepom (R’), pacnoJ/ioxeHHbIM 1O
OTHOLIEHHIO K penepy (R;) TaK xe, kKaK P H (R) GblIH pacroiokKeHbl
no orromerHo (R,). Orciona ciepyer, uto mepeMeinende Si (B co-
NPOBOXKJAEHHH CHMMETPHH HJIH 6e3 Hee), KOTOPOe NepeBOoaHT B €BKJIH-

AOBoM npocTpaHcTe (R,) B conagense c (R,), npeoGpasyer Mexay
co6oH pemepsl

(Rﬂ): (R1), (Rg),

Heficteutensto, penep (R;) nmonyuaercs u3 (R,) pasBepThiBaHHeM
HEKOTOPOTO 3aMKHYTOI'0 KOHTypa (umknaa) (7;), BBEIXOASLIET0 W3
Mo 1 Tyza e BO3BpalIAIOMErocs; paspepTrBAHKE TOrO XKe LMK,
oTnpasasisch oT (R,), AacT HeKoTOPHiA penep (R;), pacrnonoxeHHuId
oTHOCHTeIbHO (R,), Kak (R;) OTHOCHTENBHO (Ro) 3TOT pemnep (R)
MOXKHO NONY4YHUTH, DPAa3BEDPTHIBAA CHAYaJad IHKJI {“r..) a NoToM ('Y
314 cooépa}xennﬂ 10Ka3biBaloOT, 4YTO IepeMelleHHs

S,, S, Sy ..

o6pasytor rpynmny. [HeficTBHTeNsHO, MBI BHIHM, 4TO NPU BHIIOJHE-
HHY NoCJefloBaTeNbHO! onepalHii S1 H S, penep (R,) cHauana nepexo-

AHT .BS(RI)’ 3areM — B (R;); pesy/IbTHPYIOUHM NepemelieHHeM Oy-
AET :

5,8,=8,.

Ira rpynna G HasblBaeTcs 2pynnoil 2040HOMUL DPUMAHOBA TPOCT-
paHctBa. Kaxpaomy penepy (R;) COOTBETCTRyeT ONpele/ieHHAas ofe-
pauHs TPYNIH, H TOALKO OfHA, a HMEHHO Ta, KOTOpAasi NEePEeBOJHT

penep (R o) B coBnagenue ¢ (R,). Penepy (R,) cooTBeTcTBYET moncde-
CMBeHHAA Onepayus.
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Onepauuu rpynnsl TOJOHOMHH MoOryT HpHJararbess K Jo6oil
TOYKe eBKJIHOBA MPOCTPAHCTBa, MO0 Haya/JbHAsi TOUKAa pa3BepThl-
BaBHs P, BNOJHE nponsBo.ana JiBe TOYKH, COOTBETCTBYIOUIHE OR-

13 WA MATTIZA MIIAIATIAD TTHh M 2T AALTID ATrvY D, N ARN NN
nu:l. L 1Un W LUMnG P:u\‘lununa ILPU\-IPGHLIDG’ naompaml\.n CATRU

SULRBIMU.

62. JIHCKpPETHOCTD I'PY1iibl TOAOHOMHH JOKAJABHO €BKAKAOBA
npocrpaHcrsa. [Iycte P — npousBosibHasi TOYKA €BKJHA0OBA NPO-
CTPAHCTBA, €l COQTBETCTByeT olipefeseHHas Toyka M pHMaHOBa
POCTPAHCTBA; K 3TOH TOUKE MOXKHO NPHCOEIHHHTH MOJIOXKHTEILHOe
YHCJIO I TAKOE, YTO BCSIKasi Touka P’, oTnnyHas oT P M pacnoJioxeH-
Hasi OT Hee HA PACCTOSHHH, MeHBIIEM r, NOJyYyaercss U3 TOUKH -M’,
otanuHo# oT M. ChenoBaTennHO, 6ce mouKu, 20M0A02utHbie mouke P,
HAX00AMCA OM Hee HQ paccmosruu, 6oabtuem r. DT0 TNOKAa3bBaeT
JAMCKPEeTHOCTH FPYIIBbl FONOHOMHH. DhiBaeT, 4To 1/l JUcCKpeTHOH
TPYNIBLl CYIIECTBYIOT HCKJIOYHTE/NbHLIE TOYKH, KOTOpble CJYKar
CBOMMH COOCTBEHHBIMH TOMOJIOTHUHBLIME TOYKAaMH JJiS HEKOTOPOro
yHchaa npeo6pasoBaHMi. 3Jlech 3TO He HMeeT MeCTa.

Teopewma. [pynna zororomuu A0KAALHO €6KAUO0BA PUMAHOEA

M NS N LI IInn 1L MOV LI 11 1IN AD NANDevNiid Nnnaa mnmnio_
upuuul.yunbuwu uubnpolun-u, W ITUWNURESE OO UHID LRI U, WFUMG WALV

cmeerHotl, He 0Cmagasiem UHBADUAHMHOL HUKAKYIO MO4YKY npocmpar-
cmea.




I'JIABA XII

EBKJANAOBO NMPOCTPAHCTBO,
KACATEJIbHOE B TOYKE

63. EBKnHa0Ba KacarelbHast MeTPUKa. PaccMOTpHM pHMAHOBQ
IpOCTPAHCTBO, ONpPENeJEHHOe KaK MHOroofpasue, cHaG)XeHHOe IIpo-
I 1 ', JIJHHEHHbBIM 3JIEMCHTOM -

H3BOJIbHBIM JIHHEH
ds® = gijduiduf'. (12. 1)

Bynem npeanoJsiarars, 4To B P aBOil YaCTH CTOKT NOJIOXKHTENLHO OMpe-
AeneHHas nupdepeHunaibHas ¢opMa ¢ KosppHUHEHTAMH g, Kijac-
ca C?

Mu 6yneM Ha3HBaTh €BKJIHJOBOH METPHKOH, KacareJlbHOH B TOY-
i f
ke A (uo, . . ., ug) K merpuke (12.1), rue'rpﬁx", onpejessieMyio JH-

HEeHHBIM 3JIEMEHTOM
ds® = ~. . duld/, (12, 2)

noc'rpoeHHyro C NepeMeHHEIMH u!, TaKylo, 4TO A8 Ui= uj 610 Gbi
—_— gl .
OqunJmo cyiiecTByeT GecuHC/JEHHOe MHOXKECTBO EBKJHJOBBIX
METpHK, KacarenbHBIX B JaHHO#l TOYKe: JOCTATOYHO, HANPHMED,
NPHHATD

ij = (gij)(]'

Trverm Y gl " rd T LREASAMMTITITY YT ~n r TIrm

C APYTrox CTOPOHbBI, MHOJXECTBO 3THX METpHK HC 34BHCHT OT BBl
KOOpAMHAT, KOTOPHIE aHAJMTHYECKH ONpENEeNsioT PHMAHOBO TNpo-
CTPAaHCTBO, MO0 NpPH 3aMeHe NepeMeHHBIX u’ APYrHMH ONpefeleH-
HbIMH TepeMeHHbIMH v! HOBbE 3HAYEHHSI B TOYKe A KO3(pHIHEHTOB
JHHEHHOTO 3J/eMEHT2 3aBHCSIT TOJIbKO OT HMX CTapbiX 3HAYEHUH B
Touke A.

PapencTBo 7;; = g;; COXPaHHTCS B TouKe A U 15 HOBLIX IepeMeH-
HbIX,
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BMecto Toro yroOn! rOBOPHTBL: Mbl cHafKaem paccMmaTpHBaemoe
MHoroofpasue HOBOH MeTpPHKOH (eBKJHJOBOH), MOMKHO CKAasaTk:
Mbl OTOOpa:KaeM pPHMAaHOBC IIPOCTPAHCTBO Ha €BKJIHMAOBO TaK, 4TO
B STOM NDEJCTAB/IEHHH JIUHEHHBIH 3JIeMeHT eBK/HJI0BA MPOCTPAH-
CTBa 63«'}1&? ds?, 310 €BKJINI0BO MNPOCTPAHCTBO U‘y'ﬂeM Hd3bIBATh
e8KAUO008BIM RPOCMPAHCMEBOM, KACAMEAbHbIM 8 MouKe A K 3a0aHHOMY
puManosy npocmpascmsy, STO YCJAOBHBIA 3HAK, yAOOHLIH NOTOMY,
YTO OH JaeT HAarJsAHOCTD.

MoxHO cKa3aTh, YTO CYyUIECTBYeT GECKOHEUHOe MHOMKECTBO eB-
KJHJOBBIX NPOCTPAHCTB, KacaTeJIbHBIX B ToukKe A, B TOM cMmiche,
YTO JUHEHHBIH 9JeMeHT do? 3aBUCHT OT GECKOHEYHOTO 4HcJa MPOHU3-
BOJIBHBIX TapaMeTpoB, HO, MOCKOJAbLKY Mbl OyleM paccMarpHBarb
B JaJbHeHlneM TOJILKO reoMeTpHuYecKHe cBolcTBa, OflLHe BCEM 3THM
[IPOCTPAHCTBAM, Mbl MOKEM CMeJI0 FoBOPHTh 06 OZHOM E€BKJHAOBOM
NpOCTPAHCTBE, KacaTeJbHOM B Touke A.

64. KacareabHoe eBKMMIOBO NPOCTPAHCTBO. [lepBoe reomer-
DHYECKOe TIOHATHE, KOTOpOoe BJieueT 3a coB0H paccMOTPeHHe Kacarenb-
HOIO eBKJIHAOBA NPOCTPAHCTBA, OyJeT TMOHSTHE DACCTOSHHS MeEXKLy
To4KoH A M ToyKoH GeckoHewHO GJIH3KOR -— paccTOAHHsI, PABHOTO
ds unu ds,— 3TO TO NMOHSITHE, KOTOPOE JIEXKHUT B OCHOBE ONpeieseHns
pPHMaHOBa IPOCTPAHCTBA

'1°, Yeon Osyx nanpaerenuii (du) n (du?). B KacarenbHOM €BKJIH-
MOBOM IIPOCTPAHCTBE 3HAUEHHe KOCHHyca Yrjia JBYX BEKTODOB

—n

X u Y nonyuaercst M3 cKamsapHoro npousgenerHs X - Y, Koropoe
coBnagaer ¢ KoapduuueHTOM MPH 2A B pa3/ioxKeHUH KBaJpaTa CYMMB

(X + 1Y)? = X2 —|— 2AXY + 2Y2
B PHMaHOBOM [pPOCTpPAHCTBE HAJ0 PacCMOTPeTh NPOH3BeJeHHe
g ( dut - Rui\ ( dui + Xmﬂ\

j A

= g, (dwldw/ -+ )\t + 2hg,dutow,

CJleoBAaTeNLHO, HCKOMBIR KOCHHYC yria Gyner

dutst/
cos o = SHH (12. 3)
' © ds Bs

Mbt MOXKeM ObiTh 3apaHee YBePeHHLIMH, YTO 1paABAA 4acmb 3TOTO pPa-
BEHCTBA He 3asucum om evibopa cucmemst KoopOuram, H60 HMEHHO
no 3To# opMYyJIe ONPeAe/IseTCs Yrol IBYX Hamp aB.neHnn B KacareJb-
HOM €BKJIHIOBOM IDOCTPAHCTBe ¢ MeTpHKoH do?.

MoXKHO TaK XKe OIpefe/siTh YroJ MeKIY p-MepHBLIM IJIOCKHM 3Je-
MEHTOM M ¢-MEPHBIM NJIOCKHM 3JeMEHTOM H T. J., €CJH OHH HMEIoT

o0L1yI0 BepIIHHY.
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2°. Mul BoCONBR3VEMCST OHSITUEM YIrJa MeXJV HanpapJieHUsMH

Sl y eRAA L R2RS 22 Fals %Iz N IRy evaal i AN N

B TOUKe pHMaHoBa npocrpaHCTBa qTOﬁH nonqub NPAMOY20abHbIE
KOOpOuHQmbL U OPMOOHAALHBLL penep.
Kax u3BecTHO, MOJIOXKMTEALHO OlpejesneHHast opma

ds* = g duldw
BCErAa MOXKET GLITh NpeACTaB/]eHa B BUJE CYyMMbl KBajpaToB
= (1) + ()2 + .. + (o), (12. 4)
FHe

ol = gidu! - aydu? 4+ a,dun,

i 4

det|af | # 0
w? = af du! - a3 du® - .. + ahdun.

PaccmoTpum Tenepr BeKTOPH l; KacaTtesbHOrO eBKJHIOBA NPOCTPaH-
CTBA C KoopjuHataMH X%, yJIOBJIeTBOPSAIOIIHUMH YPaBHEHHAM:

a}Xl'—}- o al Xr=1,
. 2yt 2 ¥n
2 a X!+ ... +a, X* =0,
Ty X'+ apXr =0
[
X'+ ... LalX"=0,
s }n c ..

af X! 4 ... +azXn =1

Bripaxense, CTosillee B YHCJHTENE ¢opmyant (12.3), aBasercs
O6unuHedHOH ¢opMoH, npHCOexHHEHHOH K KBajpatuyHoil d¢opme
(12.1). Tlocsie KaHOHH3aUMH KBajapatHyHOiH opMbl (12.1) oHa mpH-
ussia pup (12.4). Bununeiinas ¢opma (12.3) npuMer Tenepsr BHJ,

! (d) 0! (3) 4 ... 4+ or (d) wn () =0, - (12.5)
rae |
ol (d) = ap du*, of () = dj du*.
Paccmorpum pBa Bekropa -l.;..—i').; JJ1S MepBOro HMeeMm

“’;f‘” —1, o(d)=0,.. 0 (d) =0,
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IJisg BTOPOFO

8 X
w0l () =0, 2O _1 ..., @) =0.
8¢
BHocs 3TH 3HadeHus B GujHHEHHYio dopmy (12.5), yBHIUM, 4TO
OHA TOXJecTBeHHO ofpaiiaercsd B Hysb. CaeloBaTejibHO, BEKTOPHI

— -

I,, |, oproronansubl (cp. n. 38). TaxkuM o6pasoM NOKA3HLIBAIOTCH
OCTaJIbHLIE COOTHOIIEHHS

L1, =d,.
CaefoeatennHo, pellep, NOCTPOEHHBIX Ha n BeKTOpax l B KacareJib-
HOM eBKJ/HJOBOM IpocTpaHcrse, Oyjer opTOHopMHpOBaHHmM perne-
poM. KoMmnoHentaMu Ioctynare/ibHbIX CMelleHHIl penepa OyayT Te
(hopMBI ®¢, KOTOPHIMH MBI I[10JIb30OBAJHKCh JJS ero omnpefeseHHs.
3°. B Touke A KacareJbHOro €BKJHAOBA IPOCTPAHCTBA MOMKHO
onpeaeisiTb @eKmopsb. (B KOCOYroJibHOM pernepe KOBapHAaHTHLIE H
KOHTpaBapHaHTHbIE), Ougexmopst, noausekmops: B BooOlle NPOHU3-
BOJIBHEIE /MER30pel. Bce 3TO nepeHOCUTCs B PUMAHOBO IIPOCTPaHCTBO;
Oosiee TOro, Mbl MOXeM BBOJUTH FOHSTHS, HMelOI{He OTHOLIEHHUe
KO Bcefl JIHHHH WJIM TOBEPXHOCTH.
[Tpexxae Bcero, NOCKOJbKY HM3BECTHO HH(HHHMTE3MMAJbHOE pac-

ATASIIUAL AOATZAITAITIIA A MUY MATAY  TIUTAOM A TAUZATTIT o .ftxnm 2%
CIUANINC UOCLULRUNUHAOU WWILHODYA AUY Uy lly ACIVL LYl MUl \l’l l.la.l.l.fll’.l

noayyaercsts AJHHa JAYyrH HpOHSBOJIbHOH KpHBOH
§ == -
) VZ (w))?;
i

orciofna HeMepaqaeHHO cJaepyer (Puman) moHstue npamod, AR eeo-

aﬂsllupf'k'nf.f’ !(ﬂl( TUAHUU ﬂf“?l’l"lpf"rnﬂqm'l'fﬂ“ QV("P“QM‘?M nnf‘f"l‘na““q
AT M LT b y Ak Fs L W8

Ulllll&ll&, J Yr A ddet AT Xk t} J tl s A W IFALLEAKL 4

Mo 3zece oTMeuaeM 3Ty BO3MOXKHOCTb, YTOObI BepHYTBCS K Hel
fnmosjHee. DjieMeHT o0beMa IIPOCTPAHCTBA, KaK HW3BECTHO, ofipefe-
nsieTcst IOCpPefCcTBOM

dt = [ole?... 07];
L]

OTCIO]d HHTErpHPOBAHHEM II0JIy4aeTcs NOHSTHE KOHEYHOro o0beMa.

65. OcHOBHEIE MOHATHA BEKTOPHOIO aHaAH3a. Ecny B puMaHo-
BOM IIPOCTPAHCTBE JaHO IoJie BEKTODOB, TO Mbl HE CyMeeM ele Ollpe-
JleJIHTh TIPOU3BOJHOIO TeH3opa, UOO IJif 3TOrc HAA0 YMeTb Cpas-
HHBATh TEH30pH! B Pa3HLIX TOYKAX NMPOCTPAHCTBA: TeM He MeHee Ml
MOKEM ONpeAeNnTb pomayuro (BUXpe) Nons. 3anafuMcs, HanpHmep,

CKaJMsipPHBIM NoJieM; MyCcTh V — (PYHKUHUS TOUKH

V=Vu,... B u".
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Hudpepenuinan dV nuneino 3aBucut oT dul, du?, .. ., du”,
CnenoBaTesibHO, €ro MOXKHO NpPEACTaBUTb B BHJE:

dV =Vl +Vye? + ...+ V o (12. 6)

Besuuunnl V, onpeeasior 2paduexm QyHKUUH,
ITycte BMeeM ToJie BEKTOPOB

(Xl’ Xz’ s ’Xn)°
KacarenbHas TeH3opHas ¢opma Oyger

o= X0l 4+ ... + X 0"
BospmeM snemnmii fucpdepennuan. Tak Kak auddepennuan or
X, JIMHEHHO BhIpaxkaercs yepes @, TO

do = X [wio/], (12.7)

X3; — KOCOCHMMETPHUHKI TEH30D, TAK Ha3blBaeMasl PoTanHs (BUXPb)
110JIs1 BEKTOPOB.
Hanpumep, 1151 BhpaeHus

o=Xdx+Ydy-+Zdz
BHEIHUH AudpepeHunan

1dX dx] -4,- [dY d

—Z( td dx] [dzdx]) (gj - ‘;’; ) [dydz] +

+(ax — gf) [dzdx] -+ (‘;Y — ‘”y() [dxdy],

0z x

OObluHEIH B €BKJHJOBOM INPOCTPAHCTBE BHJ 8uUXpPA (DOTAIHH).
Taxxke BuBeneM dugepzenyuo. [loToK BEKTOPOB onpegensier
TEH30pHYI0 (opMy

o = X, [020] 4 X, [6%0!] + X, [olw?,

re BHeluHue pousBeseHus [0’ ] onpenensior HekoTOpble NIOWAAH.
Bremuuii puddepeHuHan HMeeT BUJ:

do = a[ole?ed).

3aecs a ecTb OJusepeeHyus BeKTOpa.
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Ecau Bo3pMeM NMOTOK rpa,ﬁ,uen'ros
vy [w?03] 4 V3 [0Pel] V3 [0!0?] (12. 8)

M OpogHpbepeHpyeM BHENIHHM oGpasoM, To IoJYYHM BTopoil pud-
(pepeHUHAJILHBEIH [TapaMerp

AV [wlw0d],
[Ipumep. Bo3zoMeM JHHEHHBIH 3J/eMeHT
ds? = 22dx? 4 22 dy? -+ d2?,
TdK 4TO
ol =2dx, o®=2dy, o°=dz.

Kak wailTd Bropoil AudxpepeHIHANbHBIH TapaMerp?
Urobnul onpeaenurs I‘pa)lHEHT )J,mptpepenunpyem V

av =Y dx-l— d+ — dz =
ox

== let' + Vy0? 4+ Vawd = Vlzdx -1 szdy + V.dz.

CJorefloBaTeNbHoO, .

1 oV 1 oV oV
Vl _ ’ V2 e » V3 _
z Ox z Oy dz
S’I'O KOMIIQOHEHTDI FpaAHeHTa. SJIEMEHTaprIf‘I TIOTOK BEKTOpOB 6y;1e’r

V;[0?0’] + V, [m3m1] +V, [m1m2] =

= _[d dz] 4+ — [dzd x] + —_— [dxdy].

HrdpdepenunpyeM BHEILHHUM oépaSOM:
AV [m1w2m3] == A,V - 22 [dxdydz] =

= — [dxdydz] + [dydzdx] +

9z \ oz I
T. &,
. 1 1 (0 . ¥V . 9 [ .oV \) - e
AV = 22 ) '12.9
2 2% i Ox32 T dy? T o0z ( gz } J \ 4

®dyrxuua V Oyaer rapMOHHYeCKOH B 3TOM pPHMAHOBOM IPOCTPaH-
ctee, ecad AV = Q.

104



66. Tpn cnoco6a BBeaenns csa3HocTH. Hecmorpsi Ha Goablioe
YUCJIO TIOHSITHH, KOTOpHIe Mbi MOTJIH IIeDeHeCTH B PHMAHOBO MpPO-
CTPAHCTBO M3 Kacare/lbHOro eBkJAujoBa (nyreM oGoOlIeHHS), elle
MHOTO OCT&/]0Ch OCHOBHLIX 3JIEeMEHTapPHbIX INOHATHH, KOTODHIX Ham
HexBaraer, HallpHMep, yroJ IOBOPOTA BEKTOPA Nouis NPH Nepexoje
H3 OJIHOH TOYKH IIPOCTPAHCTBA B JIPYrylo.

Boo6me Bcskoe reoMerpuyeckoe HOHATHE, KOTOpOe BBOJUT
B KaXK/IOW TOUKE CKaaAp, Jerko o6obmaercs; TO Ke MOXKHO CKa3aTb
O TIOHATHH, KOTOPOe BBOJUT OJHH HJU HECKOJBbKO BEKTOPOB, HO
npu Yycaosuu, 4mo 6ce OHuU umetom obuiee HAYAAO.

JuBeprenyus BEKTOPHOTO MO/, Kasaioch Obl, npencq'aa.nﬂe'r

¥

[t]
ue NUMVILSITIO N T ﬂDIIﬂTﬂTIFI\QTTLUnﬂ'F‘II D‘.I’TD'I;I‘D‘I’_‘I’"I" no }{ te ) v 00

[ ¢ 1 luu.u‘q.\.xan.\,, MY o ANV DINNJIDNUA LD JJIieLL lJ

P08 6800uMm nose MOAbKO 8 OOHOU mMmouKe.

CyMMHpPY$, MH BHJIUM, YTO PHM2HOBO NPOCTPAHCTBO /IS HAC 1O
CHX TIOP OBbLIO TONBKO COOpAHUEM MAAbIX Hacmell e8KALdosa NPoCmpar -
¢mea, OHO GbIIO B HEKOTOPOM OTHOMIEHHH QMOPPHbLM, OCKOJIBKY Mbl
He CBA3aJIH eIne 3TH pa3JjiMYHble KYCKH B3aHMHOIl OpHeHTalHell.

- JIJ1s1 3TOrO0 HaM Hajo ONpeAe/aHTh MOBOPOT Penepa NPU cMeLleHH H
TOYKH B IIPOCTPAHCTBE, JTO MOXKHO CJIeJIaTh P a3HBMH criocofami,

Puman ucxopun #3 nmocryJara, uTo reofiesuyecKas JIHHUA Ipo-
CTpaHCTBAa, 3KCTPEMYM JJIHHEI JYTH,— He TOJBKO Kpartdaiuasi, HO
¥ npsiMedinasi, T. €. He Bpaulaer pernepa.

Jpyroii nyTs — TOT e, KOTOPHIH NpPHUBe] HAC K KacaTeJbHOMY
eBK/AUJOBY INPOCTPUHCTBY: BblAe/JEeHHE CONPUKACAOLEHCs eBKJIH-
AOBOY METDUKH U llepeHeceHUe ee CBS3HOCTU HAa PpUMAHOBO NIPOCTPaH-

- CTBO.

Tperu#i nyrs — akcHOMaTHYeCcKHH: HajloxkeHue GoJiee HIH Me-
Hee ecTecTBeHHBIX TpeGomanuii. OH, MoxeT ObiTh, HauGoJjee HHTepe-
CeH, MOTOMY YTO AOIyCKaer o6o0mieHne HA MPOCTPAHCTBA APYyro#
(pyHAaMeHTAIbHO-TPYNNIOBOH  CBSI3HOCTH. *

Mzur 3ech H3JI03KHMM BTOPOH M TPETHH METOAH!.

67. Conpukacamoumascs B TOYKe €BKJAn10Ba MeTpHKa. Conpu-
Kacalomascss eBKJHAoBa MeTpuka B Touke A(u,’) K 3ajaHHOHA MeT-
pHKe onpejejisieTcs JHHEHHBIM 3JIEMEHTOM -

eC/IH KO3(XpUIHEHTH! ;; U UX YACTHbIC NPOH3BOAHBIE IIEPBOTO TIOPSA-
Ka MMeloT B ToyKe A Te 3Ke 9YHc/O0Bbie 3HAYEHHs, 9TO H JJis 3ajaH-
HOTO JIHHEHHOro 3JeMeHTa. -
Ecnu cymecTBYIOT compuKacaiomuecs: eBKJIHJOBbl METPHKH,
TO HX COBOKYIHOCTb He 32BHCHT OT BhHIOOpA CHCTEMB! KOOPAHMHAT,
MO0 "/ 3aRAHHOU 3aMeHbl NepeMEeHHBIX HOBbE YUCJIOBLIe 3HAYEHU s
KO3(GQULUUEHTOB g;; U UX YACTHBIX NPOU3BOAHBIX NEPBOro MOpsAAKa
M3BECTHBI, €CJIH U3BECTHHI CTaphle YUCJIOBbiE 3HAUEHHS TeX XKe BeJHU-

yuH. JlostoMy, BMecTo TOoro yto6bl FOBOPHUTb O CONPHKAcaloLIeHcs
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eBKJIMJIOBOH METPHKE, MOXHO TOBODHTb O CONPUKACAIOWEMCS e8KAU-
dogom  npocmpancmee.

[Tpexsle BCEero Hajo AOKA3aTh CYINECTBOBaHHE CONMPHKACAIOMIUX-
Cfl eBKJMJOBHIX NMPOCTPAHCTB B 3aJlaHHOM Touke A pHMaHOBa Npo-
CTpAHCTBA.

s ¢opmya (1.9), (1.10), (5.4) Ans KocoyroabHOro penepa B eB-
KJIHIOBOM IIPOCTPAHCTBE HMeeM

M = ule,, (12.10)
de, = of e, of =13, o,
N k k .
g, =ee; dg; = o gy + 0j Zy; (12. 11)

ecJIM BLIOparb TaK Ha3biBaeMblil HaMypabHell penep, T. €. TOJOXKHTb

wi = du, (12. 12)

=
o

dwt = 0,

M M3 NepBhiX ypaBHeHHH cTpyKTypel (II) m. 26

[dwol] =0
NoJIy4HM
wj =T/ dut, ¥ =T, (12.13)
dgy; = (T,% g + T, gu) du”. (12. 14)
Orciona npsiMo BbITEKaeT
% _pkg 1Dk (12. 15)
6ul = 4 ,{gkj i [gik' '

CJle,H,OBaTEJIbHO €CJIM |;; B TOUKE ut = u(’; COBIIAJA0T C (g,-j)o H KO-
U UEHTHL I‘ ; EBKJIMJIOBA penepa B HayajbHOH TOUYKE PaBHbI
coorBeTCTBy}omnM 3HayeHHsIM pPHMaHOBOH MetpukH (I ; ‘)0 i
u' = wp, TO He TOJbKO KOXphHUIHEHTH JIHHEHHOTO 3JIEMEHTA gij» HOH

d
HX IPOU3BOJIHbIE dg" GYyLyT COOTBETCTBEHHO PaBHEI B O0EHX METpH-
u
Kax,
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ITO HETPYIHO CZeNaTh; NOCKOAbLKY U3 ypaBHenni (12.10), (12.13)
caenyer
oM < oM e

o S g i1 (12.16)

HA4J0 TOJIBKO no,noﬁpa'rb napame'rpnsaumo €BKJHJO0Ba NPOCTPAHCTBA
TaK, yTOOH Ans u! = ypaBHEHHH (12.16) 6bl14 yjpOBNETBOPEHEL.

FTI’\{'\HM B nMTnnuatIrnNn A TOUK n SRKJIUnorA TIINQCTNAHCTRA TTD-
i 4 WF ) Lo Tor Sk B i

ltlvl.lnl ‘-lrul Uu\.llfl l- A AN W L KI-H\JIJ Llyu\—lr} ALV A AF

—_—
KapToOBY KOCOYroJIbHYI0 CHCTEMY KOOpJHHAT (e1, ..., €,) Tax,
yTOOBl YJOBJETBOPAANCH YPaBHEHHs

—_- -

ee; = (g ) ma8 w=up. (12. 17)

OrtHocUTe IbHO 3TOH CHCTEMBl ONIpefiesisieM KOOpAHHATH X° IPOU3BOJb-
HOH (TeKymieil) TO4KM M eBKJAHJIOBA MNPOCTPAHCTBA IIOCPEACTBOM
ypaBHeHUH

xi=ui—u3+—;—(1*j_s)o @ —ul) @ — ) (i=1,..,n). (12.18)

JIHHeHHLIH 3J1eMEeHT eBKJIMJOBa NPOCTPAHCTBA, OTHECEHHBIH K 3TOH
CHCTeMe KpHMBOJIMHEeHHBIX KOOp AUHAT, Oy aeT 06/afaTs HCKOMbIMH CBOK-

CTBAMH. COBNAJEHHE 3HAYEHUH T;; U g;; B TOUKE U’ = 1ty BHITEKAET
H3 NOCTPOEHHS Haqa.anoro pellepa, B yacTHOCTH, U3 dopmya (12.17);
coBrnajenye suaueHuit I';*; ps eBK/HJ(0BA H PUMAHOBA TPOCTPAHCTB
BhITEKaeT 1o GopMyJiam (12 16) u3 ypasuenuit (12.18). Cieposa-

d dg;;
TeJIbHO, YHCJIOBHIE 3HAUEHHs (QYHKUMH 7, —dl‘-’— o -f% B TOUKe
I

u! = u, coBmajgalor, uTo U TpeboBanoCh JOKa3aTh.




I'J1ABA XIII
CONMPUKACAIOUIEECS EBKJIHAOBO NPOCTPAHCTBO

68. AGcoawTHoe inddepeHnupoBaHiue BeKTOPOB B pHMAaHO-
BOM NPOCTPAHCTBe. Bce reoMerpuyecKue NOHATUSA, oOIIue f/1s pas-
JIHYHBIX CONPHKACAIOUIHXCS €BKJHJIOBEIX IPOCTPAHCTB B HEKOTOPOH
Touke, 6YyIYT, OUeBHJHO, BHYTPeHHUMH (MHBAPHAHTHLIMH) TeOMeTpH-
JeCKMMH CBOHCTBaMH pPHMaHOBa npoctpancrsa. Tak Oyuer Aast Bcex
TeX CBOHCTB, KOTOpGHIe "3aBUCHAT TOJleO OT YHCJIOBHIX 3HAYeHHH

B TOUKe A KO(PUIHEHTOB g;; K r/ jo

[pencraBuM ceGe, uTO B CONPHKACAIOUEMCS EBKJMJOBOM IpO-
cTpaHcTBe (pukcHpoBaHa Touka A u penep (R o), K HeH NpHCOeUHEH-
Hell. Besikas Touka M pUMaHoBa NpOCTPAHCTBA NPEACTABJEHA TOY-

Ko M, KOOpAMHATH KOTOPOH OTHOCUTENbHO penepa (Ro) BHoJHE
onpejeseHbl ¢ TOYHOCTBIO N0 OGECKOHEYHO MaJbIX NOpsAjKa e6biue

gmopoeo. Penep, npucoeauHeHHbId K Touke M B eBKJIHIOBOM IIpO-
CTPAHCTBe BIO/IHE OIlpeje/ieH N0 BeJIHYHHE U OPHEHTAUUH ¢ TOYHO-
CThIO 70 GeCKOHEWHO MAJLIX NOPANKA 6bille nepeo2o; KPome Toro,
OH paBeH periepy, NPHCOEJHHEHHOMY K ToukKe M B pHMaHOBOM Mpo-
CTPAHCTBE C TOYHOCTBIO 0 OeCKOHEYHOo MAaJblX MOpPsiAKAa Bhile nep-
Boro. Besakui BEKTOP PHMAHOBA MPOCTPAHCTBA C BEPILMHOH B TOUKe
M I'IPEI[CTaBJIEH C TOH e CTeNeHbl0 NPUOJHKEHHS PABHBIM BEKTO-
DOM.

Boo6me, ecnii M 1 N — JBe NMPOU3BOJILHLEIE TOUKH B OKpPECTHO-
CTU TOYKHM A pHMAHOBA NPOCTPAHCTBA U €CJH COOTBETCTBYIOLIHE
HM TOYKH JiexkaT B chepHuecKoil OKPeCTHOCTH ¢ 1leHTpoM A u paauy-
COM 7, TO CKaJissipHOe NMpOU3BeJleHHe ABYX BeKTOPOB, KOTOpHIE mpej-
CTABJAIOT BeKTOPH ¢ BepiiMHamu M u N, BHoJsiHe onpejeseHo C TOY-

LUAMATLIA A ASCTATIONINIA M3 TIIY TTANSTEIZA NARUYUCTS # B HINTUTOTLITNA
ANULLONY JIV VLU loiny Madioia uuvpngdna t“"/-\".)f"“ I NI LML WA NI .

BexTop Xc BepUIMHOH B Toyke A H BeKTOp X’ ¢ BepUIHHOMN B Gec-
KOHeYHO 6au3Kofl Todke A’ pUMaHOBa NPOCTPAHCTBA NPEACTABRJIEHD
B CONPHKACAWOMIEMCS €BKJIHJOBOM IIPOCTPAHCTBE JABYMS BeKTo-
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paMH, pa3HOCTb KOTOPLIX ONpejesieHa R0 GeCKOHeyHO MajbiX NMOPsif-
Ka Bblllie IepBoro. 3ro NPHUBOAMT HAC K pacHpoCTpaHeHMIO HA Mpo-
H3BOJILHOE PHUMaHOBO IIPOCTPAHCTBO NOHATHA Qbcoaomno2o Ougge-
peryuaia (WM KOBAPUAHMIHO20 Oubeperyuara 0 HAmMyparbHO20
penepa) OT BeKTopa MM Boolle TeH30pa, JJii KOTOPOro Mbi COXpa-
HMM o6Go3HayeHHe OykBoH D,

[To dopmyane (7.17) on pasen

- DXi = dXi 4 X* wy, (13.1)
DX, = dX,— X,of (13.2)

ANS KOHTpaBapuaHTHoro (X*!) ¥ KoBapuaHTHoro (X;) BeKTOpOB,
B OPTOTOHAJLHOM penepe o6a onpejesieHHs] COBHAAAIOT, TAK KaK.
TOTJa

b ; .
Xe=X, u 0 =w,=0p=—op;

3HaK MHHYC NOSBJSETCS BCJEJCTBHe H3MEHEHHs MNOpAjKa cJejo-
BaHHA MHIEKCOB.

BaxHO OTMeTHTB, YTO a6COJIOTHHIA AudrpepeHuHHan B €BKJIHJIO-
BOH TreoMeTpHH — HAcTOSIIMH AHbdepeHIHan, TOrRa KakK HeMb3s
OBITb YBEpEHHBIM, YTO TaK e OyAeT B reOMETPHH PHMAHOBHIX IIPO-
CTPAHCTB.

B uactrocTH, 0003Hauas (n. 4) yepe3 e; KoopauHaTHHIE (6asuc-
Hble) BEKTOPHI, HMEEM

— E -

Onpenenednue. JBa Bekropa B 6eCKOHEUHO GJH3KHX '
TOYKax A K A’ Ha3bIBAIOTCSI JKBUNOACHMHBIMU, €CJAU  abCOJIOT-
HEl puddepenunan mepsBoro Bekropa (NIpH IepeXoje KO BTOPOMY)
Oyzer paBeH HYJIO.

[loaToMy YyCJOBHS SKBHIIOJEHTHOCTH OYIyT

dXi - Xk, =0, (13. 3)
dX, — X,of = (13. 4)

69. 'eone3nyeckue JUHMM PHMAHOBA MpocTpancTea. Onpede-
AEHUe YCKOPEHUS ABHKYIREHCS B PHMAHOBOM INpPOCTPAHCTBE TOYKH

HE NIPEJICTABJSET TeNeph 3aTPyJHEHHs: eCU V — BEKTOP CKOPOCTH,

v T aS Fde oVt ol T mrrre o~ e

TO BEKTOD yCKOpeHHs OyAer

Dv
dr
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Hanpumep, uro6pl HanucaTh KOHTPaBapHAHTHbIE KOMIOHEHTHI YCKO-
peHUs ¢ B HarypanibHOM penepe C KoopiuHatamu (uf), 3aMeTHwm,
yto B cuay (12.12), (12.13), (12.14) ckopocte Gyzer

. _ Z _dut 'é o — dut

dt d * a v dt
[Tpunaras dopmyny (13.1) k¥ xomnoneHTam v¢ u yuuteiBas (12.13),
uMeeM '

S dM o
A\

dot d2u? du® d2?ut du® . dul
= Wy = I
dt e T e T
H
dzul i duf  du”
i I 13.5
i ar TR (13.5)

Touka, apuramomasici ¢ yCKOpeHHeM, BCe BpeMs PAaBHBIM HYJIIO,
HMeeT CKOPOCTh, IOCTOSIHHO 3KBHIIONEHTHYIO caMoll ce6e. Te auuHM
PHMAaHOBA NPOCTPAHCTBA, Y KOTOPBIX KacareabHas BCe BPeMst 0CTaer-
Csl SKBUMNOJEHTHOH caMoi ceGe Ha3HIBaIOTCS 2eode3uueckumy (nps-
MeHIUHMH) JIHHASIMH TIpocTpaHcTBa. Ecnu Takas nuHHs npoberaercs
C IIOCTOSTHHOH CKOPOCTHIO, paBHOH elHHHIIE, TO YCKOpeHHe paBHseT-
cst Hyqwo. Orciofa ypaBHeHHs 2eode3udecKux JHHHH B DPUMAHOBOM
MPOCTPAHCTBE
d2u’ P duf dut

re b =0, ' (13. 6)

Iro cucreMa Komu /151 HeW3BeCTHHIX (YHKuHUH uf U HE3aBHCHMOro
nepeMeHHoro {. B ycioBusix Teopemnl Komu oHa gonyckaer pelie-
HHE, U TOJBKO OJIHO, NpH HAYaNbHBIX YCJIOBUSAX

duk

w = (ui)o’ di

= (V%) aas t = 1,; (13.7)
(uf)y, (U*)y — nOCTOAHHBIE.

OTcioga Teop eM a: 4epe3 6CAKYI0 MO4KY 8 06aacmu pe2yAipHo-
CMU PUMQHO8A NPOCMPAHCMEA, NO 6CAKOMY HANPABAEHU npoxodum
00Ha U mOAbKO 00HaG 2eode3uyeckas, W60 neproe ypaBHenue (13.7)
onpefeisieT HAYAJbHYI0 TOYKY HPOCTPAHCTBA, a BTOpPOE — HadYajlb-
HYI0 CKOPOCTb.

70. 0OGo0meHne dopmyn Ppene. KpuBH3HA H KpyueHHe
nuduu. Teopus kpususne, auxull 6e3 U3MeHEeHUS MepPeHOCHTCS W3

VINANEAREA S R Y T e e e - a=

eBKJHIOB2 NMPOCTPAHCTBA B IIPOU3BOJILHOE PUMAHOBO IIPOCTPAHCTEO.
—

HeficteurensHo, nycts M ~— Touka kp¥Bodt, T — eJHHUYHBIHA
BEKTOp KacaTeJbHOH B TouKe M, ds— 3jeMeHT AYyrH KpHBOii.
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e

T —

BexTop -%3- HopMajieH K BekTopy T (HENOCDeACTBEHHO BHJHO,
S

eCJIM TIPUBJiedb COMpHUKacawueecss B Touke M eBKJIHAOBO NpoCTpa-
CTBO). '
[lycto

—

— N,

DT _ 1
ds p

rie N o3Hayaer efMHMuHBIH BekTOp (2sa8Han Hopmaaw). Ilycte B —

eIHHAYHLIH BeKTOp, nepneHaukyaaApHoll K T u N H o6pasyromui
¢ HHMH TIpaBhlil TPeXTPaHHHMK, H JONYCTUM, 4TO

DN

— o';i‘ 4 \& - A‘ﬁ’
ds
9B _ T LGN LB
ds

CooTHollLeHH

T.N=0, T.-B=0, NB=0, Ne=1, Bz—1
RalOT rocie aG‘cq.nmnoro JuddepeHHpOBaHUS

_;-_+a=0, « =0, 1+8 =0 58=0, 7"=0.

[losaras Tteneps

HMeeM oGobuienHnie opMyasl @pene

DT _ 1 -ﬁ,
ds 7
D—y - —
ds g : (13.8)
p 1 N.
ds e

1 1 v o
Bemuuunbnl — U — OYAYT xpususHod U Kpyuenuem KpuBou. [lpsambie
P -

(reoge3vyeckue) puMaHoBa npocTpancTBa GyayT JUHHAMH HYJieBOM
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no ek}
KpuBH3Hbl. UTO Kacaercs JUHHU

TePU3YIOTCSH TeM, 4TO CONPHKACAOUHACA B TOUKe M Hameu KpHUBoii
TIJIOCKMI 3JIeMEHT NapaJjJesieH CONpHKAacamoeMycst MJIOCKOMY 3Je-
MeHTYy B OeckoHeuHO 6JaH3KOH Touke M'; BeKTOpHI

T - DT, N+ DN,
KoTopsle OyJNyT €JMHHYHLIMH BEKTOPAMM COOTBETCTBEHHO Kacaresb-
HOH H rJiaBHOH HopMand B Touke M’, mapanseisHO NepeHeceHHLIE

3 M’ B M, craHoBaTcs

ds

T

T+ 5N N—L T4 5B,
? P

OHH TIONAJAYT B CONpHKAcaOWUHCH NJOCKHH 3jJeMeHT B Touke M,
1
€CIN KpY4eHue -— pasHO HYAK, U TOJIBKO B 3TOM cJjydae,

Ecan 0T06pa3HTb PHMAHOBO NPOCTPAHCTBO Ha CONpHKAcalomeecs
B Touke M eBKHAOBO, TO 325auHas Kpusas (C) Gyner umers o6pa-
soM HekoTopylo KpuByw (I'), xomopas umeem my oke Kpusushy

68 mouke M, umo u ((‘\ BoJiee Toro, BEKTOPHI T N R Knmznﬁ ﬁvnv'r

0Gpa3aMH  aHAJIOTAYHBIX BeKTopOB KpHBOH (C) ‘Eme oruerupelt
MOXHO 3TO NMPEJCTaBHTL B TAKOM BHJE: NPUMEM AU Mbl 8 PUMAHOBOM
RpocMpancmee 300AHHYI0- MEMPUKY UAL eBKAUO08Y MEMPUKY, Conpi-
kacawuwywocs e mouxe M, kpusas (C) 6ydem umems 6 mouke M my oce
KAcameAbHYI0, me e 2Aa8Hyl0 HOpMAAb, OUHOpMARb u my KHe Kpu-
6U3HY, HO He 06A3ameabHo 8 obeux MEMPUKAX 00HO U MO dice KpYyHeHue.
B uwactHocTH, Besikas npsMas (reojesHyecKas) pHMaHoBa IPOCTpaH-
CTBa NPEACTAB/SAET B TOUKE M touky neperuba gas Habaoparess,
KOTOPBIH MPHHSA conpHKacamuyoces B M eBKIUNIOBY MeTPHKY.
71. TeopHss KPHBH3HbLI MOBEPXHOCTEM B PHMaHOBOM NpOCT-
panctBe. KiaccHueckasi TeopHsi KpUBH3HbI IOBEP XHOCTEH I1ep @HOCUT-
csi ¢ GoJbllOH JIETKOCTBIO HA PUMAHOBH NpocTpaHcTBa*, PasinuHele
KpUBbE, NpPOBEJEHHHE Ha NOBepXHoCcTH (S) M Ipoxopsuiwe uepes
3aJI1aHHY10 TOYKY M 3TOf MOBEpXHOCTH, HMEIOT Ty Ke IJIaBHYyIO HOp-
MaJb ¥ Jaxe KPHBH3HY, NPHHATH JIA METPHKY pUMAaHOBA NpPOCTPaH-
CTB2 HJH ColpHKacawulyiocss B Touke M eBKJHAoBY MeTpHky. Ot-
CIOA2 C/IeflyeT, YTO 3aKOHHI, KOTOPhIe YIPaB/sIOT H3MeHeHHeM KpH-
BH3HEI STHX KDHBEIX, KOrjla OHH TOBOPayYHBAIOT CBOIO K2CATEIbHYIO

e RPN e mmex —= =

BOKPYT TOYKH M, Te xe camble, YTO U B €BK/MZOBOM NPOCTPAHCTBE.

* Teopus KpHBHSHbI TIOBEPXHOCTell B eBKAHZOBOM MNPOCTPAHCTBE Hs.narae’rca
r rnase XXIII.
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Bce KpuBbe, xacawouidecst Mexy co6oi, HUMEIOT OfHY M Ty XKe

cos V
HOPMAALHYI0O KpUBU3HY, 3Ta HOPMaJibHAsA KpHBH3HA paBH&A ——

P
rae V — yroJs rjaBHOH HOpMaJM KPUBOH ¢ HOpPMaJbio K IIOBepXHO-

CTH U p — RajiMyC KpHUBH3HH KPHBOH; 3T0 — meopema Menve.
CylIecTBYIOT [iBa OPTOTOHAMLHBIX KacaTeJbHBIX HAllpaBJieHHs Ha
NOBEPXHOCTH, COOTBETCTBYIOIIUX MAaKCHUMYMy H MHHHMYMY HOp-
MaJIbHOM KPMBHU3HEI: 3TO 2AUd6Hble HANpPasieHus; COOTBETCTBYIOUIHE UM
HOpPMAaJbHBIE KPHBHU3HbL OYAYT 2AQBHLIMU KPUBUHAMLU.
Junuamu Kpueusre: GyAyT JUHHH, KOTOPEIE B KAXKJIOH CBOEH ToY-
K€ KacaloTcsl OJIHOTO U3 IJIaBHbBIX. Hanpas.nenuﬁ B 310# Touke. Ecnu

O — yrox, Koropsiit o6pasyer KpHBAasi C JHHHEA KPUBH3HHI NIEPBOro
ceMeHCTBRa, TO AJs 3TOH KpUBOH

cos V _ cos2‘ﬂ 4+ sin2 9 , (13. 9)
P Ry R,
|
rjie H O3HAa4YawT JBE€ TJABHBIE KpPIBHSHbI.

Ry Ry

Acumnmomuteckue aunuu — T€ KPHUBBE, HOPMAJIbHASL KPHBU3HA
KOTOPbIX paBHA HYJI0; HX CONPHKACAIOWIUHCH MJOCKHI 3JIeMeHT
Kacaercs. nosepxHoctd. Ilpsmas (reomesuuecxkas) puUMaHoBa mpo-
CTPaHCTBa, Kacamomascs B TouKe M acHMNTOTHYECKOH, HMeeT B 3TOH
TOYKe KacaHHe BTOPOro NOPSKKA € TOBEPXHOCTHIO.

JIMHMM KDHBHM3HBl XApPaKTEPH3YIOTCA YCJOBHEM: B YIPOH3BOJIb-
HOM Touke M AMHMU KacaTteAbHasi K 3T0H JHHUH, HOPMaJb K IloBEepX-
HOCTH H HOpMaJb B MHQHHHUTE3HUMaJIbHO 6.1M3KO#H Touke M’ 3Toit -

HUU, TNocJe napajjieNbHOro nepexdoca us3 M’ B M GyayTt /nexarsb
B OJIEOM IJIOCKOM 3JjieMeHTe.

Ecau o6o3nauuts 6yKBon v €IHHHUYHBLI{ BEKTOP HOPMAaJH K IO-
BEpXHOCTH, a uepes T: ¥ To— CAMHHYHEIE BEKTOPbI KaCATeJIbHBIX

K JHHHSM KPUBH3HBI, TO, CMEIIASCh BHaI'IpaBJIeHHH BEeKTopa 'l‘l
HaA AJMHY dS,, HMeeM

— dS]_ —

1

a cMelnasich B HanpasJjieHUd T, Ha IAMHY dS,, IOJYYUM

DTH ¢dopMyJbl 060611AI0T HA PHMAHOBO NPOCTPAHCTBO KJaCCHYECKHe
ypagrernus Qaunda Podpueza.
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Ecan cMectuTbcsi B HanpasjeHHH, obpasyiomeM yroda 6 ¢ raas-
HeIM HanpasjeHueM Ti, Ha OTpe3oK ds, TO NOJYYUM BOOOLLe

—
Dy cos b = . sinf :,l:

ds o R]_ I 1 Rg 2

—
oo
S

Hakonen, no/Hyi0 KpHBH3HY TOBEPXHOCTH B To4Ke M MOKHO

142
onpefenutb MerofoM ['aycca ansi eBKAHAOBA mpoctpaHcTBa. Bosb-

MeM 9/1eMeHT NOBEePXHOCTH do OK0JIO TOYKH M M B eBKJHAOBOM NpPO-
CTpaHCcTBe, KacaTesibHoM B Touke M,— cepy pamyyca 1 ¢ ueHTpoM

r M TlepeueceM mmanannentyuo n HODMAJU K TITOREeNXHOCTU B paq-

Ad LITFAS l.l\.rtl Nr B A SN sl VA lnur MACICVLINWPLLFALAYS LE AT & la.vrnluulun Ak AW b S R AANS N & AE

JHYHBIX TOUKaX 3JeMeHTa da H pacCMOTPHM MaJIyio 00JAacTh Cephi,
onpejensieMylo NepeceueHneM co chepoll NepeHeceHHLIX HOPMaJeH,

(03] » 1)
OTHOLIeHHe - NJOIIAAYN 3TOH YacTH cdepnl K 83aJaHHOH MJOLIALH
]

B TNIpejene PaBHO NOJIHOH KPHBH3HE . MoxHO paccMarpHBarhb

. 14g
d® Kak TejdecHBHIH yroJ NpH BepiimHe KoHyca M, nmoJyd4eHHHH na-

pPaJNnCJLHbIM IIEPEHOCOM HOpM&.’leﬁ H3 pa3JIMYHbBIX TOYEK 3JIEMEHTA
ds.

72. Teope3nyecKoe KpyyeHue. Teopema JHHenepa. Ha camule
oflide PUMAHOBH IIDOCTPAHCTBA pacnpocTpaHsiercsl NOHSTHE 2e0-
0e3u4eckozo KpyueHus KDHUBOH HA IOBEPXHOCTH,

-— — — ‘
I[eﬁcmmenbuo, o6o3HaunM yepe3 T, N, B enyHHYHbLIE BEKTODHI
KacaTeJbHO#H, HOpMAJIH M OWHOpPMaJIH RpHBOH H COXpaHMM 00O3Ha-

yenue 11, Te, v ANSL KacaTeJbHbIX TJABHBIX HalpaBJieHHH H HOp-
Mas¥ K noBepxHocTH. Hakoneu, yepes 6 o603HauuM yros xacareb-
HoHl K KpHBoﬁ C KacareJbHOH INepBOrO IJIABHOIO Hal'lpaBJIEHHH u

P 7~ a T rtal “Y'I'!I\!'I' MMOADITATT TTAMAILO Y M IITIATT Itnﬂll‘)l‘l w7 ITMADAN Y

‘ICPCG V - y.lUJ lJlabnun HUPI\‘IGJIH !\.PHDUYI L HUPIVLGJ n uvocpa
-—P — it
HocTH. Hanpasasiomye Kocunycel BekTopoB T, N, B 1o oTHOLIeHHIO
— — —
K BeKTopaM Ti, T2, v aatorcs tabannelt:

T, T, v
T cos @ sin 6 0
> |—sinfsin V] cosbsinV cos O

-

sinGcosV |—cosbcos V sin @

wl
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OtnpasasieMca or ofo6lEeHHHX Popmyn Dpene

DT _ 1 ﬁ, |}
ds P
N 1 = 1 = ,
DN =— 27418, |
ds p T (13.11)
DB =_,_Lﬁ ’
ds T
¥ ypaBHeHUs
" — i e —
Dy — cos § Tl“’” sin Ts-
ds R, R,

LndxpepeHyupysa COOTHOLIEHHS

T-v=0, N.v=cosV, By=sinV,

NOJMyyaeM JiB2 Pa3JHYHHIX YpaBHEHHS

cos 'V cos? b sin% 6 )
== -+ , 13. 12
p R, R, . ( )
dV i 1 | )
_— — . 6 6. -
= - - ( 3 R, )sm COS (13. 13)

BTopoe U3 3TUX ypaBHEHUH COLEPKHT B JIEBOH 4acTH TO, YTO Hashl-
Baercsl 2eofe3udeckum Kpyuexuem KpHBOH;, ¢opMa NpaBoH 4YacTH.
[TOKa3biBAEeT, YTO OHO OJJHO M TO XKe JJs BCeX JHHHH C OAHOH H ToH
xe KacarensHoifi. OHo ofpamaercss B HyJb A/ JIAHHA KPHBH3HBI.

Ecau dopmyay (13.13) npumoxuTh K acHMITOTHYECKOH JIMHHH,

[1] 43 “
OoT/IHYHOU oT npsmoil (V = -2-), TO MOJYYHM

1_(1_1\
t \Rs R/

OTKyAa cJaefyer

l____!‘l/ 1

T V N RiR;

310 meopesa Bervmpamu — IFnuenepa 0a4a npoussoabHO20 puma-
HO8Q npocmpancmea.

{12.14)
(19! 14)
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Acumnmomuueckue runuu, 8oixodauue u3 mouku M nosepxuocmu

Freeiy

UMEIOMm 8 3Mmoli mouKe PasHole Mo abCoAOmHOL SeAutute U npomuem
NOACKHCHbIE NO 3HAKY KPYdenusn, abCOMOMHKANL BEAULLHA KOMOPbIX PAg-
HQ KEAOPAMHOMY KODHIO U3 NOAHOU KDUBU3HbL NOBEPXHOCML € NpO-
MUBONOAONCHOIM SHAKOM.

B yacTHOCTHM, Kpy4yeHHEe CIBOEHHOH AacCHMNTOTHYECKOH JIHHHU
TOXKJECTBEHHO PABHO HY.IO. |

MaBecTHO, uTO B €BKJIMIOBOM NMPOCTPAHCTBE, €CJIM J|Ba ceMelicTBa
ACHMNTOTHYECKHX COBIANAIOT, TO OHU GYAYT MPAMBIMH. JTAa TeopeMa
YK€ HeBepHA B TMPOM3BOJILHOM PUMAHOBOM mpocTpaHcTee *, Tem
He MeHee B CHJIY TeOpeMul DHHellepa MOXKHO YTBEPXKAATh, uto 310 —
JIMHHY C HYJIeBbIM KpYYEHHEM.

73. ConpsiKeHHble HanpaBaeHust. TeopUs conpscesnsix Kaca-
meavrpix 0600maeTcs Ha MPOM3BOJIBHOE PHMAHOBO NPOCTPAHCTEO.
Ecau M u M'— nBe undunuresnmanpio 61M3KHe ToukH KpHeoit (C),

TTNNAROTOIIIINT ;l' ITg TIADAONYITAOAT IQ\ TTINAATLZTY I =R f=).Y FaYag WANnATOoOnt, .
lllJ'UU\-A\--llliUIl- i1 XIUD\.FALLU\'.III \LJ}, I.U 1iJAVUNIVELER -Jdl.\--l"-\,-ﬂl., DdadLaiswiip

Hbll K HOBEPXHOCTH B Touke M’, mocie napannenbHOro nepeHoca
B Touky M, HMeeT C NJOCKUM 3JIeMeHTOM, KacaTeabHeM B M, obulee
HalpaB/eHHe, colpsiKeHHoe HanpapsaeHHio Jjuuuu (C) B M. [lra
CONPSAKEHHbIX HAanpaBJ/eHUs C[APMOHHYECKH CONpSKeHbl 110 OTHO-
UIeRHI0 K AacUMITOTHYECKHUM HanpasjsenusiM. Hakoneu, abcosor-
Hblil auddepennnan IMHAYHOrO BEKTOpA HOPMajH K NOBEPXHOCTH
npu nepexoge 13 M 8 M’ NEePNEHANKYASAPEH K CONPSIKEHHOMY Ha-
NpaBjaeHHUI0 KPUBOH. Bce 3TH CBOICTBA CTRHOBATCH OYEBHJHBLIMH TOCIIe
oToOpaxkeHHs1 Ha COUpHKAcalouieecss €BKJHAOBO IIPOCTPAHCTRO B
Touke M.

74. Teopema [lionieHa 0 TPHOPTOTOHANLHOA cucTeMe. 3aKoH-
4YHUM 0606meHHeM 3HaMeuumou meopemst ronena. aBectHo, uTO TPH-
OPTOrOHA/JLHOH CHCTeMOH HasniBaercs cHcTeMa, o0pa3oBaHHAs U3
TpexX OJHONapamMeTpHUeCKHX CeMEHCTB IOBEPXHOCTeH, NepeceKaro-
IHXCA oA NpPsAMbIM yrioM. Teopema [lioneHa yTBepKnaer, 4To
JUHHS TIepeceueHUs] KamjoH Iaphbl NoBepXHOCTeH, NMPHHAJJEeXAmUX
K IBYM pasHbIM ceMeficTBaM, OyeT JHHUeNl KPUBHU3HHI IS KaKJOH
M3 HHX.

ApaguTHyeckoe J0Ka3aTeNbCTBO, KOTOpO€ Mbl JagMM, NpHJa-
raercss ORMHAKOBO K PUMAaHOBLIM l'lpOCTpaHCTBaM H K eBKAHJOBY.
HpHMEM 32 KoopAuHATH napaverps ul, u?, u?® noxaepxnocreu Tpex
ceMe#cTB.

JluHeiinpifl 3J€MeHT npocTpaHcTBa Oyjer

ds® = g;11 (du')? 4- gy (du?)® +- g33.(du?)?,
HOCKOJHJKy KOCHHYCI:[ YFJIOB, TIox KOTOprM U HEPECEKaIOTCH pa3JIHL1'

* E. Car tan, Sur [es courbes de torsion nulle et les surfaces develop-
pables dans les espaces de Riemann, Comptes rendus, t. 184, 1927, pp. 138—142.
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HBIE KOOp/iMHATHBIE JIKHHH, PaBHHI HYJI0. YCJOBHE, KOTOPOE BHIpa-
aeT, HanpuMep, uTo KoopauHartHast JuHHUsi (C1) (mepeMmeHHoe u')
6yxer JiMHHel KDHBH3HBI JJisi mOBepxHOcTH Si1 (u® mocrosiHHO),
COCTOHUT B TOM, YTO BEKTOPD

e, + Dyegdul,

HOPMa/bHBIA K 3TOH NOBEpXHOCTU B TouKe M’, UHQHHHUTE3UMAJIBHO
6au3Kofi Touke M Ha AUHUE (C1) JOJXKeH 651'1"13 B TOM K€ ITJIOCKOM

3JIEMEHTe, 4TO H BEKTOPLI €, U &, WHaue roBOps, KO3(MHIHEHT npH

e, B BHPAKEHHHU D1e3 ROJIKEH DaBHATHCH Hy/mo. Mexay TeM Mbl
umMeeM

De; = w3 e, - w3 €, + w3 €,

D]_es: Ise, + I's"ie, + 1'57 e,

Hapo, cnenosarenbHo, R0Kas3aTb, 4TO I’,23= 0; Mexay TeM, BHOCS
B ypaBuenne (12.14) ygaszarequ i =1, j =2, h = 3 U noMmHs,
UTO Zag = L3y = L1a = U, TOMyYUM

F1238'22 -+ P213g;;‘ =0,
Iy’ 1gss + T'5"1825 = O,

s'gy + Tilagss = O, .

rAe ZBa NOCJEAHUX YPaBHEHHS MOJIy4eHbl KPYroBoi sameHol. B cu-
ay (12.13) kospduuuentst I';*; cAMMETPHUHB! MO HHXKHHM HMHJEK-
caM. CJie0BaTeNbHO, CKJI&,D.bIBaH nepBule JIBa PABEHCTBA U BhIYUTAR
TpeThbe, NOJYYUM

2T3'1gg = 0 gy # 0

2
35 = 0.




I'JIABA X1V

EBKJAHAOBO APOCTPAHCTBO CONPSAYXKEHUSY
BAOJIb JIUHHH

75. Pa3BepTbiBaHHe pPHMABOBa NMPOCTPAHCTBA HA €BKJAMIOBO
B10Ab NHHMH. Pa3eepThiBaHHe PHMAHOBA MPOCTPAHCTBA HAa e€B-
KJIUJOBO BROJL JIKHHH OTKPBHIBAET HOBBIE BO3MOMKHOCTH.

IIpearosoxuM, YTO KOOPAUHATHL TeKyIieH TOYKH /JHHHMH BhIpa-
JKeHbl B QYHKIHAX NapaMeTpa {, KOTOphIi B HayaJbHO# Touke A,
NpHHUMaeT 3HayeHHs ! = (. Bo3bMeM B eBKJHIIOBOM NpOCTPaHCTBE
HCXOAHYI0 TouKy O H JiekaproB penep (R,), onpejeasieMhlii o Be-
JHYHHE H o (opMe 3HAYEHUSIMU KOXPPUIHEHTOB gy B Touke A,.
bynaem conoctaBnaTh kaxuaoii Touke M(f) Touky M’ eBKaumoBa

MpOCTPAHCTBA M JEKAPTOB penep (_é’,), NPHCOEHHEHHLIH K 3TOH
vouke, Otnpasasace or ypasrenu#t (I) n. 26, Gyaem npeanoaarats
penep HaTypaabHBIM -

Y ["ll_
dM’ = du'e’;, ] (14. 1)

— f -
def‘ = U.)i e!I
C He3aBHCHMO#H NepeMeHHOH B BHJe NapaMerpa [ H HaYaJibHbIMH YC-
noBusiMH: 1asl ¢t = O Touke M’ coBmagaer c¢ Touko# O, BeKTop €

paBeH BEKTOPY fé;-)o penepa (R,). Kak B n. 28, fokaxem, 4to B pe-
nepe (R), mpHcoexHHeHHOM K Touke M'(f), ckansipHble npousBefe-

— o,

HUSL €r0 BEKTOPOB €; €; DaBHL KoadxpuuueHraM g;;,. Donee Toro,
ecii M 1 M,— npousBoJibHble HHOHHHTE3MMAJNLHO GJIH3KHE TOUKH
flanHo# JuHuH, a M’, M,"— HX o6passl B eBK/AH0BOM NPOCTP AHCTBE,
TO JiBa 9KBHUIIOJIEHTHEIX BeKTOpa B ToukKax M, M, uMelor o6pasamu
SKBHIOJIEHTHHE (IPOCTO NapajuieNibHble) BekTopl B M', M.
Baaronaps saganuio B Kaxuo# Touke M’ gekaprtosa penepa (R)
B JIHCTBUTENbHOCTH Mbl TI0JY4deM pasBepTKy HA €BKJHZOBO IPO-
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CTPAHCTBO HE TOJBKO 3aaHHOH JIMHUH, HO H Bcell 6eCKOHEYHO MaJioH
OKPECTHOCTH 3TOH JIMHHH B pHMAHOBOM INpocTpaHcTBe, Uto6u noJay-
YHTh AGCOJIIOTHYIO reOMETPHUECKYIO BADHAIHIO BeKTOpa, HAYaJO KO-
TOPOTO ONHCHIBAET B PHMAaHOBOM NPOCTPAHCTBe AYry 3ajaHHOH JIH-
HHH, OOCmarod4no menepb nocmpounis O0DbIKHOBEHHYIO Pa3HOCMb
08Yx BeKmopos, NOAYLeHHoIX 8 npedoldyliem pas3eepmvieaHuu.

Takum o6pasoM, Mbl NOJIYYHJIH TOYHYIO U CTPOTYIO peanu3aunuio
3TOH abCoJIOTHON TIeoMeTpHYeCcKpH BapHaluy,

MEbl 3HaeM Teneps B CTPOroil U TouyHOH GOPMYJIHPOBKe, YTO 3HA-
YUT IlepeHecTH BEKTOP N0 NPHUHIHUIY 3KBUMOJEHTHOCTH BJOJb 3aJlaH-
HOTO NYTH.

7R nl\ MLYITALIEIN Mo nmnﬁnau}nuua 1 MHAAFTMITYSS DALAIIIAANO ADEF T
I WUe IIUIIJ MViInUL Uluupam\—nn\, n \-Ulll-’n.l\ L2 T AV 10 LWL O, ] \-Dl\i’l

10BO nMpocTpaHcTBo. [JokaxkeM, 9To nonyquHoe passep'rbmaune B
KaXKa0# TOYKe JIMHHH 00Janaer cBOHCTBAMH CONPHKACAIOLIEroCcs eB-
KJHA0Ba NMPOCTPAHCTBA, T. €. YTO NOJNYYEHHLIH eBKIHJOB JIMHEHHHIH
3JIEMEHT C NEepPEeMEeHHBIMH 4 HMeeT BJIOJIb JIHHHH KOXpOHUKeHTH g,
"M HX YacTHbie NPOM3BOAHBLIE NEePBOrO NOPSAKA COBNAAIOLHMH 10
CBOMM YHCJOBLIM 3HAYEHHSIM C YHCJOBBIMH 3HAYeHHAMHU KO3(pHim-
€HTOB H HMX NepBbiX MPOH3BOJHBIX 3aJaHHOrC JIHHEHHOro 3JEeMeHTa.

PaccMoTrpuM GoJsiee BHHMATebHO ofiepauyio pasBepThIBAHUSA HA
€BKJIHIOBO TNPOCTPAHCTBO. Dyzem npeamosarate jJs INPOCTOTHI
n = 3 ", He orpaHHyuBas OOMIHOCTH, NMPHUMEM, YTO JIMHHS oNpefe-
Jifiercst ypaBHeHUsMH yu! = (; u?= 0,

PasBepTHiBaHHE HA eBKJHIOBO NPOCTPAHCTBO HaM Zaer B q)yHK-

—b_, — —i’

uuax oT u® Touky M’ W BekTOpHl €, €, €3 B CHAY ypaBHeHHn
(14.1) M1 nmoayyum

am’

du® €
L (14. 2)
de’O k ’ N -
G L

Tenepn onpeneasem B GyHKUUAX oT ub, u?, u® Touky P eBK/ujgoba
MPOCTPAHCTBA C HAYAJBHBLIMU YCJAOBHSIMH: A8 ul= u?= 0

P=M,
D —, a_* — .
2::1 = &1, : c‘ruI: =€ _
) (14.3)
0P ~7 P * o
@y (T, :)* x> 9u (L 9.)* ks
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= ([ * e,

rae (I'?)* — 3nagennst sTHX KosdduuuentoB ans u', u®= 0.

H YCJIOBHdA, O4€BHIHO, COBMECTHBI, JOCTaTO4YHO, HAIpUMep, NpH-
HATH

P = M4 wé) 4 uie; + (@) (T4)* € +

— 1 —,
+ ulw? (0)%)* e, + - (u?)? (I‘sakz)* e:.

B 3t10i opMy.Jie eBKJIUI0BO NPOCTP AHCTBO OTHECEHO K CHCTEME KPHUBO-
JHHEeHHBIX Koopauuar u!, u? u®. Hdas u' = u?=0HarypansHulil pe-
nep, NPUCOeAHHEHHBIH K TouKe P (KoTopas Tellepb COBIANaeT C TOY-

o dP
Ko M), onpenesisieTcst BeKTOpaMH —» KOTOpbie COBII21aloT Terepk
i

—_, —>, >,

C €, €, €3 Ko3phUIUeHTaMU JIMHEHHOro 3/eMeHTa ds® B eBKJH-
JOBOM IPOCTPAHCTBE OYAYT KOI(MHUIHEHTH! g;; JUHEHHOrO 3JIEMEHTa,
33JaHHOT0 B PHMAHOBOM IIpocTpaHcTBe. UTo Kacaercsi Jioboro H3
Kos(puiuenToB I'*; eBKAMAOBA TPOCTPAHCTBA, TO OH MOJYYHTCS,

— s 2

ec/li CPaBHHTb KO3(P(PHIMEHTH NPH €; B BblPAXKEHHH

- . Ec-
dutdu’
JiM ykasaredu [ U j ofa He paBubl 3, T0 B cuiy (14.3) HaxoauM caMu
Kos(ppunMenTH I pUMaHOBa NPOCTPAHCTBA; eCJiM YKa3aTedhb [ He PaBEH
3, a j pased 3, To ansa u'=u?=0 B cuay ypaBHeHuH (14.2) nmeem

(aZﬁ)w_ d [ 9B de re
duloud/,  dud \ out )0 dud L3k

H TO e 3akmodeHHe. Ecnan, Hakoxenu, i= j = 3, T0O

il

2P de; .
[ap]: 3:F3k3eka
@ud)? |y dud
¥ 3aKJI0yeHHe IMO-IpexXHEMY HMeeT Mecto. TeopeMa Jo0KasaHa.
MBI BUAUM, YTO onpedeserue esKaudosa npocrmpancmen conpaxce-
Hus 80046 OQHHOL AuHUW He mpebyem UHRMEeZPUPOBAHUS, ECAL BbING.1-
HEHO pAa36epmblBaHUe AUHUU HA e8KAud080 npPOCIPAHCITEO.
CJlefcTBHSI 3TOH TeopeMbl UCKJIOYUTEJHLHO MHOTOUHCJIEHHB! H
BaxKHHBL. [Tpex;ie Bcero, Habawodamens, KOMopsill nepemewiaenics moibs-
KO 60046 300QHHOL AURUU U 02PAHUYUBAETICA USMEPEHUAMI 8 HeNno-
CPeOCMBERHOL OKDECTIHOCMU 3MOLl AUHUU, HE UMeen GO3MOXNCHOCMU
3aMemuime, 4/mo OH He HAX00umcs 8 e8KAUG0B0M NPOCMpPAHCMEE,

ecau npenebpeeaem GECKOHEUHO MAbIMU NOPAOKA Bblle Nepeozo.
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Ipyroe BaxHoe cJ/ e CTBHeE eCJd PACCMATPUBATL B PH-
MaHOBOM IIPOCTpPaHCTBe AYry JUHUH, OecKoHeuHo OJH3KOH K 3a-
nanHo#t ampuH (C), To dauna Oyeu amotl suruu, 6y0b oHA usmepena
MEMpUKOl pumMQAHO8A NPOCMIPAHCMEA UAU C NOMOUIO e8KAUO08OU
mempuru conpascenus 800ap aunuu (C),— o0na u ma xce, ¢ mouno- -
cmoi0 00 GeCKOHEUHO MQAbIX BMOPO2O0 NOPAOKA *.

IekicTauTesibHO, B OecKOHeuHO Ojau3kKod Touke oT JunHEE (O)
KO3(HUIHEHTE 3aJaHHOTO JIMHEHHOrO 3JeMEeHTa ¥ JUHEHHOro 3Je-
MEHTa €BKJ/MAOBA MPOCTPAHCTBA CONPAKEHHSI PaBHBI C TOYHOCTBHIO
Jo GeCKOHeYHO MaJjhlX BTOporo mopsigka. Omobpasicenue pumanosa
NPOCIMPAHCITBA HA e8KAUO080 NPOCMPAHCMEO CONPANCEHUS CoXpa-
HAem, cAe008aMeNbHO, PACCMOAHUSR, USMEPEHHbIe 8 OKPEeCHOCMY OaH -
HOU AUHUU.

77. Teonesnueckue Jauuuu. [lapaaseabHbie NOBEPXHOCTH,
Korza passepTHIBaIOT AKHKIO HA €BKAH0BO IPOCTPAHCTRO, Pa3BePHY-
Tas JIMHKA B KAXKJOA TOYKe MMECT Ty 3Ke KPHBH3HY ¥ TO 3Ke KpyUeHHe,
4TO H 33JlaHHAast KPUBAs, NOTOMY YTO B Pa3BepThIBAHUM aGCOJIOTHAIH
Auddepennuan BEKTOPa, HAa4yalo KOTOPOrO ONUCHIBAET KpPHBYIO,
CTAHOBHTCH OOBIYHOH reOMeTPHYeCKOH BapHamuefl 3TOro BeKTOpA.

O6o0wenneie GopMyasl DpeHe B eBKJIHIOBOM IPOCTPAHCTBE COMNP -
EHHHA CTAHOBATCSH obbitHbimu GopMmynamn dpene:

dT
ds

= 4N 1 = -
N, N _ 1y, 1R
ds 5 -

L
¢

KpHBasi ¢ HyJieBHM Kpyu€HHeM pa3BepTHIBACTCSH, CJEJOBATEJbHO,
B IJIOCKYIO JIHHHIO, JIMHHUA C HYJIEBOH KPHBU3HOH — B MPAMYIO.

[Ipamvie (ceo0e3uveckue) pumarosa npocmpancmea Oyoym AUHUA-
mu, Komopoe passepmoisaromcs 8 npsamvie. OTCIOfa HEMENJIEHHO CJle-
ll“,"eT BKBKEaJ!e‘HTHQCTb HngbIX (l‘eﬂﬂpQ“UD{'qu\ AWK MMLI OIInafng.

W el XL A\—\olllxla, [ ARBin  LIVE LFL Ullt} L

JISJIK, C Te0JIe3HUeCKHMH Mo onpenenenuio PuMana.
- HeitcTeutenibHo, ecau JauHus (C) pa3BepTHIBAETCA B INPSAMYIO
H MBI MPOBEJEM B PHUMAHOBOM INpPOCTpaHECTBe GECKOHEYHO OJIH3KYIO

AuHH (C'), BEIXOMALLYIO H3 3a1aHHON TOYKH A H OKAHYKBAIOULYIOCHA
B 3ajanHoil Touke B junuu (C), To o6pas — AuHus 6 esKAudosom
npocmpancmee conpaxcenus Gyaer HMeTb Ty ke AJuHY, uTo H (C')

C TOUHOCTLIO J0 OeCKOHEYHO MajiblX BTOPOTO nopsjpka. Mexny TeM

* Hapmo npeanonoXuth, 4To e AYTH JHAHH COOTBETCTBYIOT CBOHMH TOYKAaMu

TaK, 4T0 B ABYX COOTBETCTBYIOMIMX Toukax HanpaBJjeHHs KacaTelbHHIX 3JeMEHTOs
6eckOHeYHO OJIH3KH.
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n AR T TADRAM CTDAHCTEBE JUHHYA __ nAAn wvnuonnix (7%
B 3TOM ¢EBKJKIOBOM ul.ruu panlTbc Jdnhsnan Uuyuo mpnnln (U j

NpoucCTeKaeT X3 BapHAanUH CerMeHTa IpsMoH, CJeJ0BaTejqbHO, ee
AJIHHA, C TOYHOCTBHIO J0 OeCKOHEYHO MaJibiX BTOPOro mopspka, —
ma oice, 4TO ¥ CErMeHTa NpAMOH. 3HAYHT, B PHMAHOBOM NIPOCTPAHCTBE
nepsasi Bapuauus LJUHBE CeIMeHTa NPSMOK (reojesnueckonn) Toxzae-
CTBEHHO paBHa HYJIIO, U «npsaMasn» (reofe3nyeckas) peajHsayer KCT-
peMyM pacCTOSHHs, COTJIACHO KJacCHUECKOMy onpejenenunio PuMana.

Orciofia fpyroe cJeACTBHe; €CJH PAcCMATPUBATL AYry IeofesH-
yecko# AB u JAyry OGeckoneuHo O6Jauskoit reopesmueckoit A'B’,
TO, KaK U 8 e8KAU0080M NPOCMPAHCMEe, ¢ TOUHOCTBIO 10 GECKOHETHO
MaJblX BTOPOro mnopsijKa |

/N N
ayra A’B’—nyra AB=—AA’cos (AB, AA')—BB’cos(BA, BB').

B yacTrocTH, oTkjajbiBasg M3 TOUKM A Ha pasTHYHBIX reofesHye-
 CKHX, BBIXOAfIIMX M3 TOYKH A, NOCTOSHHYIO JJMHY R, mOjyuHM
B KayecTBe reoMert pBRUYECKOTro MeCT4a KOHIIOB HeKOTOPyIO IlOBerHOCTb,
aHaJIOTHYHYIO cdepe: naockull semedm, rKacameapHolll & smod no-
gepxrocmu 6 moyke M, Hopmasen K 2eolesduteckoit, Gvixodsueld u3
A u oxanuusarowetica 6 mouxe M. To xe Oyner, ecjim ML IpoBefeM
H3 A TOJILKO CceMeHCTBO reoje3dyecKux, NOPOKAAIOIIUX INOBEpX-
HOCTBb: €c/id OTJIONKUTD Ha KaxKJoM M3 HHX INOCTOAHHYIO MJIHHY,
TO TEOMETPHYECKOE MeCTO KOHIOB o0pasyeT JIMHHIO; JHHEHHLIHA
3JIEMEeHT, KacaTeqibHHl K 3TOH JMHHH B IIPOM3BOJLHON Touke M,
HOpPMAaJIeH K reoje3nyeckoif, BeIxoasues u3 A ¥ Konyawoweiica 8 M.

Hpyroe cneacreue — o6oflieHHe CBOHCTBA nNAPAAAEABHBIX NO-
sepxHocmeyf. Ecqid B pa3qHUHBIX TOYKAX NOBEPXHOCTH IOCTPOHTh
HOPMAaJIbHbIE Teofie3uYecKHe U Ha KaXKjo# reoyesuyeckoil oTJ0XKHTD
NOCTOAHHYIO JJIKHY, TO FeOMeTpHYeCKOe MEeCTO IOJIYYEHHBIX TAaKHM
ofpazoM Toyek GyJieT MOBeDXHOCTbIO, KOTOPasi B KaXKIOH M3 CBOMX
TOYEK HOpMaJbHA K COOTBeTCTBYylolle#d reopesudeckoil. Otciona cue-
AyeT, YTO, €C/y JBynapaMeTpHueckoe CEMEHCTBO I'e0jle3HIeCKHX HOp-
MaJbHO K HEKOTOPON NOBEPXHOCTH, TO OHO HOPMAanbHO K GeCKoHeu-
HOMY MHOXKECTBY NoOBepXHocTel. ]

78. F'eone3nuecKas JUHHS HA NOBEPXHOCTH. TO, UTO MEI fles1aiK
ISt JUHEKH BooOlle, HEeNb3sl CAENATh JJisi MOBEPXHOCTH: 8000uUie 20-
6opa, He cyuecmeyem esKAu006a NPOCIMPAHCMEA CONPANCeHus 80016
nogepxtocmuy. TIpuusHa oueHb npocras: BOOOUIe HeJNb3sl pa3BepHYTh
NOBEPXHOCThL Ha €BKJIMAOBO ilpULldeLTBG. TeM He MeHee, écau paa'-
8epMbIBARUE HA e6KAUOOBO NPOCMPANCITEO BOSMONCHO, MO CYlyecmayen
e6KAUO080 NPOCMPAHCMBO CONPANCEHUR 60046 NOBEPXHOCIIU.

OTMeTHM MocJiefHee NPHIOKEHHE NOHATHA €BKANJOBA IPOCTPaH-
cTBa compsiKenust, BoabMeM B TpexMepHOM PHMAHOBOM NpPOCTpPAaRH-
cTBe noBepXHOCTh (S) u eeodesuueckyra (C) amoil nosepxHocmu, T. e.
JIMHHIO, KOTOpasi OCYLIECTB/IsieT MHHHMYM DacCTOSHHSL HA nosepx-
Hocmu. B eBKJIMJOBOM TNIPOCTPAHCTBE COIPSKEHHS BAOJDL JIMHHH
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(C) sra nunua (C) uMeer CTAlKOHAPHYIO AJIMHY OTHOCHTEAbHO BCEX
JUHHN, NPOBEIEHHBIX HA TOBEPXHOCTH ¥ UMEIOIIKX CBOH KOHIIBI B ABY X

SQOMAULIY TNTTKAY MU IP\' CITATNARATANLIIN R CUNYV WTACCUTLCWNATH
CQAGRIDIN LVIINGA VAN (W] WWiICAWVDOG LI WWWIDnW)y D Wivd Yy Oeiduvuiavenvl v

CBOHCTBA I'eO/IE3MYECKUX NOBEPXHOCTH B €BKJIHJOBOM NMPOCTPAHCTRE,
compHKacaascs naockoctb B Jobolt Touke anuHH (C) HopManb-
Ha K NOBEPXHOCTH. Imo Cgoiicmeso, BEPHOE A €BKJIHJIOBA MPOCTPaK-
CTBa CONpPSIKEHHUs, Oydem 6epHO U 8 PUMAHOBOM NPOCMPANCMEe.



B. KPUBU3HA U KPYUYEHUE NNPOCTPAHCTBA

I'/TABA XV

- AR F

MPOCTPAHCTBO EBKJI MJIOBOHU CBA3HOCTH

79. OnpenencHue popM @; no 3ajaHubiM hopmam o’. B 0. 66
MBI IIOCTABHJIX 3aJ]a4y OnpejesieHusl CBA3HOCTH pHMAaHOBA INPOCT-
PaHCTBA M HaMeTHJH P NyTed, KoTopHle BeXyT K 3Toi nenu. Ilpex-
Jie BCEro BBISICHHJIOCh, UTO 3Ta 3ajaya 3KBUBAJEHTHA MNpobJeme
abco/10THOTO AuGdhepeHIHpOBAHHS BEKTOPOB X 3aBUCHT OT BhIGOpa
KOoa(hHIIHEHTOR I’Jk, KOTOpble WHOTrJA HAa3hIBalOTCH OOBLEKTOM CBA3-
HOCTH, HJH ¢OpM @/, UTO OJHO M TO XKe.

Mer IIUPOKO HCIOJAb30BAaJH MOHSITHE CONPUKACAIOIIEHCsi B TOYKE
eBKJIMI0OBOH METPHUKH M TNOJIYUHJH PSAJ reoMeTPpUYeCKUX pes3yJ/bTa-
TOB. |

Tenepp MbBl XOTHM HCC/ENOBaTh, B Kakoil Mepe nHeo6XOAHM 3TOT
MOCTYJIAT O TlepeHEeCeHUU CBA3HOCTH CONMPHKACAOMIEHCST METPHKH Ha
pHMaHOBO IPOCTPAHCTBO.

Uto6nl He oC/IOKHATH BOMpoc BHIGOPOM peliepa, OynieM IpEANo-
JaraTh, YTO K KaxJoH ToOuKe PHMAHOBA IPOCTPAHCTBA NPHCOEJHHEH
OPTOHOPMHPOBAHHBIA pemep.

Mu! Bugens (m. 64), YTO AOCTaTOYHO IPHBECTH MOJOKUTENLHO
ONpeleyIeHHY1I0 KBajpaTHuHyl0 (opMy K CymMMe KBajpaToB, 4TO
BCerjla BO3MOXKHO,

$t = (1) 4 ()2 4 ..+ (072, . (15. 1)

4TOOBl KOMITOHEHTHI ' ONpPEeJHIN OPTOHOPMHPOBAHHBIA perep.
Dyayr nr npu sTom omnpepenaTbca (QOpMbI /P

Mel  Bupesad, yTO B eBKJHJOBOM IpPOCTPAHCTBE (POPMBI m‘ ®}
YROBJIETBOPAIOT ypaBHeHusMm cTpyKTyph (II) n. 26.

doi = [wkw} ], (1)
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, .
d‘l’i! = [w; w!k] (Hz)
¥, KOHEYHO, YCJIOBHIO OPTOHOPMHDPOBAHHOCTH

o = — . (15.2)

Ycaoene (15.2) BhiteKaer u3 Hamero BhIfOpa OPTOHOPMHPOBAH-
Horo penepa. Octatorcst apa ypasuenust (I11), (II2). Ecau onu o6a
YIOBJIETBOPEHE], TO NPOCTPAHCTBO €BK/XI0BO. YpaBuenue (Ilo)
COBCEM He COJIePXKHT (POpM of, a MeXIy TeM 3TH (OpMbl Telephb onpe-
pensiior JguHelHblll saeMeHt (15.1). EcTecTBeHHO, CIEAOBATENBHO,
HCKaTh (OPMHE ©, YAOBJETBOPSIOIIHE CHCTEME (III) (15.2).

, n{n--1})
Teopewma. Ecau Oanst popmbt &, mo MOxcHO Haumu a

dopm o}, ydosremsopsowux ypasrenuan (11,), (15.2), u makoe pe-

wierue 6ydem eQUHCMBEHHLIM.
ByzneMm npeanosararb, 4To C KaxkJo# TOYKOH NMPOCTPAHCTBA CBfi-

3aH TOJIbKO OJIMH pemep; CJeJ0BarejibHO, (POPMEI ®f JHHEHHO 3aBH-
CAT 0T ¢opM ®*:
;

of = 1ot (15. 3)

Hano nafity koaddunuents 7/, Tak, 4To6bl YIOBIETBOPUTEL CHCTe-
Me (II1), (15.2).

JluddepeHuupya BHEIHHM 00pa3oM 3afaHHyI0 HaM ¢opMmy @,
NOJYYMM BHEWIHIOI KBAaJpPaTHUHYIO (OPMY OTHOCHTE/IbHO GasHCHEIX
dop™ w* B BHAe *

dwéi = Cf}'k] [u)fu)k],

el = i — chy. (15. 4)
Torna ypasnenne (111) npumer pug
Cljm [0/ 0] = [0kt 1. (15. 5)

Buocs B ypasuenuns (15.5), (15.2) Boipaxenue (15.3) u cpaBHuBas
KOS(pULHEHTE NPH HE3ABHCHMBIX TIPOH3BENCHHSAX [w/0f], mosyynm

Cliky == Yik — ki (15. 6)

0= 7ie + 1h (15. 7)
Ypasuenus (15.6) u (15.7) onpepensor v/, eIHHCTBEHHBIM 06pPa3oM,

* 3pech u fajee npH albTepHHPOBAHHBIX KO3(PHLUKEHTAX ¢ j Ipeanosaraer-

cA, 4YTO CYMMHPOBaHHE HAET N0 COYETAHHAM:;

oy 170k [= 37 e[0Tt

(7.8)

Ir
Lire
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HEQCTBHTEJIBHO coBepuiafg jaBa pasa KDVFOBVEO NI€PECTAHOBKY

nHaeKcoB i, j, £ B ypaBrenHu (15. 6) H HCNOMBb3Ys COOTHOMIEHHE
(15.7), nonyumMm -

L R
Je T |ifs
]

—
i

o
LRl —

('5

f = Tht + Tits

k

o= 1l + kao

CknapbiBasi /jBa NepBHIX yPaBHEHWS ¥ BbIUHTAS TpeTbe, TNOJYYHM

&g + g — -
Y= “kf“f;” il (15. 8)

-80. TpeGopanue HHBAPHAHTHOCTH AHHeAHOTO 3nemenTa. [TycTs
Tellepb KBafipaTHyHas ¢opMa ds? passomeHa Ha KBajjpaThl Haubosee

nin—
ofuM criocoboMm, T. €. ¢ -—1—2——) IPOX3BOJILHEIMH NapaMeTpamu

n{n—1)
o, O ..., 0 2

N0 YHCAY GopM ], HE3ABHCHMBIX NPH HAJHYHK cooTHOLIeHuH (15.2).
CJI0XKHOCTb NMPOGJIEMEl 3aBHCHT OT TOro, 4To (JOPMHI &, XOTSl H JIM-
HeHHbl OTHOCHTENILHO dul, . . ., du”, HO KO3(pdHLHEHTH MOryT 3a-
sucerb oT ! u v*. CiefoBaTenbHo, NpH BHeuHeM Auddepeniiupo-
BaHuy BOHAYT H dv*. Ilo ycyioBHIO nHHEHHHH 3/M1€MEHT

# = () + @+ oo (@)

He 3aBHCHT oT v*. BripasuM 310 TpeGoBaHnue.

dot = [0k ], - (15.9)

HAH B OGHJIHHEHHOM BHJE

~—

a {dy — k/,n “ 2\

f;a.\l. . { —_— _— FERY \ 1

{
A

A
G

7

| -
/

Honycrum, uto cuMBoJ AuddepeHnupoBanusa d COOTBETCTBYET JRHUp-
¢$epeHuypoOBaHHIO 10 TiIepEMEHHEIM «f, a CHMBOJ 6 — N0 napamer-

naMv o, Tnl‘na o veno

paM 10 YCAOBHIO

wf (3) = 0.
O6o3naunM, Kpome TOrO,
126



—~

mi (8) = ef:e , " wh(d) = o
Torpa pasenctBo (15.10) mpuMer Bup
dof = — el .

Bepem npoussoaHyio no napaMerpy v* or ds*

3 (ds?) = 2 E oRdwi = — Qeywivk.

CorsacHo ycaoBHio d(ds®) = 0; cJaepoBaresbHo,

epwiof = (.

T Iz R -V Oy Y -

3HauuT, IipH BCAKOM BblOOpE POPM @™ I[IpH CyMMHpOBaHHHK 1o Coye-
TaHHSM ©'0¢, @@/ BCe KOIXDULHUEATH PaBHBI HYJIO

e; =0, e+ e ="0.
ITO NOKAasbiBaeT, YTO IpH HEH3MEHHKIX 1t uMeeM
i s ~i o
W] (b) + o (0) =0,

-

H, CJeJOBATEJIbHO, NMpPU AI060M HM3MEHEHHH BTOPHYHLIX MapaMeTpoB
3Ta cyMMa GyIeT 3aBHCETh TOJIbKO OT Audxbepennuanon dut, du?, . . .,
du, T. e. or dopm . HUrak,

ol (d) + o} (d) = alyot,
aly = al. (15. 11)

bynem Tenepb uckarb Qopmbl m{ B BHAE CyMMbl pOpM co;, KOTopble

MOT'YT 3aBUCETb OT dv*, H JHHeHHOH KOMOMEANHH (GopM 0!

ol = o + h{kmk, (15. 12)

R —— [y

rp¢ HEW3BECTHBIMH OYAyT nuapq.vﬁii Thl A/ e
Ypapuenue (15.2) naer renepb

I
>

7

of 4wl + (e + 1) of

HaH B cuay (15.11)
(@ + My + K)ok =0, (15. 13)
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&, + M, + M, = 0. (15. 14)

Pasnocts ypaBhennit (I111) u (15.9) naer

[mk’ U)i = mfﬁ ] = Ov

und B cuay (15.12)

;‘ih (wkw?) =0, T. e. 2 ()‘im — ‘Aik) [wkwh] == 0

(k, h)
M TPH He3aBHCHMHIX dopMax [ofw’]
M, — M, =0. (15. 15)

BrimosiHsAs KPYTOBYIO 3aMeHy yKaszareJeii i, j, £ B paseHctse (15.14),
NOJyUHM

@+ M + 2% =0,
a’f;+)‘?f+)‘£f=0’ | (15. 16)
ai’.;‘ + )‘iej T l?f = 0.

Briyurasi U3 Noc/eflHero ypaBHEHUs CYMMY JByX IepBbIX H IOJb-
3yack (15.15), monyyum

i i k
. Qi — A — 4
M, = 5 . (15. 17)

3meck B cuay (15.11) xoadduuuents a;/p CUMMETpHYHEI OTHOCH-
TeJbHO yKasaTesef i, j, 4T0o BIpoyeM BHAHO ¥ M3 ypaBHenud (15.16).
Pemwenne (15.17) ynoraersopsier cucreme (15.14), (15.15). Hrax,
ypaBuenusM (15.1), (15.2) Bcerpa MOXKHO YIOBJETBOPUThL. TeopeMma

AT AN TY N

AOKd3dHd.

81. AKCHOMbBI 9KBHIMOJEHTHOCTH BeKTOpPOB, Dyjer au pasniuy-
HEIM P 43/10KeHUsAM ds® Ha CyMMy KBaJparoB COOTBETCTBOBATH OJHO M

TO ke abcoyioTHoe puddepennupoBanue DX={d X!+ X Eop)e;? Mul
BHJIeJH, YTO BCAKOMY Pa3JIOKEHHIO IHHEHHOrO 3/1eMeHTa ds? Ha cyMMy
KBaZpaToB, T. €. 3a/laHUIO JIMHEHHOTO a/1eMeHTa U BEIGOPY OpTOrOHa  b-
HOrO pemnepa, COOTBETCTBYeT BIIOJIHE ONpEREJIeHHAs CBA3HOCTh,
3ajaBaeMasi KOMNQHEHTAMH CBSI3HOCTH @), 3TH KOMIIOHEHTH, H
TOJILKO OHH, YJAOBJETBOPSIOT NEPBOH rpyiie ypaBHEHHH CTPYKTYDPHI
(II1). ITockosibKy CBSI3HOCTB, yCTAHABJIHBaeMasi CONpPHKACAIOUIEMCA
eBKJUJ0BLIM TIPOCTPAHCTBOM, TOMKE BIOJIHE oOnpejeseHa ¢ TOYHO-
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TR0 J0 1peolp HHSL KOOPJAMHATHLIX JAHHHA, H . KOMIIOHEHTH!
3TOfl CBSI3HOCTH YJOBJeTBOpAiOT ypasHeHusM (IIi), To, abe cBsi3HO-

CTH COBIIALAIOT.

Mul TOABKO NOKA3a/H, YTO 374 CBA3HOCTh MOXKeT OuITh 1oJiyueHa
pewennem cucreMbt (I111), (15.2). Uro6ut o6o0muTh MOHATHE SKBH-
NIOJIEHTHOCTH BEKTOpa, HAZ0 HATH APYTHM IyTEM.

[lycrb 3apanb pBe 6ecKoneyHo Osauskue touku M u N; ycraso-
BUM MexX]y BEKTOpaMHu B Touke M ¥ B Touke N COOTBETCTBHE 9K4u-

noseimuocmu (napajieausMm Jlesn-Uusura) chaepyiolUMH NATHIO
TpeOOBAHUAMH:

a—pn — —
1°. . Ecau gexmop X' sxsunosernmen eexmopy X, mo mX axeuno-

nrermen mX', ede m — npoustosbHLIL CKAAAP.
210 H caelylolie TpeGOBAHUA MOMKHO 3allMcaTh B Buje (opMmy.:

1°. ecan X=~X’, 10 mX ~mX’, _
| 2°. ecJm f::f’, ?2:?’, TO _)Z —]—_? z_f’ %ﬂf’,
3°. ecan X=~X’, 10 X*= (-).(')2,

T. €. IKBUNOAEHITHbIE BEKMOpbl UMEION pABHbIE OAUHbL,

4°. ecou X =~ X', mo COOMBeMCMBYIOUUe KOMNONEHMbL BEKMO-
08 OeckoHedno manro omaudaiomcs Opye om Opyea.
J Py
5°. ¥YciaoBue OyleT RaHO HHKe.
y —_

Ycnosust 1° u 2° nokasbiBaioT, 4To BekTopbl X # X' CBfi3aHbI
JIHHEHHON 3aBUCHMOCTBIO

XV = a‘,‘a Xk,

B cuay ycaoBHA 47 3TOMYy paBeHCTBY MOXKHO IPHIATH BHJ,
XV =X+ ol Xk, (15. 18)

rme ®, — GeCKOHeYHO MaJbie.
Tenepb BBOAMM MNOCJEAHEe NATOE YCJOBHE.
. Komnonenmst o auneits omuocumeasbro Judpepernyuanros
HE3ABUCUMBLX NEPEMEHHBIX.
chosne 3° NOKA3bIBAET PABEHCTBO CYMM KBAJIPaTOB KOMIIOHEH-

Y=Y
¥ -

to

W
=
ol

9 3akas 533 129



BHocsi ciopa Buipaxenue (15.18) u nosb3ysice 3akoHoOM ZUCTPHEY-
THBHOCTH, TOJYYUM

er:wr_z X4 of Xk = V{_xt) +
H

Z ol XEXi 4 E(m; Xrye,
i, b

i

i

Cokpamasi nepebie uieHb ¥ (Xi)2 B orTépachiBas MOCJCHHHH (KakK
p p

GeCKOHEYHO MaJblf BToporo nopﬂ,uKa) no.nyqaeM

Wi XiXt =0
i T 7
ik

MJH, CYMMHDYS II0° COYETAHUAM,

Yo (X2 Yl 4 of) XIXE =0,
: (Z,8)

OTKYAa B CHJly NPOHM3BOJIbHOCTH BeKTopa X' cienyer

0, =0, oftaf=0 (15. 19y
Orciopa, ecau
X' =X+ dX,
Ty,
. dX! = ol XE,
HJTH
dX!+ wi Xk =0, . (15, 29)

10 Ta XKe MO BHEIMHOCTH GOPMyJIa, YTO H PAHbLIE, HO TEMePh BCe

® {—~ TIPOM3BOJIbHBIE .KOCOCHMMETPHYHEIE JUHEHHbIE POpMbL.
Orciola 3aK/n0YeHHE COOTBETCTBHE SKBHIIOJIEHTHOCTH

P ek o Vel ot fulagsyarlel P Y. 7. Y Gy e 4 T VY. PR S | o o 2k

CIPEACHAACTCH  NIPOUSBOAOHOU KOG ummempwzriud Cuciriemou Qopm
. _

82. [lpocTpancTBO €BKAUAOBOH CBA3HOCTH. IlycTh Temeps 3a-
AdaHa olipefic/IeHHanA 3KBHIIOJE€HTHOCTL, T. €. AdH 3aKOH COOTBETCTBH A
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BEKTOPOB B Toyke M H B cocepel Touke N; 'ror,u,a CKanApHEIE MPOH3-
BEJieHAs1 BEKTOPOB COXPausioTCA

Y.V . Y/, .V’
Fa B = Ia |
B camoMm pene, B cuny 1° u 2°
WV LTV w2 o w2ve2 | 9wV VY.
\A i ’\l) '—""A ""\ A . | F-TLV L W Y

HG B cHay 3°

Otcioga

x 'Y : x, 'Y,.'

Hs COXPaHEHHS CKaJsPHOTO NPOH3BEJEHHS (4 coxpaHenus mMopyJeit
BEKTOPOB) CJelyeT COXpaHeHHe yr.noa Mex(,ny coo*raerc'rayfomnmn
BEKTOp aMH. T

QanmaTav  TUTn ML MOWe
wr L =

\.J“l"l\i a ILJ.'.L A AAF &¥A LA 4¥A AL%'

HOCHTEJBHO penepa B Touke M NocpeicTBOM KOMNOHEHT CMelleHHus
. Ecau ¢uKCHpoBaTh 3aKOH 3KBHIOJIEHTHOCTH, MB MOXKEM Hpej-
CTABUTb B OJJHOM H TOM K€ EBKJIHJOBOM IpPOCTPaHCTBE TOYKY M,
TOUKY N K BEKTODHI, BelxoasiHe U3 Touek M n A u JBa «9KBHNO-
JIEHTHBIX» BEKTOPA CTAHOBATCA O0elCmeuUmessHO IK8UNOACHMHLIMIL
(napasyielbHEIMH) B 3TOM €BKJIHIOBOM INIPOCTPAHCTBE.

TaguM 06pa3oM, Mpl ONpeAesHIIH e8KAud08Yy C8A3HOCMb B «0606-
(eHHOM IIPOCTPAHCTBE», T. €. Mbl CBSi3aJIH, KAK B €BKJIHJIOBOM NpoO-
CTPAHCTBE, OKPECTHOCTH [BYX HHtpHHHTeanmaJleo OGnu3KHX TOoueK
M u N. [Lns npousBosbHeX Touek M H N 910, BoOGiE roBops, He-
BO3MOXHO, OJIHAKO, JiBe He 6eCKOHeuHo OJU3KHe Toukd A # B MoX-
HO CBA3aTh onpedeieHHoim niyteM AB.. - .. -

Torpa Mbl MO3KeM NpeJCTABUTL QKPECTHOCTh TOUKH M1, nmpxmn-
Te3UMaJIbHO 6au3kof K Touke A na quaHd AR, 3atem nepedTH ot
M; K M, u T. 1. iar 3a IaroM TeM K€ caMbiM. criocoboM (csexyer
3aMeTHTb, YTO IIOJy4aeMOe COOTBETCTBHE 3ABHUCHT OT Bbrﬁpannoro
NyTH AB)

Kak xe 3¢¢oex'rnauo BbIHOJIHﬂeTCH nepexon K npezaeny?

Q92 Dornmumnann NArTRaAaIMATDA Sanaawwaeaa | lagame TOYKa
OJ, LDAJANAVDY I'PU\-I lJal'l\'lDU \.Ullt.!llll\Cﬂl’ln. Al)‘\.ln 11U na P,

npejcTaBaAloWan TeKylyto Touky M ayru:AB, nBuraercs B eBKJIH-
JOBOM TIPOCTpAaHCTBe Tio Ayre of, kotopas TpEeACTaBJsIeT JHHUIO AB.
I/IMeeM AT perepa B TOYKe P GopMyJInl

nue Touk® N ort-
kN AWSTRLAN

nnnpnnn TR OO
AR, ARZL A ¥

(2]
A VA a \-Il'l h A LS EANSVANXAAWSLA

—a-m l—" 2. ff B *
dp = o'i, -1—401 iy + + o, (15. 21)
diiz (Df'ik. |
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Ecsau Touka M onuchBaer ayry AB Tak, 4TO KOOpJHHATH ee TpeA-
CTaBJeHbl HenpephBHO JHbdepeHuupyeMbM (knacca CY) QpyHKIHA-
MH napamerpa f, TO

(15. 22)

MpoBa IYHHB pi, p} — BrOMHE onpe-
JeseHHEle (DYHKIHH He3aBHCHMOro MepeMenHoro {. Brocsi 3TH 3Ha-
BreHus (15.21), nonyyaem cucremy Koy

BeJIHYMHEI p*

=2 L2 FI¥ b B Al i bd

£
(D
=
=
=0
v~}
~
=]
o

R DU '}kik’
dt ’ ‘ .
(15. 23)
dii . k'i"
dt i —ki )

M MBl NIPHXOIMM HOCJIe HHTEIPUPOBAHUS K e6KAu008Y NPOCMPAHCHBY
conpscerus edoae aunuu (0. 79).

BriGpar onpenesieHHyl0 €BKJIHAOBY CBASHOCTb, MBI MOMEM pac-
TIPGCTPAHHTh Ha Hee TEH3ODHEH aHauu3, omnpepensist aGCOMOTHBIH
nufpepennuan BekTopa GopMyJsIaMH IS KOHTPABApHAHTHOrO H KO-
BADHAHTHOTO BEKTOPOB (B OPTOHOPMHPOBAHHOM pelrepe OHH CoBna-
Jia1oT)

DX = dX! 4 Xtal, |

DX, = dX, — Xyt . | (15.24)

'84. AGcomoTHbil BHenHuA 1nddepennan. Haubosee BaxXHHIH
MOMEHT IIPENCTABRJIseT paclpocTpaHeHue Ha NPOCTPAHCTBO €BKAUMO~
BOH CBSI3HOCTH MOHSTHE abCoJIOTHOrO BHEWHEro nudxpepeHnupoBa-
uua pudepepeHIHAAbHBIX GOPM.

- B 0606L1eHHOM IPOCTPAHCTBE HEJNB3A CKIaJbIBaTh BEKTOPHI C pa3-

HEIMH HAuaJaMM, eCJIH 3TH TOUKH He CBSI3aHbl ONpeJesieHHBIMH IIy-
TAMH. : )
PaccMoTpHM HEKOTOPY1O TOYKY A BHYTPH paccMaTpuBaeMoi o6-
JACTH M MOpeJCcTaBHM cebe ceMEHCTBO MNyTeH, CBA3KIBAIOIIHX TOYKY
A ¢ pasquuHBIMM TouKamu ofjacT#. Torga Mel MOXKEM paccMar-
pUBATH MHTErpajbl MO NMOBEPXHOCTH WJM IO 06BeMy 4 T. .

TeficTBUTEIbHO, TYCTh BeKTOp (0f) mpHCoeguneH K Touke M
xnocTH S. Tlepenecenuulli NOCPENCTBOM SKBHIIOJEHTHOCTH

no nytu MA B Toury A, 3T0T BekTOp OyAeT

—

: i
Et _ ok (Dk.
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{ ‘l’ll’ll s FaFal iy [a%, b 5 3

CyMMa BCeXx 3THX BEKTOPOB Ha p-MEPHOH noBepXHOCTH S
O6ynet nsoﬁpa}xa'rbca UHTErpasoM
Vo (8= (.. (alwr,
J ) J J
() ()

[pumenss oGoGuienyio ¢opmysay OcTporpasckoro, npencTaBUM:
3TOT MHTErpan B BHJe

j (oh do® - [da; mkp (15.25)

(p+1)

Tenepp orpanuuuM ce6st 06/14CTHIO AOCTATOMHO MaJ/IOH, YTOOH! MOXKHO
OblIO PACCMATPHBATh TOJMBKO OJIMH 3JIEMEHT Hamiero HHTErpaJa.
MEbI yBHAMM, YTO B 3THX YCJIOBHSIX PE€3YJIbTAT He 3aBHCHT OT BHI-
Gopa myrTefl.
HefictButenbro, ofumas ¢opMmysa

Ei = X’*a;

noKaswlBaer, yTo B Touke A, rae & = X! pce a} ofparsTcs B HYJb,
Kpome a;:

af =0, ki, =1

CuieoBatenibHo, lOALIHTErpANbHOE BhIpaxenne B (15.25) crejercs
K CymMe

Dol = dot + [do, v,

B Toyke M, GeckoHeyHO OJiH3KO# K Touke A,

g = Xt 4 dol X*
H, C Jpyro# CTOPOHHI, |
Xi = E 4~ U)i £k,
CJ;EROBaTe.HbHO,
dof = ot
H.
Dot = dol - [0} of]. (15. 26)

310 o6obiaeT eBKAUAOBY (opMyJsy abcommoTHOro BHelIHero Audde-
peHiMana.
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"AHAJMOTHUYHO

Dol = do! — [ of] + [} oF]. (15, 27)
85. Kpyuenne npocrpaucrea. BosnmeM GecKOHEUHO MAJILIH KOH-

Typ okoJio ToukH A. ITycrs M m M” — jBe GecKoneyHo OaHU3KHe TOY-
KH Ha KOHType. IMpucoenrnum K Touke M GeCKOHeYHO MAJILIH BEK-

TOp as MM ; €ro KOMIIOHEHTH! GyHyT

—

of = o,

BosbMeM cymmy Bcex 3THX BEKTOPOB. B crily 6eCKOHEUHOH MaJioCTH
KOHTypa 3aMeHsieM CyYMMY OJHHM BexTOpoM. B eBkjHzoBoM npo-
CTPAHCTBE 3Ta CyMMa paBHa HyJmo. 37ech HMeeM

Do = do' + [}, 0F] = d(n‘ fofel ] = Q1 (15. 28)

Jra cyMMma MOXeT OuITh HYJIEM: amo 6yaem eﬂympeﬂnwu ceolicmeom
npocmparcmea, H60 NPH BcexX pasnoxenusx ds? Ha kBaaparsl (npH
BCAIKOM BBICOpe w) OHA OCTaHeTCA HYyJIeM.

UTo6hl yAOBJETBOPUTL 3TOMY COOTHOLIEHHIO, EN] Bmﬁp a’I‘b

®, Tak, uTobb!

dot = [(‘bkw" I.

MBIl BHJIEJIH, 4TQ 5TO BCErJid MOXKHO ‘C/IeNIaTh M TOJbKO OJHUM cnoco-
GoMm.

3T0 olHa H3 BO3MOXKHBIX eBKJIHILOBbIX cBA3HOCTel AJas ds?. Ha
Hed PHMaH M OCTaHOBHJICA, oo :

3JT0 3HAUHT, 4TO CyMMa Bem:opos 3aMKHYTOTO BOprr TOYKH
KOHTYpa@ paBHa HYJIO.

10 He eJUHCTBEHHO RQ3MOXKHAS CBFI3HOCTh NPH JARHOM ds?.

Ecnu paccmarpuBars o6ULyio opMyay

dof = [o*af ] + @,

rlle @ 3aBHCAT OT BTOPUUHLIX MAapaMeTpoB ¢* (OnpefesIomuX paa-
noxenue ds? HA CyMMy KBaJpaToB), TO KBajpaTHuHas dopma Q'
He 3aBHCHMT OT 3THX IapaMeTPOB, He 3aBHCHT OT ¢opM mk dopma
Q onpenensier Kpyuerue MPOCTPAHCTBA.

86. YpaBHennﬂ CTPYKTYpPbl NPOCTpaHCTBA enmmn.onoﬁ BS3-

|1y Y. 1T V7 T Tmmnsomrmen voe s romme vam w 2wy WE R o oy —— - — - -

HOCTH. 110CMOTDHM TE€MEpb, KAK H3MEHATCA YpaBHEeHHs CTPYKTYpH

(1L,) o :
| Adwé'z..l"??wél..- | (1)
B HOBON CBSIBHOCTH, : ' '
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—> i
IMpucoenunuM K xaxaod Touke M uukaa I' sextop X u pac-
CMOTPHM KHTErpan

——g
| DX,
Q.l__ |
KOTODHI B @BKJWIOBOM IMPOCTPAHCTBE DaBEH HYaO.
Jlsig mpou3BOJBHON CBA3HOCTH KOMIIOHEHTH DX 6yRyT

0l = dXi 4 X*ol, (15.29)

IMpunaras dopmyny abCogioTHOro BHeUIHero Anddepennnana
{15.26) x (15.29), noayumm

Do = [dX*op] - X*dwy, + [‘”k dX* 4 Xrok] =
= Xk { d(])k + [(Dh (l)k]}.

O603HaUuM
dwp — [0} of ] = Q.
Toraa )
joxX=[fxeel

Kpagpatuunsie GopMbl Qi KOCOCHMMETPHUHS; OHH OIpees-
—

JOT TO BpalleHue, KoTopoe coobmaer BekTOpy X BapHALKIO
—n
| DX. Hrak, umeeM BooOuie

do! = [wkek ] + Q. (15.30)

do! = [0f w]] 4 Q. I (15.31)
87. CMmeuieHHe H BpallieHHe, NPHUCOCIHHEHHbIE K HHKAY.

P — RS B

Bospmem B KadecTBe NyTei AM . A"ym AM pacCMATpHBAEMOTO
IMKJa H pasaepHeM ero B JUHHAIO apa’ eBKAWAOBA npoCTPanCTBa

{¢dur. 5). BeKTop X, IPHCOEAHHEHHBI K  TOuKe A, oto6paxaercs

Ha BEKTOD X B TOUKe ¢ W HA BeKTOP X’0 B o’. Koraa fiepexd-
—> —>

auM us M B M’, npoBoaum X’ B p/, X B ¢ U MOACYUTHIBAEM
-....,

vz
DX X —X, \
. S, > .
T. €. B €BKJAMAOBOA CBA3HOCTH pPasHOCTh X' — X B OGBIYHOM
CMbICIE Ca0Ba, Ge3 MepeHoca B TOUKY .
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CiepnoBareqbHO, N
j' DX

OyAeT OOLIKHOBEHHHIM HHTErpajoM JJis MyTH «'{d, T. €. PazHo-

—t —
crpi0 Xy — X,- MB BUAHM, YTO 3TOT Pe3yAbTaT 33BUCHT TOJILKO-
orT 3Hadenus noas B Touke A (dX* ucuesaer npu no;lcqe'rel;

o [TepexoauM or BekTOpa X4 K
—» .
g BeKTOPY X NPOCTHIM HHOUHHU-
¢ () TE3NMaJbHO MaJHM BpalleHHWeM,
KoTOpoe nepeBoJHT pemep (R}
B Touke a B pemnep (Rp) B rouxe
—-’l
a’, T. €. IpuBogUT X, K napan-
>
AenbHOCTH C X, (TaK KaKk Koop-
—
aunaTel X, oTHOCHTENbHO (Ry) —
—

Te xe, 4To X, OTHOCHUTENLHO
(Ro)). |
Beanuuns Q) 6yayr xommo-

HeHTaMH Ha (Rp)6eCKOHe4HO Ma-
JOro BpallleHUsi, NPUBOAALIETO
(Ry) x mapaaneasHocT € (R'y).
TouHo Tak xe BeauuuHH LF (CM.
Bhille) OGyAyT KOMIOHEHTaMH
0eCKOH@YHO MaJIOTO CMelleHHd,.
dur. 5 nepeBoAsdlIero a B «.

Hrak, nepemenienue, nepeso-
namee (R) B (Ro), umeer Kommonentamu &, Qf.

D70 nepemelleHEe HCUIe3a€T B €BKAHAOBOM NPOCTpaHCTBe. Mut
6yleM Ha3HIBATh TEPEMEILEHHEM, MHPUCOCOUHERHOM K YUKAY,
TnepeMellleHue 00pamuoe, T. €. To, KOTopoe nepeBoAUT (Ro) B (R,)-

PaccMoTpHM moJie 3KBHIOJIEHTHHIX BEKTOPOB. B eBkanaoBo#i

bt

_> v
cBsi3HocTH BekToD Y (a') 5KBHIIONIEHTEH B OGLIYHOM CMEIC/IE C/10Ba
‘ —»

e

anou) novrany ¥, R an waoa opnovMag gaiTnnaTann. NUuEMaunna 1TNn -
\l.}aD\.ﬂ} D\..I\IUPJ “0' A7 LA\F Jiwn. I»Jl.l\.l'-lll BICAW/VE A L6 L vl WS P:::lalluu llt}\.’
CTpPaHCTBa pPacCMaTpHUBaeT KaK Havya/JbHBIA BeKTOp X,, KOTOPHIH
-» - ol

He SKBUNOJNEHTEH BekTopy Y. Bapuamuen 6ymer Y —X,, 1. e.
BpameHHe i NpUCOEAUHEHHOE K IMKJY.
Taxum 06pa3om, BpanieHueM, NPUCOEAHHEHHRIM K IHKAY, Oy-

JAeT TO, KOTOPOE HCHHTHBAET BEKTOP, NEePEHOCHMbIR BAOAL HUK-
Ja TIO 3KBHIIOJEHTHOCTH.
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. Ilpucoeanrennoe BpallieHUe onpeaensaeT KPUsi3ry, nepeHoc —
Kpy4eHue B TOUKE

88. Towupecrsa BHaHKH. PacCMOTpPEM ypDaBHEHHS CTPYKTYPHI

npocTpaHcTBa esKaugnoBofi ceasHoct (15.30) u (15.31).
3nech

Qi = Rfjyloiot], Qf = R [wkw"],
rae

pt D‘ pi
i nNg

pt pl . Di
N[jR] = Njk = I\Rjy i kh — I\

\i [kh] = K <i b

Hro6Hl nmoayuuts Toxkaecrsa DBuanku, nuddepenuupyem ypab-
nenus (15.30), (15.31) BuewHuM oGpasom

= [do*ol ] — [wrde}] 4 de,

= [dof of] — [of do}] + 9.

+

B OOGbIKHOBEHHOM  €BKJMAOBOM IIPOCTPAHCTBE TOXKJAECTBa
N

BELT MICTIATCT o hix r‘nﬁ o | Quarumr At nnanemaunor Aol
AL BANI VA ELFA AV & L FA CLIVE X2 Uull' WAL AL L ] RAAVIN VRN .IIUA‘.. LCAILV DN L (® )

do! u3 (15.30), (15.31) 101KHBl YHHYTOKUTBCA BCE UICHEl, KPOME
TeX, 4TO coaepxat ¢popMH

0 = [Qtwy ] — [0*QL] 4 dQ, (15.32)

0 = [QF o ] — [of Q1] + dQi. (15.33)

Jro nepsas rpylna ToXAeCTBA DuaHkH, HanucaHHast AJst npo-
CTPAaHCTBA €BKJAKAOBOH CBA3HOCTH.

89. Teopema coXpaHeHHs KpHBH3HH M Kpy4eHusi, O6pama-
eMcs K uHTepnperanuu ypabrenuit (15.32), (15.33). Haumnaem
¢ ypaBHenn#i (15.33), Onm nokaswiBawT, 9T0 a6COMOTHLIA BHEMI~
nuit nuddepennnan dopmu L2f paBeH HYJIO.

Io ¢epmyaam (15.26) a6contoTnniit BHemnuf auddepeHuy

aJ
OoT o NeACTBUTEABHO €CTh

Do’ = do’ 4 [of mk]
Anajsioru4Ho, a6Co/oTHE#A nudde pennyan ot (popubi o} 6yaner

B ot folo
~ [of wi] -+ [0pwi].

n. n...._
h.!-...

Do
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Ipunaras x popme Y, noanyuuM, 4to a6conoTHubl fuddepennnan
DQ} = dQf + [of @4 ]+ [0}Qf] = 0

ofpawiaeTcs B Hyab B CHay ypaBuenuit (15.33).
HeRcreurensto, ypasienus (15.33) conrepxar nepByio CyMMmy
C oOpaTHbIM 3HAKOM, TAK KaK oy = — of. Uro xacaetcs BTODOH,
k B k
TO [wgﬁil—-: [Q] wi], u60 dopMa Q; — yeTHOrO NopsAjiKa, H, cjle-
JOBATE/bHO, OT NMEPECTAHOBKH MHOXHTEJAEH NpPOM3BEJACHHE He
H3MEHUT 3HaKa.

Hrak, @/ ecTb cuctema GMBEKTOPOB (KOCOCHMMETPHUHBIH TeH-
30p). Bospmem o6bem V, orpanudenunili HoBepxHocThio S. Pac-

CMOTDHM GHMBEKTOPH i, IPUJ0XKEHHHE K NOBepxHoctH S. Mx

CyMMa paBHa HyJ10. JTo ciaenyer u3 ypasuenus (15.33) B cuny
teopeMul Ocrporpajickoro

Jjei={])por

O6pamaemcs K é’paBHeHHHM (15.32). AGconoTHBI BHEMIHHR
Judpdepennuan or & 6yner

2t Oi 1 Ok {

D@ = dQi J-[Q mfkij;
B CHAY ypaBHeHus (15.32)
DQi — [ok QL]

. PaccMmorpuM, Hanpumep, NPOCTPAaHCTBO TpeX H3MEpEeHU#H, B
HEM OpPHEHTHPOBaHHHH, T. €. C HanpaBJcHHEM OGECKOHEYHO Ma-
JIOF0 HHK/JA2a 3/A€MEHT MOBepXHOCTH. KampoMy HHKJY COOTBETCT-

_Byer nepemenienne &/ u spaurenue Q} ¢ KOMIOHeHTaMH

{ 2 3. 3 1 )2
ol e, 0 Qf o of

Bpauenune Q! MoKHO u306pasuTh BeKTOpOM (0!, w?, wd).
Tlepemenienpeé Q! M0OXKHO NpeJCTABATL KaK MOMEHT maphl. '

Taxkum 06pasom, Ha MOBEPXHOCTH 06pa3yercst ABONHas CuCTEMa
BeKTopoB. PaccMorpuMm CyMMy BCex BeKTOpoB M Bcex map. Hapo
CBfI3aTh HEKOTOPYIO TOUKY A onpeneseHHBIMH NYTAMH CO BCEMH
ToYKamu M Ha nOBepPXHOCTH.

Ecan (X, X%, X3) — BeKTOp, TO €r0 MOXHO NEepPEeHeCTH B
Touky A 1o dopmyne -

{ , i
£l — ap Xk,
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KoMmoHeHTH [1apb! HAXOAATCA H3 MAaTrpHUB

n OyRyT
yadok — 202wk

zalo® — xado*,  xaZot — yajok,

rie X, Yy, 2 — KOOpPAHHATH TOYKH M 1O OTHOLIEHHIO K TPH3ADY

R,). :
OCymma BEKTOPOB pPaBHA HYJIO B cHay ypaBHeHHH (15.32). Cywm-
- Ma nap

a3l 4 a3Q?) — z (a2 - a2Q) - 28 - ..].

Huterpan no Bcefi moBepXHOCTH npeoOpasyercsi B HHTerpaan 1o
o0beMy

j'if (aldQ' + [dalQ']+ .0 + yd (B + ...) +
+ldy, 384 ...1— ...},
HJIK, ecTH O0BEeM OueHh-Man, To moaaras al =1, a2 = a® =0,
dal =0, dat = o*, y=2z=0,

dy=0? dz=0% ...,
NOJIYUUM

§I 119" + [0} €1+ [0 Q) — (w4},
v

HO B CHJTy TNlepBoro ypaBHeHHd (15.32)
- dQ - [} QF] = dOQ* + [0} Qk] — [0*Ql}
— [w¥y] =

Urak, TeopeMa: 8 pumanosom npocmpaucmee e8KA100601
CEAZHOCMU MAAOMY 06Temy COOMBEMCMBYIOM U BEKMopol, U NapoL,
KOMopsle ONnpeCesOm nepemeierus U 8pAWEHUS, ACCOYULDPOBARRbIE
¢ yuxaom Ha nosepxrocmu. Cucmema 8eKMopos u nAp 2e0MempuecKy
PABHA HYAI0.

B Mexanuke MOXKHO HANTH MHTEpPNpPETANHIO B CHJAX VIIPYLOCTH,
HEHCTBYIOIINX HA 3JEMEHTAPHYIO ILIOMANKY. .
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PUMAHOBA KPHBU3HA NMPOCTPAHCTBA |

90. ToxxaecTBa bHaHKH B pMMAHOBOM NpOCTpaHCTBE. Touka
3peHusi caMoro PumaHa cOOTBeTCTByeT CBfI3HOCTH 6e3 KpyyeHHH

_ Qi =0,
Toxnectea buauky Tenepp NPUHHUMAIOT BHJ
[0FQ ] =0, (16. 1)
[Q* o] — [0* Q] + dQi = 0. (16.2)

IlepBoe noxkasniBaeT, YTO MOMEHTOB I1ap HET, TAK KaK OTCYTCTBYET
nepemelesie Qf, BTOpoe — YTO CyMMa BEKTOPOB pAaBHA HYJIO.
Mu pasnoxunu ds? Ha KBagpaTel ¥ BHIOpDAJH €IHHCTBEHHBIM

CocoGOM ®4 TAK, YTO
dot = [wkel ], (16. 3)

dof = [oFol] + Q. (16.9)

MOXHO JIH JaTb OmpejesieHHe ©f HE3aBHCHMO OT BHIGOpa oceii?
Ono He 3aBHCHT OT cllocofa pasaoxeHus ds®> Ha kBaapartbl, Bosb-

MeM HauboJiee obiee pasanoxenre ds? Ha KBAJPATH @] 3ABUCAT OT

nepemeHHHX !, u%, ..., u® W OT MNApaMeTpoB, OMPEJESAIOUIHX
. nin-1)
ciocol pasnoxenus v', v?, ..., v 2 . Ouesugno, {;; Moryr 3a-

BHCETb M OT W, H OT col [lokaxeM, - uto {;; 3aBACAT TOJILKO OT W,
310 cenyer U3 Hanled TeOpeMH. IloxameM HE3aBHCHMMO OT Hee.
B cuay yparrenuit (15.33) :

Qf L Q= (),
i i

Orciona B cuay ypasuennii (15.32) cienyer, uto Q! 65LTH GBI paBHbI
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HYMoO, ecay Obi OHYW ObIM JHHEHHBIMH (OpMaMH, HO OHH — KBaj-
parnuHeie ¢GOpMHL.
O60o34ayuM BeJHYHHBI ®;; 4epes w, ¢ rpeyecKUMH HHIACKCAMH., *
Kragparuunbie dopmnel ;. BoofIle 3aBUCAT H OT @, U OT O,.
MoXHO NONOKHUTH

\..

rae
Api [hi) = — Qg [1h)

C c:_ﬁ] = — C[ke_m].

BHocs 310 Bhlpaxkenue Qy; B ypaBHenus (16.1), nomyunm

.y . [wholw, ]+ C[“B] [wko, o ].

ITpexie Bcero, B nocaenHei CYMMe BCe 4JIEHBI COAEepPIKAT pasHyHbte
KoMOuHanuu 6asucHbx dopMm ©f, o,, @wg, HO0 OTHOCHTEJLHO @, f
CYMMHpOBaHHe HAET 110 COYETAHHAM M MOAOOHBIX Y/IEHOB HET; Clelo-

BaTEJIbHO, ‘

| cpopMa Qi HE COASPIKHUT YJCHOB C nponsnenennem lw,wg]. Bo Bro-
POy cyMMe aJist Tpoﬁxu 6aancublx ¢hopM w*, !, ®, BO3MOXKHBI IBE KOM-
6uHanun

[m wlw, ) -J- b*

" [wloka, ).

OTCIO}.la CHMMETpHA TIO J.IBYM HUXKHHM HHACKCaM

-y

.o

()|
S

D;;z’l = bjs (
C IpYyro# CTOPOHHI, B cmxy AHTHCHMMETP HYHOCTH 2, MMeeM

be, = — b%,. (16. 6)
ITpumensis no ouepenu npeobpasosanusa (16.5) u (16.6), nonyunm
;_,, a R +% T 1Y S .
Y%it = Yur = T Y = T Ve T
= by = by = — by,
ATIZILYT O
vinyga
s = 0,

u dopma Q; He 3aBHCHT OT (QOPM Q.
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91. Tensop Pumaua——l{pncrocpq)enﬂ. Hrak, umeeM |
= Ry l0*0]. | (16.7)

Koappuuuentl R/ (44 oﬁpasym TEH30P, TaK KaK CBEPTHBaHHE 1O
MHAEKCaM R H A C BeKTopamHu @ H o NPHBOAUT K TeH3OPHOR AH(de-
peHiHanbHOH dopMe Qf. DTOT TeH30p HasbiBaercs mewsopom Pu-

mana — K pucmodxpem |
YpasHenus cTpyKTypsl (16.3), (16.4) 3anumyrcs Temeps B BHfe

.

du! = [wkel ], | (16. 8)

del = Te® o1 - R, [wkehl (16. 9)
Wy L@ Wel T~ Kj[khr] 1O BT \

IlepBuie TOXAecTBa bunanku (16.1), ecay B HHX BHeCTH €,
no dopmyae (16.7), naior '

R [wForo!] = 0

IIUKnHpys MO TPeM HHXKHHM HHAEKCaM, YTOOH coGnaTb IIOI[OGHble
4JI€HBI, W TIpHpaBHABAS HYJIIO - Ko:-xp(puunembl TOJyIHM N

: { ;
Rin + Riir + Ri'en = 0,
HJK ©)

(8) = Ripn; + Ripre + R = 0. - &(16- 10y

Ecau B6pars npoH3BoJbHbIC UeThipe YHena i, R, h, [, cpean 1,2, ..., n,
TO MEXAY KOMMOHEHTaMH Rjip € 3THMHM HHIEGKCAMH HaHperca psp

3aBHCHMOCTei. OTH HHJIeKCH €eCTeCTBeHHO pa30MBAalOTCH Ha Naphl
b L J '

i, # H &, ¢,

1°. Om _nepecmanosKy urOexcos 00HoU naper R MEHSEN 3HAK.
/lnsi nepBoii napw i, k 370 CeAyeT U3 KOCOCHMMETD MYHOCTH q)oﬁMu
Q,%; nns BTOpoH mapwl A, [ 370 BhITeKaeT H3 COMYTCTBYMWOILEH mepe-
CTAHOBKH MHOXHUTeJeH m” ! BO BHEIIHEM nponaBe,u,eHHH [kl ]

pH HEHM3MEHHOCTH JIEBOH WACTH paBeHCTBa Qi l

2°. Om nepecmarosKu nap urHoexcos8 mexcoy coboli Rwn He Mensem
snaxk. [Ins pokasareascTBa paccMoTpuM pasedcTsa (16.10) m noay-
yaeMble M3 Hero KpyroBOi 3aMeHOH ueThipex yKkasarened i, k, h, /[,

(6) = Rypps + Rihlk + Rilkh = 0,
(8) = Repsi + Repi + R = 0,
(h) = Ry + Rhikl + Ry = 0,
() = Rypp + Ry + Ruge = 0.

[
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Toraa

1
L) + (B (1)~ ()] =
. - Rkhlt Rlikh — O’ (16 II)
YyTo M TpeﬁoBaJme AOKa3arhb.
n"\ﬂ'“ﬁﬂ"ﬂﬂ A Pl o) ﬂ’l"l\l’\f\“’i‘ "L EYTETY £ RS T AT n'] RETTESYE 11c 0\
\J’UPGL‘L\CICMLJI nuv DIUPUH 1pyuuc JAWF, . W1k 1D lridannnn ‘IU ‘:}

dQ + [QF of] — [0 Qf} = 0.

i

Brocs ciopa @/ mo dopmyae (16.7), noayyum

(AR hoka] + Ryl [wlof 0% — Ry [wkole’ ] +

Dk k

+ R [0toral) — Ry [0f w'e"] = 0.

Menss HHAEKCH CYMMHpPOBAHHMS, HMeEM

(AR, DIl __Phol L Db, o
Lyeay R £\ l-'Zl ff 1 A\l RO’/

o _
— Ry, of, of) =0,

MNosibaysich o603HaueHHeM KOBApHaHTHOro (a6cosoTHOrO) Audibe-
PEHIUPOBAHHSA, MOJYYHM ‘

¥
[DR/ ¢, 0*, 08 =0. ,

HJTH

Ri ey o'} = 0:
HKJAUPYS TPH HHOeKca [, k, A ® CpaBHUBAA C HYJeM Koad pHIUEH-
THI, 1I0lyYHM BTOPYIO FPYINY YCJIOBHil HAa KOBApHAHTHLIE IPOH3BOJ-
Hole TeHsopa Pumana — Kpucroddens

L Rty 4Rl 4+ Riliegn = 0. (16.12)

Orcioa yHCJO Bcex KOMIOHEHTOB TeH30pa PuMana — Kpucrodie-
JS ' ' "

'
e la

nin—1)

THIA Rij, ij . )

nin— 1}(n— 2) .
> - THIIA K,'j, il

g nlr=D(r—2@n—3
4! .

THNA Ry, 1
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BCEro

nt{(n?—1)
12

Pa3JHUHBIX KOMIIOHEHTOB.
Bcerga MOXKHO HalTH PHMaHOBO IPOCTPAHCTBO, COOTBETCTBYIO-
niee TMPOU3BOMBLHLIM 3HAYEHHSM 3THX BEJHUHH. ‘

92. PumaHoBa KpuBu3na. PaccmorpuM B TOouke A OHBEKTOp,
onpejensieMblii KoopAHHaTaMH pi = — p/t, DT0 OpHEHTHPOBAHHHIH
3JIEMEHT NOBEPXHOCTH. K HeMy NpHCOEIHHEHO HEKOTopoe BpallleHue
Q;; W, HOCKOJBKY

[ofwh] = pkt,
HMeeM |
Gy = — Riju p*.
PaccMoTprM Teneph ckansipHoe NpoH3BeneHHE
_ piq,. = Ry, wn pUpkh,

rae ¢;; = ~— $;; ~— KOMIIOHEHTH NPHCOEAMHEHHOro Bpaulenus. Pu-
MAH08a KpueusHa B ToukKe A B paccmarpHUBaeMOM IJIOCKOM Hampas-
JIEHUH - onipepensiercs GOpMyJIoH

ij R. I ' n.h
K — QU — ‘i’fﬂﬁ‘p . (16. 13)
L(p”)z }.J(p’ )2 .

5 i

93. Cayuafi n—2. Mpl uMeeM TCJBKO GJkY KBajpaTHYHYIO
dopMy, HMEHHO

=Rz, (0! *= - K[}/ (16. 14)
310 pHMaHOBa' KPHBH3HA MPGC." paHCTB2,
Mrul BHAeNH, YTO € HUKJACM ©Bf3dat0 OHpeje. - .. ¢ BpalieHHe.
Ecnv do — naomagb, OTpd iiduHI 39 RHKJACM, o pekiop X,
OCTAIOWHMHCA NpH 06Xx0j€ N0 1 nay :KEHIO ACHY B CHMOMY cebe,
nocie 06X0Aa He BEPHETCSH !|  pexLee NOJAOKEeLR: Xx. Lo 3aiMeT
HoBoe X', KOTOpoe ofpa3ye: C ApPeXHHEM YroJ
. da.
YpaBHeHUs CTPYKTYpHI T
. dl)l = [ 2 é]i
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do? = [0'e?],
do? = — K [o'e?].

PrManoBsa KpHBH3HA BooOIIe siBjiseTc (PYyHKUMEH TOUuKH.
Oco6o npocroii cayuai npe,nc*rannae'r TNPOCTPAHCTBO NOCTOAHHOW
KPHBH3HK!

[MpumMep Takoro MpoCTPAHCTBA MPEACTABMsET Cpepa B OOLIYHOM NPO-
1
CTPAHCTBE; KpUBH3HA ee K =z TAe R — paguyc ciepsi.
Hedcrauresnsro, nyctb R — paguyc cepnl, O — neutp chepH,
TTpucoepuuseM B Touke O Tpexrpaﬂﬂum Ox1, x2, X3, 3aBncﬂmne OT
IPCA lld-deCl.lJUD.
Ipu HenopBHXKHON ToyKe O TpeXrpaHHMK BpaIIAETCH C KOMIIO-
HEHTaMH

Wyg,. Wgg, Wy,

ecH M — Touka IepeceyeHHs TpeThbeH OCH Cco copepoH, TO

paauyc-BekTop TOYKH M cdepsi. ~
Haist 3THX TPEXTPAHHHUKOB HMeeM CIeAyIOlle yPaBHEHHs CTPYK-

o o

CMEIIEHHH OCeH

TYpbl H ypaBHE€HHA HH rih

TEe3HMAaJ bHbI

yl

doyy = [0gy0y5],  dly = wy,lg 4~ 04l

. — = g —_— = = y {(16. 15)

dogy = [0g04,], dly = Wyl - Wyl ' /
— —_— = —_— -

d“’n = [0;393,], dls = wgl; + ogl,.

Ilepememnenre toukd M npu nocrosHHOM R GyAeT paBHO c—fl3, yMi{d—
XKeHHOMY Ha K: _—

YpaBHeHnﬂ c'rpyx'rypu 6ynyT
dw; = Rdmg,l = R[mazwﬂll - [(.0 mﬁl]’

10 3axas 533 . 14H



dw’ = d-up)l2 = [-‘”_13‘_”32] = — —i}; [olw?].

Orciopa KpusHu3sa paspa K = 3
10 MOXKHO OOGOOGWIHTE Ha IPOH3BOJILHOE UYHCIO H3MEepeHHN

Bce 3TH pe3ynbTaThl MOXKHO TIOJIYUHTb, OTIPABJAAACH OT JHHEHHOTO
sneMeHTa cgepol; OH HMeeT BHA

s* = R®d6® + R?sin?id¢?,

9! -5-— ~ § —-wmmpora, 9 — foJAroTa.

3HauuT
o! = Rdb, Rsin tde
Mudvhonaununyua pusanmrunm AAN AL TN TV
HllW\.anuxl Jll PIIWLLLTE Filvl UUP“DUI‘I, EIVIJR =1 rilvi
do' =0, dw?= Rcosb[dide].
Tlockoabky
do! = [0?0l], do® = [v'e}],
H CJACAOBAaTEJAbLHO
[0?de] =0, [0?dl] = cosf[ded),
TO
®? = cos fde.
Hanee
] i
dm? — —- Slil b [dﬁdcp] = — -F' [(01(!)2],

I
R CJeOBaTeJbHO KPUBH3HA paBHA —

R
94. Cayyafi n = 3. Teneppr ypasHenwuss (16.7) uwanumyrcs

= Roa g3 [020°%] 4+ Ros 31 [wP0l] + Rz 10 l‘”‘“’"l,
= Ra1,93 [020?®] + R3y 31 [03w!] 4- Rgy,12 [wlew?],
= Rig,23 [0%0%] + Ryp 31 [0P0l] + Ry 12{0te?].

EOEOECJ
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AN2ATaguM 1109 ENATRACTU Dn genea — K11, Ros 31 uenes
Uvuxnu‘x 1iVl ;.l,c J D@LV LT Y 0 RS iy 4\ Lly i\ 4ay WL 1‘1‘""-?’
—K12 B T. 1., 3aMeHsIs B Kammn rpyrme napy HHAEKCOB Ha JONoJN-

HHTe bHBIH. Toraa
Ry = — Ky [020?] — K, [0P0l] 'm-‘K.13 [olw?],
Qg = — Koy [0%0%] — Ky [030] — Ky [0l0?], S
R1p = — Ky [0%0%] — Ky [0P0!] — Kgq[wl@?].
IlepecTanoBKa map npHUMeT BHJ NPOCTOH CHMMETpPHH
Ky =Ky Ky=Kpur 1, (16. 16)

a ycJjoBHe - |
Rikws + Ribuje + Rélun =0

3alnuuIeTCH

o~
—

o
[S—ry
\]
S

| EK:‘kik = 0.
k

Cnenyer uMern B BHAY, YTO B ypaBHesuH (16.17) kaxunii us
NepBBIX ABYX HHJEKCOB H306paXKaeT Mapy AOTOJHHTENbHBIX YKa3a-
Teed, a Tpe'mn (mocsie BepTHKAJLHON llepThI) — HHJEKC xosapuam-
HOTO umpcpepenuuponaﬂnﬂ — TIOKa3niBaeT Ty ¢opMmy @*, TIpH KOTO-
poH KOBAapWaHTHAsi MPOM3BOAHAS CTOHT B KadecTBe KosdpHIHUEHTa:

: rﬂﬂl.nmﬂI.'Iﬂﬂlfﬁﬁ ArEEATITTR M M T OAIIDIEAIINAG ARMAVAEAGAITATN A 9 LE

UU- ACUNMUIPRICLAVL YyaIOUnNne VvV npnbpnonu IPCANICPI'IUIU Pl'l'
MaHOBa mpocTpaHcTBa. [lonycTuM, 4TO perep IPHCOEAHHEH K TOY-
Ke A ¥ 3jeMeHTy NoBepxHocTH do, , :
NPOXOAAIIEMY depe3 TOYKY A S
(dur. 6). TIlyctb ds — opHeHTH-
poBasHBIH HMKJ; @, B, y—Hanpas-
JsioliYe KOCHHYCH HOpMaJH; pda,
qds, rds — npHCOeJHHEHHOE K
IMKJAY BpaileHHe. MoxHO Bcerja ' - ds
NPeAnoNOXHTh, uTo do — Gec-
KOHEYHO MaJiblii Napaneliorpamm
CO cTOpoHaMH o' (d)

®, (d) v, (d) v, (d) “
0, () 0y (3) 0,3) || | e
"Torpa | | S

-

[wowg] = ade.

. ' ) R }-.l
CnefoBarensHo, ecan Q (p, ¢, r) — Bpailende, NpUCOSAMHEHHOE
K HHKJIY, C KOMIOHEHTaMH

. v ' '. ' l " T ‘ Y
pds, gqds, rds,

10% . 14Tt



-TO

pda = Kyodo + Kygdo + Kyyydo

Orciona o
p=Kyo+ Ky + Kys7,
q = Kﬂla\‘!- Kﬂﬂp + KZST’ L AR
. r'f":‘Ksla{%' Kaal + Kaa1-
I1H PopMy.ibi COBNARAIOT C GOPMYIaMH TEOPHH YIPYTOCTH, OHpege-

ASIOIMMH JiaBfieHHe XKHUAKOCTH HA 3/IEMEHT HOBEpXHOCTH. _
BBoauM KBafpHKy-HHAHKATPHCY (IOBEPXHOCTb BTOPOTO NOpiaKa):

D (x, Y, 2) = Kyyx* + Kpoy® + K332 + ,
+ 2K12xy+ 2K23y2-]— 2K31x2 = 1. N B

Huamerpaiibuas IJI0CKOCTD, conpﬁmeanaa Hanpan.nenmo (0. ﬁ -r),
dMeeT Hanpap/SOWHMH - 1ap aMeTp aMu

| R | '
— @, — @ ‘I' .e p,q,r
9 o 2 B’ 2 T. € P. 9 o

@, a@ ' ' Vo l’\ L

3\ = a . ‘
3 3% loea N A

YpapHeHue 3TOM TLIOCKOCTH .

-~

x®" L. LN ( | — ,
:"._\ . V" a ' g ! ) 1 ]
[ . .
Orgciopa |
Teopem a. Bpau;euue, npUCOCOUNEnHoe K saeMeNmy no-
ﬂﬂﬂ VLN~ BN UMDY ALLN I nlln 14 07 Y n;.unn ANSLNNIYY S Pals% ¢} nanmouu
Uyﬁl VSwiTeiny lw’lﬂllﬂl&ulw n VW&DIIEP“J&UI"I-UW l bJWUlWVlllu’ Ly bymo 'l-lwu

HANPABAEHUIO HOPMAAU K daemermy nosepxnocmu. Ymobor noaywums
BCAUMLUNY SMOZ0 BPALYENUA, GOCMAMOYHO onpeaejmmb € npoexyuso
#a ranpagaetue (a, B, 7).

ITyets P — TOYKa mepeceueHHs KBaJpHKH-HHAHKATPHCH C HOp-
Majibi0 AP K snementy nosepxsoctH (A — Touka, B KOTOpo#l pac-
CMaTPUBAETCS. SJEMEHT; 3T0 — HEHTP KBaAPHKH).,

Hmeem

N .
. K] . . . J
."ia. ‘) FIN A . . I .,

SR B | " ";"-;
po+@B+ry=2(,8,7)=—"0. '
vy . AN®



Featl

Pumanosa kpususna B Touke A B manpaenesuH (o, B, 7) pasua
NpoeKnHH BEKTOpa BPAIleHHs 'HA ITO HANpaBJeHHE: -3TO €CTh
® (a, B, 7) (onmpenenenne Ilypa). -

Hanpasnennsi ocefi KBaApHKH-HHAHKATPHCHI HA3BBAKOTCS. 2446-
HbIMU HanpasaieHusmu B Touke A. -

Bpanmenne, npHCoeHHEHHOE K 3JIEMEHTY, HOPMAaJbHOMY K IJaB-
HOMY HANpaBJEHHIO, IPOUCXOZHT BOKPYT 3TOro Hanpasjienus. Ecin
BHOpPAaTh OCAMHM OCH KBAJpHKH, TO B YpaBHEHHHM OCTAHYTCS TOJHKO
KBafparbl. Kos(pHUHeHTH OpPH 3THX KBanparax OyAYT e4asHumu
kpususHamu. Ecnu araukarpuca — cdepa, TO rsaBHble KPHBH3HEL
PaBHBI, :H TOBOPAT, YTO INPOCTPAHCTBO UBOMPONHO B TOYKeE.

96. Teopema lllypa. Ecau npocmpancmeo usomponio 6 Kaxcdoii
mouke, MO DUMAHOBA KPUBU3HQ npotmparcmsa o0OHa U ma xe 60
6cex MmouKax. R

Heficreutensno, Bektop {;; CBOIUTCS K BHAY

— K [e¥/]. .- e
Oﬁpamque B HyJb a6COJIOTHOrO .BHEH.,I!I__-I:EI‘O An@epeﬂgnéﬁa AaeT
[dK o'o/] =
160 |
Bee ‘
D, =0
B CHJIy BTOPHIX TOMJIECTB Buamm (16. 2)
Ecnn |
h(;)if = K[mim'.i])
TO Lo | |
do] = d (— K [vlo/] — K [o} o/} —
— K [o]o'oF] = — [dKvio/] — K [do'e/} +
+ K [doto/] — K:[do/o’].
CrenoBaTenbHO, '

[dK, of o/] = 0;

M3 3TOro ypaBHEHUs ciaenyer, yro Auddepennuan dK 3aBHCHT. JIH-

HeHHO TOJMILKO OT 0f, ©/: MeXXY TEM OH He 33BHCHT oT, @}, SHAUUT
dK =0u K = const
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MexanrWueckasn HHTepunpertaumus HMHpeanbnas
KHIKOCTL B PABHOBECHH MOA AeHCTBHEM TOJBKO BHYTPEHHHX CHJ
HCNLITHIBAET TIOCTOSIHHOE JIaBJIEHHE BO BCEX TOYKaX.

97. lipumep pEMaHOBA NPOCTPAHCTBA NOCTOAHHONA KPHBH3HbI.

D [a FaVul G F U T 04 Moty TR ASTTATATTITANMALY 170 TTM 'rnﬂnﬂhtl\trlinl'r TATY

].'Cl\,\,lVlUlpl’lI\'l IDCPAUC ICJIU, DPGLI.I,CI.IULLLCC\»H VRAW/IV Nl DImnaur LWL B
KH C KOMIIOHEHTaMH CKOpPOCTH p, g, r. JKHBast CHaa, ecsH 3JJIHIICOH],
HHepLUHH CBOAMTCSA K cthepe, IpUHUMAET BHA

2T = A(p* +¢* + 1?),
H Mbl HMEEM PUMaHOBO MPOCTPAHCTBO C JHHEHHBIM 3JI€MEHTOM
2 . A(p2 +q2_|_ rz) dtz,
u6o '
ds? = 2T df*.

PaccmoTpyM TpeXrpaHHHK OTHECEHHS, WHBAPHAHTHO CBSA3aHHbIH
C TEJIOM,

;;23 = pdt, :)31 = qdi, ;12 = rdft,
OTKyJa

dst = A (o) + (57)? + (o)1),

Tak kak BpailcHHEe TIPOHCXOJHT B EBKJAHAOBOM MNPOCTPAHCTBE,
HMeeM

dogy = [0gy04,],
d“’31 = [wgwy],

dwyy = [04504].

MBI MOXeM TI0JIOXKHUTH

=} A ;’23,
.“’2 ﬁ‘j‘;m:
W= YA (;12,

OTKYA3

do' = — [w Ww3];

1
vVa
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HpegnonoxuM, uro

~ 1 N 24 - 2.,
0)23 o= f\(D » (!)31 == Au.) 3 (D12 == LU) ’

TOTAQ
do! = — [wzu)%] — [méu_)‘f'] = -— 21| 0%w?].
CnenoBarenbHoO,
. 1
b= —
2V A
U
(T ! ml ! (02 w = _—!——— it
23-'-2!/;1_— ’ 31—"-2!;’—-}1 y Wy VA
OTKYyAa
Qyy = dwgy — [wy,0,] =
] 2. .31 2 1 2.3 2.3
— - ———1"m —_— W = W-wg,
Y [0 0] 4+ " (0w [w w’]
OKoHYaTeNbHO,

1

A
‘N

Ky,=0 (i ) Ku=

b L] l
Hmeem mnpocTpaHCTBO NOCTOSHHOH PHMAHOBOH KpPHBH3HBI YR

a8, Onnene.neuue TEeH30pa Pumana — Knuc'mch(he.nn no pu-

e e = e 2R Em = S Sa s

MaHOBOH Kpnausue, 3anaﬂﬂoﬁ IJi BCeX n.nocxnx Hanpasneﬂuﬁ.
Teopema Ecau uszsecmua pumanoea -KpususHa 04s 8cex
NAOCKUX nanpae/zenua’ goixo0aux u3 moukuy A, mo usgecmHsr ece

WA AL A LIV 23 ALLON NS Dll 418 rYLE Y Vﬂ’ll‘ml\flll*n A £3
RUMILURCILTTOL I\[j, kh ROV 1 umienie — N PULITTIRPPEAR.

3aMeTuM, 4TO 3TO He OYEBHIHO: BEJIMUHMHH p'/ HE NPOHM3BOJLHEI,
160 OHH SBASIOTCH KOMIIOHEHTaMH OJHOTro GHBEKTOpa M CBS3aHbl H3-
BECTHEIMH COOTHOLUEHMSIMH; CJeJ0oBaTeNlbHO, He/n3d 3apaHee y7-
BEePKAATh, 4TO 3HAHHE KPHBH3HEI

, Rijn p¥pkt
BAEYeT 3a COO0# 3HaAHHE KOMIOHEHTOB Ry, 4.
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Has 3T0r0 Hajo nokasaTth, YTO H3 PAaBEHCTBA
Rijwn pp* = R, 0V p*
Aans Beex pY caepyer ,
| Rif,kh = Ri}',kh'
Huavue rosops, ecau noJOXHTb
Sijeh = Rijen — R 4y
JIOCTATOYHO AOKa3aTh, YTO H3 paBEHCTBA
Siin pYptt = 0 - - (16.18)
CJIERyeT

BBezieM BeKTOpH! i, ?, onpenensiomMe 6usekTop P ¢ KOMIIOHEHTAMH
| | PV — XiVi — XiYi, ’
Torpa pasencrBo (16.18) samumercs
Sijen (XVYT — XYY (XFY R — XY R) = (),

rAe Bce BeKTOpnl X/, Y/ — HesasucHmbl. [Ipeanizymee paBeHCTBO
I aMoppHOro CYMMHpPOBAHMSI 3alHCHIBACTCH

S;unXYIXkYE = Q,

B sroit cymme uaer (X¥)?(Y7)? BerperHTCs TOJMIBKO ORHH pas: Clle-
JOBATENbHO, KOxppHIHMEeHT NPH 3TOM YJeHe PAaBEeH HYJIO

| Siju = 0.
Yaen (X¥)2Y/Y® mcrperurcsi ABa pasa: CAeAOBaTENbHO;

Sijin .+ Sinii =0,

Ho B cuay (16.11) -
' ' Siiin = Sin .

CJIE}lOBaTEJIb.HO, .

| Sijin = Sini; = 0.

Hakonen, unen X!X*Y/Y”% Bcrperurca 4 pasa M pacr
“Sijen + Sejin + Sin g + Seaii =0,
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MnH B cuay (16.11)

286k 4+ 280 = 0,
HIH

Sijen = Sin, i -
Ananoruyso '
Sikny = Sijpn .
3HaunT B paBeHCTBe, BHTEKaoumleM H3 (i ),
Sijen + Stenj +Sw, 1 = 0
BCe YJIEHHl MeXJy coGo#l paBHbl, a NOTOMY
Sijan = 0;

yTo H TpeGoBaNOCh AOKA3AaTh.

99. HzoTponHoe n-MepHOe NPOCTPaHCTBO. IIpocTpancTRO | HﬂSbl-
BaETCsl UBOMPONHLIM B TOUKe A, eclld DHMaHOBA KPHBH3HA OLHA H
Ta Xe Ifo BceM Hanpaa.uenmm T. €. €CJIH

Q;j,kh P P )

2 (pil' )2 ’

@n

lH

K

1 K Hé 3aBuCHT OT pif HJIH ecaH
Rumpp + K Y ()" =
@.n -

ANl BCeX 6uBeKTopoB. p'f .
310 CBOAMTCH K NpeRblAyIiell TeopeMe, ecH MHOJOKHTE

Ryi=— K. Ryup=0.

HO WAL A DALTILYMNRLLS anﬂﬂ(\uﬂﬂ_ ) D’ ;Tl('\ M ITLY MABLIAML AL AMAYTROTVPDLITA -
AUI\“\JUILIIUI'IJ ll\ll‘lllullblllw .[\ . Hu.un\.um Puﬂﬂllll)\'“ Wl 1 D\rl\alp.)'[u
IHM KOMIIOHEHTaM K. o
3uauypr ot
Rl'f.if = K’
a BCe OCTanbHbie o
Rijen =0
Qt'ﬂll‘l‘]"l\ -
Jnakni )
th e —-—K [{D;(Dj].

310 CHOBA TeopeMa Iypa (Schur), Ho pacnpocTpaHeHHas Ha Bce
3HAUEHHs1 n > 3.
100. KpHBH3HA MO ABYM pPa3JHYHLIM JIBYMEPHBHIM TAOCKHM

HanpaBjeHHAM. Ilycts ¢, q;j-—BpameHHH npncoe,unﬂeanue K
JABYM 3JIEMEHTaM TOBEPXHOCTH p¥, p'¥, .
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Hmeem .
: ’ ’ .
PYq;; = Rujen p'*hp¥ .
Uucao :
R;;,kh p’kh pij

]/E RN

¢, \'IH'

HA3bIBAETCA CMEUAHHOE KpUBU3HOU TIO JBYM HanpasaeHHsiM. KpH-
BH3HA K OyjeT cllenHaJbHLIM cydyaeM, Korga ofa mJOCKHX Hamnpas-
JIECHUA COBIAJAioT. ' |

101. PumanoBa KpHBH3HA B HanpapieHHH NPOH3BOJALHOTO
YyHCaa M3MepeHHd. Ho cux mop Mel paccMaTpHBand TOJMBKO HJIOC-
KHE HANPAaBJIeHNs, ONpeAe/seMble GHBEKTOPAMH.

Rn'—!BMPM 'PPI'[PYH-. 3JIeMeHT 'rnex HQMPDPHHH K KQ’I‘QpQMy HPHQQQHH

i maats il A w4 SENSd waldaaly S= RSS2

HeHa CHCTeMa TPHBEKTOPOB
Qijk = [wigjk] + [‘“,-ng] + [mkgij]'

PacemorpumM NOBEPXHOCTh, OrPAHMYUBANOILYIO ITOT 3JIEMEHT, W NPH-

FESATANS R g S24E AT A ATy WA pr SEalIL BRSNS - B s Yaweiawrala g <=

COENMHHM K KaXJIOMY SJIEMEHTY nosepxnoc'rn CKOMBL3SIUA CcKa-
JSPHBIA OHBeKTOp (2 He CBOGOAHHI, KAaK paHbILE).
leomerpHueckas cymma 3THX OHBEKTOPOB jjaer CBOOSOAHBIR TpH-
BEKTOP £, .
Paccmorpum nanpaBaenHe pi/%, K KOTOpOMY MBI NpPHCOeAMHSIEM
CHCTEMY TPHBEKTOPOB $;;;, H paccMOTpHM Bupa)xeuue

i ik ]
/ Qi;k PU kR;k nt P;

-------

Z (ptjk)z Z (pijk)z
Eik) ije)

nlfk it
Ripm P7"p;

2 (p¥*)2
(k)

IT0 COOTBETCTBYIOUIAsl pHMaHOBa KpHBH3HA.
Tak xe onpepensiioT PUMAHOBY KPHBH3HY AJS 4YeThlpex H3Me-
peHui

o

nlf,pa kh
K L 1] kT
| z(p"""')s
{if.p9)

102. Ten3op Puyun. KBajnpvka dfinmredina. [na (n — 1) us-
MepeHHH NOAYYaloTCs BaXKHBIE PE3YJIbTATHI.

Hanpasnenne (n — 1) H3MepedHit onpepensiercst NOCPEACTBOM
(n — 1)-MepHOrOo BEKTOpa, MJH NOCPEINCTBOM MEPNEHAHKYJ/SPHOrO
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a4

BEKTOpPA: €CJH o,—HaMNpaB/sIoNHe KOCHHYChl HOPMAJIH, TO MOMHC
TOJIOFKHTS

p - — a.-da. n-l'l.l = a.gndg- PR
FLO% =ea J -]

234 - 1t i ?
Kpusu3na 6yjer Torja UMeTh B QHCJHTENE GOPMY
K[i,;‘]aidj )
rae
Kio= R,f Kiy= —Rugs — Raaa ...

Beeniem mensop Puuuu
- R
Rij““Rt jk-

Takum oGpasoM,
ng = Rij’

, i
Ku = Ru —R = Rn — ‘?ERW
: :

.tii

Tensop K;; MOXHO Ha3BaTh men3opom JiHwmelna.
Mu Bo3BpamiaeMcs K 0603HaueHHAM Cay4das n = 3; MOXKHO BBe-
CTH K8aldpuky IJdrwumelna
K, XX/ =1
H usomponuto emopo2o poda (KBaapHka DiHmITelina — cdepa).

Hmeetca Teopema, ananornuysas teopeme Hlypa.
[NonsTHe mpocTpaHCTBA NOCTOSSHHON KPUBH3HBI BTOPOro poaa Go-

—1
Jee ofmee (TOAbKO f—@—é——)xoacpqmunemoa).




I'TABA XVII
NMPOCTPAHCTBA MMOCTOAHHOH KPUBU3HbI

103. KoHrpySHTHOCTb NPOCTPAHCTB OLHOA H TOW XKe MOcTo-
SHHOA KPUBH3HbI. YpaBHeHHs CTPYKTYPH AJsi NPOCTPAHCTBA [10-
CTOIHHOH KPHBH3HH OYRYT

dw‘ [wFel ], ] .
= [0? o/] — K [wlo/]. { (17.1)

Bce KoadpuiHEHTHl B 3THX yPaBHEHHAX MOCTOSHHH NpPH IIpOHSBOJIb-
HOM BHOOpPe OPTOrOHAJBHOTO pernepa.

Teopewma. Ecauu -cywecmsyem npocmpancmeo 3a0anHoLt
NOCMOARHOE Kpususust K, mo moaexo odso.

ITO O3Hauaer: €CJaH CYLECTBYIOT ABa NMPOCTPAHCTBA ¢ Kpuausnou
K # nvHellHbIMH aniemeHTaMu ds? u de®, To B HeKOTOpO# 06J1aCTH NOJ-
XoAfAlLed 3aMeHOH NnepeMeHHBIX MOXKHO NMpHBecTH ds® K COBINAACHHIO
¢ do?, Bo3psmeM OKpecTHOCTb TOYUKH M, ORHOrO H3 3THX IPOCTPAHCTB

H TIPOH3BOJBHYIO TOUKY My, BTOPOro NPOCTPAHCTBA; TOrJa MOXKHO
HAJIOXKHTh OKPECTHOCTb TOUKH M, Ha BTOpOEe NpPOCTPAHCTBO TaK,

yTo6ul TOuka M, coBnana c Toukoit My, penep (R,), npucoeJHHEH-
HHH K To4Ke M, cosnaj c penepoM (Rp), NpHCOEJHHEHHBIM K TOUKE
M.

1
JokaaatTeabcTBo. Ilycrs ul,.._’uN(N-zn(n“i‘ ))__
\

(2]

. & /

napameTphl, onpejaensioniie Hauboaee ofniuil penep B Touke M,;

ol, . .., vN— ananoruyHele mapaMerpnl B Touke Mo. B Touke M,

HMeIOT MecTo ypaBHeHHs (17.1), B Toyke My— cucrema
do! = [of wj] — K [0'0']. |
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Veomawran AAATOATATRIIA VAW NY TADKAMI TRHUY MNACTNRALOSTD
o CTadnUbpnm COUL BTV brC MCma iVHnamn Aoysa upllipaniid
w! = (v dU = i (u, du :

of = (v, dv) = of (u, du), -

TAe ¥ HaNo pPacCMaTpHBaTb KAk HeH3BeCTHHIe (PYHKUHMH OT 4. ITa
CHCTeMa BIOJIHE HHTerpHpyema, HGo ypaBHEHHS

del — do? = 0,
do! — dol =0

ABJAIOTCH anarebpauyecKuMM cJieACTBHAMH cHcreMbl (17.3). B cuay
(17.1) u (17.2).

B wacrsoctH, ona JOMYCKaeT TAKHE PeIleHHs], I/ KOTOpHIX Ha-
YyajbHasg CHCTEMA 3HA4YeHHH (4,) COOTBETCTBYET NPOM3BOJBHOH CH-
cTeMe 3HaueHH# (v,), T. €. COOTBETCTBYIOT [Ba NPOHU3BOMLHAIX PeEnepa
NIepBOrc H BTOpPOro ceMeficTB.

- -TlockoabKy Tenepsb T

: (17.4)

Mpl HMEEM TOUEUHOE npeoSpazoBanHe n

‘elicTBHTeNLHO, CHCTEMA ypaBHeH 0 (z =1,...,n)
. BIOJHE MHTerpHpyema. Ilpumem o', . . ., u" 3a mepBhle HHTErpaJsl
" 3tofi cHCTeMbl; NPH TOCTOSIHHBLIX 3HAueHHaX (#)) HMeeM of = 0,
# Touka M nepBOro mpoCTPaHCTBA (PHKCHPOBaHA. CJle,uonaTe.ano,
u' — KpHBoJHHefiHble KOOpAMHATH INepBoro mnpocrpasctsa. Ilpu-

MeMm o', ..., U” 32 Te 3HAUEHHS MEPBHX HMHTETPAJIOB BIIOJHE HHTE-

TpHpyeMoit cHCTeMbl o' = 0, KOTOpHiE COOTBETCTBYIOT 3HAYEHHAM
(uf) npu. umerpnposannn cucremnl (17.3). IlockonbKy

o = o, N " (17.5)

- v* GYLyT 3aBHCETh TOJIbKO OT it, . . ., u~. Touxe nepsoro NpoCTpaH-
LTBa COOTBETCTBYET TOYKA BTOPOroO.

Hakownen, u3 pasescts (17.5) npaMo caieayer coBnageHue nHHed-
HBIX 3JIEMEHTOB

§? = 2 (04)2, »dc.;ﬂ = Z (w2

Cae ACTBHE DB JacTHOCTH, MOJNCHO HAAONCUML NPOCM-
POHCMBO NOCMOSAHKOL KPUBUSHbL CAMO HQ CE6S GeCHUCAEHHbIM KOAUNE-
Cmeom c¢nocobos: 3TO MPOCTPAHCTRO ,u.onycxae'r GecKoHeuHOe MHOMXe-
CTBO JBHXeHHHA (nipeo6pasoBaHMi, ~COXpAHSIOIMHUX PACCTOSHHSA).

+
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Tak xe, kKak eBKJHAOB0 NMPOCTPAHCTBO, OHO JOMycKaeT ooV mepeme-
. nn+1)

ueHUH, Tae N = —

3ameuanue IlpoctpancTBa mNOCTOAHHOH  KPHBH3HbI
HauboJsiee ofiHe H3 Tex, KOTOpHE AONYCKAlT I'PYNNy ABHKEHHH.
HefcTBHTENLHO, TOCKOJNLKY PHMAHOBA KpHBH3HA ONpeessercs
JIHHEHHEIM 3JIeMeHTOM ds?, mpH MepeMeiieHusiX, COXPaHAIOHUX JIH-
HeliHbIA 3JeMeHT ds?, cOXpaHsieTcs M pHMaHoBa KpuBH3HA. B uwact-
HOCTH, BO3MOKHO ABHMIKEHHE C COXpaHEHHMeM HeNojBHKHOH NMPOH3-
BoAibHOH Toukd A. CnenoBatenpHo, B 3TOH TOYKe A KpPHBHM3HA MO
BCeM HANpAaBJEHHUSM OJ(HA M Ta XKe. 3HAYHT, NPOCTPaAHCTBO H30TPOMNHO

X
H HMeeT IOCTOSHHYIO KPHBH3HY.

104. CyumiecTBOBaHHEe NPOCTPAHCTB NMOCTOAHHOA KPHBH3HLI.
M&l nocTaBuM 3TOT BONpOC B Apyroi Gosee obuiedl gopme. YpaeHe-
Hus (17.1) BXoasaT, Kak yacTHBIA ciayuail, B GoJee OOHLYyIO CHCTEMY
yPaBHEHHUH

dmiwc‘k][mm 1, ‘ (17.6)

— i {
[lk] C ckf

Bonpoc caonmca K CAeAyolleMy: jonyckaer au cHcreMa (17.6)
pelleHuss @/?

Heo6GxopuMoe yc/oBYe CYIIECTBOBAHHSA pelleHHsi, aHAJOrHYHOe

ToXAecTBaM Duanku, nosyuuM, auddepeHLHpys BHeWHUM o6pa3oM
cucremy (17.6):

0- [dw/wk] — [w/dwk]},

[k]{

WJH, CMEHsii BO BTOPOH CyMMe HMHAEKCH CYMMHPOBAHHA j HA R u
o6paTHo ¥ YyUHTHIBAS KOCOCHMMETPHYHOCTb KO3hhULHEeHTOB c[‘,-k] =

== Cj, — Ckj, @ Takke cooTHoueHne [w/dw*] = [de*e/]1 B cuay
KBAJIpaTUYHOCTH (GopMbl do*, TOJAYYuM, COKPATHB Ha 2,

0 = ijk] [do/ wF].

Brocum ciopa Boipaxkenue do/ no dopmyae (17.6) 1 noayuaem

i i Rnlnkl —
Ct k) Sl [0 olw?®] = 0.

Copepuiasi KpyroByio MOACTAHOBKY HHAEKCOB A, I, &k, uToObl cobpartt
nofoOHble YJIEHBbI, 3ATIHIIEM

Rlpk] =
{Clrkl fan T C| i Cliey T Cnn rkm} [wPolwk] = 0,
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HJIH OKOHUaTeJbHO

e oy + Simy Sl + gy o = O (17.7)
Ypaeuenus (17.6) Ha3HBAIOTCA CMPYKMYPHOIMU YPABHEHUAMU
epynnoL npeobpasoearutl, a pPaBeHCTBA (17 7) SIBJSIOTCH YCA0BUAMU

HQ CMPYKMYpHble KOHCMAHMbL 2pYynnot C[Ik] [TpeobpaszoBanus
rPYNNbl MOAYYAIOTCS H3 BIOJHE MHTErpHPYeMOH B CHJly YpaBHEHHMH
(17.6) cucremMu

o (v, dv) = ol (u, du) (i=1,2...r),

rae (4Y) — nepBOHAYANBLHBIE KOOPAMHATH TOYKH, a (vf)— rpeobpa-
30BaHHHIC. '

Mu fokaxeM, yto ycioBre (17.7) mocratoyso jasi CyecTBOBA-
uusl r He3saBucHMBIX GopM [Idbadda, yposnerBopsIOmIMX CcHCTEMe
(17.6). B Teopru rpynn 3T0 COOTBETCTBYET TpeTheil Teopeme Codyca
JIn o cymec'rsonaﬁnu rpynnsl npeo6pasosanhiii ¢ KosdppHIHEeHTAMH

CTPYKTYPHI clinty YZOB/IETBOP SHOIHMH  YCJIOBUAM (17.7).

105. iokazaTeabcTno Lilypa (Schur). IIpeanonoxum, yto HMeeM
pelenue

of = At duF,

rie Ar — QyHKIHH He3aBHCHMbIX nepemeHHBIX u”. TlocKosbKy cH-
creMa ¢opM o JHHEHHO HE3aBHCHMA, ONpPESENAHTENb H3 KO3dpHIH-

enToB Ai HEOGXONHMMO OTJHUEH OT HyJAs B HAUAABHOH TOUKe:
det| A+ 0 pas uk =0. (17. 8)

BBenem HajsumHee yUCHAO r + | nepeMeHHBIX BMECTO NPEKHHX 7,
nioJiaras
uk = ukt,

Torna
of = Alvk dt 4 tA: dv*.

Ins t = 0 Bce Koadpunuentn npH auddepennnane df cBOAATCS K
r hyHKIHAM

A, (0) 0%,

KOTOpbleé He3aBHCHMHI B cHay (17.8).
BBeneM BeaM4HHBL

@ = Ai vk, ' (17.9)
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KOTOphle MOXHO paccMaTpHBaTh KaK HOBHIE NepeMeHHble, TaK 4TO
Tenepb

ol = aldt - (a,t, da), - (17. 10)
rje © THHENHE OTHOCHTe/bHO da® H o6pamalorcs B By /b s £ = 0.

IMokaxkeM, uTo MOXHO TIOCTPOHTS PElIetilist BUA (17.10) zna cucre-
MH (17.6). | |

=
)
t
M
=
G
&
)
—_—
punt
~

JeficTeuTtensHo, dopMa @F MO YCJIOBHIO HMEET BHA
wt.= M da”.

| amt |
dt dak] = = [dt, k dak] =
at |

— [dt i"ﬁ] .
ot
Ysennl, .conepikamue df B npasoii yacti ypassenuit (17.6) giasa pe-
wennsa (17.10), O6yayr

CaenoBarenbio, -
oM,

ot — [

cim [dt, a/oh — a"‘a"] = tﬁ-naf [dtghl, (17.12)

rfiec B MPABOH yacT CyMMHpOBauHe amopqmoe — OTA&IBHO N0 YyKa-
3arensim j U h.

[TockoibKy f — He3aBHcUMOE HepeMeHHOe, aAuddepeHumuan dt
TOXKe BIIOJIHE TIPOH3BOJIEH H MOC/]e NOJACTAHOBKH B ypaBHeHun (17.6)
Buipaxkenui (17.11) u (17.12) xosdppuuuentn npu df B sieBoil H npa-
BOH 4acTH AOKHBI TOXKHESCTBEHHO COBNAAATh. JTH WJEHH, COAEPKa-

wmue df, 6yayr L
Pt L
[dat fif] + [dt "737] = c?kaf [dffnk],
OTKYZa |
S do=dalet. - ar.13)

dopmbl ¢, paccMaTpHBaeMble Kak GpYyHKIHH OT £, YAOBJETBOPAIOT,
CJeNDBATENbHO, cHCTeMe OOBLIKHOBEHHBIX JIMHEHHBIX € NOCTOSAHHBIMH
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PEHIHATILHE . Iostomy cyine.
c:rBye'r pemeune H TOJLKO OJHO C HAYANHHBIMH YCJOBHAMH

‘3HaquT, ecau 3anaua Bosmomna TO MBI MOXKEM 3qxbexmaﬂo NoACYH-
Tarb pelleHye,

106. ﬂocrpoenuoe pellienve ynos.ne'rsopae'r cucreme. ony-

CTHM Tenepb 4TO peuienye mi MIOJIY4€HO; Mbl BHECEM €I'0 B YpPABHEHUA

(17.10) ¥ noxaxeM, uyto cucrema (17.6) Gyner ynoane'raopena TOXAE-
'CTBEHHO, T. €., €CJIH IOJIOXKUTh

dof = clyy [o7e] - &,

S
[
~J
-

ot
NN
S’

'ro AOJY4YHM 'I‘O}K,H,ECTBeHHO
. =0,

Ileucmmenbno, audbepennupya (17.14) BHemnum o6pasoM, 3ame-
THM, 9TO 4JEHEI, He cojepxamye dopMbl ¥, o6pamaiorTcs B HYJb.
B CHJIy YCJOBHI, KOTOpbie ObIIH HAJNOXKEeHH M KOTOphle Mbl CUUTaeM
BHIIOJIHEHHBIMH, MBI ¥MMeeM, ClefoBaTeNbHO,

Qi ¢t [Q/0f] =0.  (17.15)

Beenem CHMBOMT nHprepeHquonaHHﬂ d nas nuddepeHIHpoBaHis Mo
mepeMeHHOMY £ H 9, MO NEePEeMEeHHOMY a°.
[ToxkaxxeM, 4TO

Q! (d Qi 3)=0
\& E Ty Vpy = Ve

o~
[em—y
~
ot
(®)]
S

CxasaTp, uTO
Qi(d, 3,) =0,

3HAYHT CKasaTb, YTO WIEHH, conepxamue df, 6yAYT OfHH U Te XKe
B JeBofi M npaBoft yacrax ypasHenud (17.1), Ho Bear ¥MeHHO CcpaB-
HEHHEM TaKHX YJIEHOB MBI ¥ MIOJIYUUJIH YPABHEHHS (17 13), HHTErpH-

POBaHHEM KOTOPHIX NOJyueHb GOPME! @?.
Ilnsi ompaspauusi BTOporo ypapHeHHa (17.16) no,ucqmaem o
dopmyne (17.14) OHaureliny0 dopMy ,H.JIH t = 0. Hmeem

9 (3,-8) = S, 0! (Bg) — Spo! (%) — [m {0/ (3} 0k (%) —
— o/ (3) 0* (3,)} =0,
noroMy yro aas =0
0! (3) = of () =0

Tenepb TpHAMHeliHbIA KOBAPHAHT € CHMBOJaM¥ AH(XpepeHUHpOBa-
11 3akas 533 161



uust d, 3, O3, NpHcoenHHeHHHH K ypamuenuro (17.15), 3anHuIercn
B BHIE:

A (5a, 3) + .27 (B, d) + 362! (d, B} + climy (2 (d, 3e) 0* (3g) +
+ Q (3,, 5) 0 (d) + 7 (3, d) vt (,)} =0,

3zxeck B cuJy nepBoro (lokasanHoro) Toxaecrsa (17.16) o6pamarotcs

B HyJb Bce Qopmbl QF nsA  IBYX CHMBOJOB J¥depeRNUPOBAHHUS
A g 3

KL s,

Mgl mosyuuM
dQi (Bm 8[3) + Cf"kgj (Bas Bﬁ) wk (d) = 0.
Ecau o®(d) samenurs no dopmye (17.10) u o6o3nayuth

Hi = Q1 (3,, ),

TO Hallle ypaBHEHHe 3anumiercs B BuJle OGLIKHOBeHHOro AMdxbepeH-
HHANbLHOT'O YPAaBHEHHA

dH?

—_ L c‘ Hfa" = 0.
dt

ATo — ypaBHEHHEe JHHellHOe ONHOPOJHOe, CJEJoBAaTeNhbHO, JoNy-
CKaeT pelneHye

Hi =0,

. a ToCKoJBbKY aas ! = 0 Nmo jpoxasanHoMy

Q(3,, 8) = 0,

TO 3T0 H 6yNeT eAUHCTBEHHO BO3MOXKHLIM pelIeHHeM Jjis BCskoro f.
Taxum oGpasoM, Bropoe ToxgecTBo (17.16) noxasano, a orciona

NpsaMO BhITeKaeT ofpalleHHe BHelHeil KBajparnuHoii dopmbr &
B HYJIb.

Ocraercs mnocMorperb, 6yayT JH Bce - HafifieHHble dopMu ©f

TTTTER T L~ EFAANRTITATIL ST PLETT

JIHHENHO HE34dBHCHMMbBIMMH,

3ameTuM, 4ro nepeMenHnie af, { BXOAAT TOJIBLKO B BHjie IpOH3Be-
aeun#t a‘t. [elicrBurenbHo, ypaeHenusi (17.13), orxyna onpenens-

auch GopMH @, JIOMYCKAIOT 3aMeHy
| ’ y
=k a= —~ k = const.

Uro6ul nponHTErpupoBats cucreMy (17.1), Mbl HHTerpupyeMm cH-
creMy (17.13) ¢ HayaJbHBIM YCJIOBUEM:

| wl =0 pasa t=0,
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=]

Dopmbl & mosyyaioTes NpPH NMOACTaHOBKe { = | B mojsyyeHuoe pe-
INeHHe ! MOCKOALKY

ol = Apdut, o =tALdok, ut = v,
TO
o = ol qaa ¢ =1,
MoxHo, clefoBaTesbEO, 06paTuTh B Hyab Te a' u3 (17.9), Koropeie)

COOTBETCTBYIOT ABYXHHJAEKCHHM ¢opMaM of.
HeiicrBuTenbHo, TIo dopmydse (17.10) mel nosyuum Toraa

ol =gldt L ol, o =0

1°, Hanpumep, s K = 0 (eskmuzoBo npocﬁ*pauc*rao), cucreMa
(17.1) nanumercs

RN PN YKL g0 .k
aw’ = [0 wg], 4w == [®

¥ cucreMma (17.13) 6yner

_ : (17. 18)

[elicTBUTENIbHO, CPABHHBAS ypaBHEHHH (17.17) c cnc'remou (17.6)
dot = C[Jk] [mfmk]

¥ TIpMHHMAsl JJig NepeBoaa o003HayeHHi
w{:ma, (a=n—}— 1, see ,N),

3aMETHM: |

a) Bce KOS(XpHIMEHTH Cj), €CJAH He OGPAIAIOTCS B HYJb, TO
PaBHE eJHHHULE;

b) pnsa i < n (cnyuail neppor oypan ienus (17.17)) u ykasarens |
Gy,neT j<n, aykasarens £ >n-+ 1

¢) maa i > n (caygadl BTOpPOrO ypaBHeHua (17. 17)) o6a yKasa-
Tenst j, B > n, Ho mia C'ro.nb GosbIioro j Bee a; = 0.

)
e o nvramaneer 11 Q) TIA TINFITAALE
Pl’llj Ji Lriviivi \1 l' U}, H.Ulﬂ')’ 1 auivl

mf == 0, u)i = { da}
H, CJefoBaTeNbHoO,

of = da!, ds*=Y (da’)?

(370 eme pas NMOKasLIBaeT HE3aBHCHMOCTh GOpM wf).
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2°. Ecmu K + 0, To monyunm coraacuo (17.1)

dmi N 1 )
gy 00 G,
ga . o - (17.19)
— = — K (a0’ — /).
. /

Unrerpupys ypasnenne (17.20) no #, NOCKOJIBKY af OT { He 3aBHCHT,
MOJYdHM NpPH HauaNbHOM YCJOBHH o = 0 ans ¢ = 0

a0l = ta, da’. | (17. 21)

Teneps, nuddepennnpys nepsoe ypasHenne (17.19) mo ¥, mony-
YUM .

die! do},
= ak

—

dt? dt -

——K 2 a* (@, o' — a,0%)=—Ka'a,o'+Kata,da*.

ITepBoe npeoépasoaaHHe BBITIOJIHEHO € TIOMOIIBLIO BTOPOTO Y PaBHEHHA
(17.19), Bropoe — ¢ moMompbio pasencrsa_ (17.21).
CrenoBatesbHO, _

421
[44)

L:it, = —Ka*a,o! 4 ¢ (f),

H MOXKHO MHTErpHpoBAaTh NP He3aBHCHMOM eDEMEHHOM f W HEU3BECT-
Holt (yHKIHH of.




[JIABA XVIII

FEOMETPHYECKOE MOCTPOEHME ,_
NMPOCTPAHCTBA MOCTOSIHHON KPHBH3HbI -

107. [IpocTpaHCTBO NOCTOSHHONA NOJOKHTENbHOH KPHBH3HDI
[TpocTpancTBo NOCTOAHHOH KPHBH3HEI MOXHO NOJIYYHTb, €CJH pac-
cMarpuBarb runepcdepy B (n + 1)-MepHOM eBKJHJIOBOM NPOCTpAaH-
crBe. [loxaxem, uro runepcdepa paguyca R MMeeT HOCTOSIHHYIO

KpHBHU3HY Ri“ B (n -+ 1)-MepHOM €BKJHJOBOM IIPOCTPAaHCTBE pace

CMaTpHBaeM HpﬂMO‘yI‘OJIbHyK) JAeKapToBY ‘CHCTEMY KOODJAHMHAT C Ha-
yasoM O u KoopJAuHATaMH x ..., xttl JInHelfHBIE sJ1eMeHT Tpo-
CTpaHcTBa Gyner : :

ds? = (dx)? -+ () + ... + (daor 1,
Ypaaﬂeﬂue anepccpepr C LEHTPOM B HAYaNe M PAfiHyCOM R Gyzer |
()2 4 (22 oo o+ (21 =

[IpucoenuunM K cpnxcuponannou TOUKE 0 oprorouanbnmﬁ penep

¢ eNMHMUHBIMH Oa3sHCHBIMH BeKTOpaMH 11, c v ey I,,+1 OGosHagnm
6yxBoH M Touky rumepcdepr, B KOTOpPOH ee Ilepecexaer paguyc-
—

BeKTop HanpaBaenus 1,.,. Torna

—_— -

OM =R,y . (18. 1) -
[Tpn HBTIO,ZLBH)KHOM HayaJjie BapHauuy penepa GyAyT ONpefessaThCH
dopmamy @b {o,B=1...,n-4 1) co CTPDYKTYDHBIMH YyDABHEHUSIMH

. dmg = [mlm?‘].
Ipeveckne 6ykBnl npoGeraioT 3Hayenus @, f, y=1,...,n+ 1,
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natunckue (. 1. k=1 ... n. Bapﬂamm
JuddbepenpoBaHHeM ypaBHEHHS

dM =Rdlp 1 =R(o}, I + ... o, L)

CaepfoBare/ibHO, KOMINOHEHThl HHGHHUTEIUMANbHLIX CMEleHH i TOUKH

M Gynyr _
=Re! |, (18.2)
OTKyJla
of =l (18. 3)
1T R
Huddeperuupys BHemHEM 00pa3zoM, NOJYUHM
d(ﬂ 'L 1_. ko2
R [mn+1mk| = 73—[0) w,l.
Hrak,
dol! = [oFui]. (18. 4)
AHanoru4no
dwi = [m"mf] + [u)"+1m‘f‘ﬂ]
e
u B cuny (18.3), a rakke oftl = —af |
Al — Tkl ___l_ .00 7 110 E\
uwi-—lw‘mk] R2 lUJUJ"j. ‘IU J)
CnefioBaTesbHO, KPHBH3HA np‘oc*rpchTBa
' 1
I(==:——E5.._

N3 ypaBueunit crpykrypu (n + 1)-MepHOro IpOCTpaHCTBA
d1, = ol I,
nonyyaem B cuay (18.2) u (18.1)

dM = ofl, (18. 6)
Al = o1, + o g = of 1, — -R—aOM
H OKOHYATCJLHO
dl, = ot I, — Ko'OM (18.7)
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L]
1
)
1
"
'
1
)
)

xt, x%, ..., x"+1

U CKQASDHBIM KBAODAMOM MmMOYKL

Lt hd Sk

(W) 4 () e (= MO =

Orciopa crasrapusie npoussedenus

—r - =

M R'L 1)=1, OM-L,=0, I,.1,=0.  (18.8)

7

Huddepenunans dM, dl; nosBossOT onpefenutb, TaAKUM o6pasoMm,
AngdepeHnMans Mo6oro BeKTOpa, paccMaTpHBaeMOro, KakK TOYKa,

MMEIONLasl OmpefieJieHHbI CKaNdApHbR Keajpar: X = Xil,.

108. OToGpaxkenne Ha NIPOEKTUBHOE N-MePHOE NPOCTPAHCTBO;
UroOu uHTEpNIpeTHPOBATh OTPHLATENLHYIO KPUBH3HY, YIOGHO pac-
CMarpHBaTh COBOKYNHOCTh 7 - 1 YHcen Kak oJHOPOJAHLIE KOOPJH-
HaThHl TOYKH MPOCTPAHCTBA (3JIJIHITHUECKOro) pasMepHOCTH n. 3Jech
TOYKH (x%, X3, .. ., x"*Y) | (—x!, —x?, . . ., — x"+)) paccMaTpHBaIOT-
cd Kak CoBIIajaromue *,

CheznoBaresibHO, 3ATUNTHYECKOE NPOC

KO NOJIOBHHY cdepHyecKoro. :
CnenaeM 3ameHy OJHOPOAHBIX KOODAMHAT H NPELNOJIOXKHM, UTO

\A AR y

fxl\z—l-(xz)z—l—i”-4—(,1;"+1\2=fo1' x? ... xht1)
') i i\ ' \ y L. | ] 7

ds* = F(dxV, dx¥, ..., dxn+ 1),

rAe¢ F — onHoposaHbd MHorouJieH BTopoll cremeny (dopma).
Takum ofpasom, mnosyuaercsi ompejefeHye NPOCTPaHCTBA TO-
CpeAcTBoM KBazpaTHuHOR dopMEI F BMeCTe C COOTHOLIEHHEM
F (xV, x2’,...,x“+")==—l—. (18. 9)
K
Mul Havanwm co 3HakoonpenenenHoil GopMel, Ho popMa F Moxer GhITh
U HeonpefieleHHON NpPHU YCJOBHH, 9T0 ds? Gyner MoJIOXKUTENbHBIM.
Mu npHXoAuM, TaKuM o6pasoM, K runepGosmueckoMy (K < 0)
npocrpancTBy. IlokaxeM, 4To 3T0 BO3MOXHO, €C/IH TOJLKO dopMa
F aBnisiercss cyMMOH n KBAJparTOB C HOJIOKHTENbHHIMH 3HAKaMH H
ONIHOTO KBajpara ¢ oOTpHuATENbHEIM.

* lag n = 2 saaunTHueckas MJIOCKOCTh N0J1y4aeTcs NMpoeKTHPoBaHueM cde-
PH M3 ee IEHTPa Ha KacaTeJbHYIO MIOCKOCTh.
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YyeHHH dx cnﬂsannmx COOTHOIHeHHeM

d:c1 —l— “t

Ha 0, ﬁ d\nnun F'{rlv\ ﬁmnn NMOJIOXKHUTENbH

SaEderi=0,  (18.10)
KOTOpoe I[0y4aercs ,umbq)epenu oBaHHeM paBeHcTBa (18.9) u mo-
KasblBaer, 4To- To4Ka (dx', . . ., dx"+1) jexuT B nonapHOi runep-
TMJIOCKOCTH TOYKH (x!, . .., x”*1) 1m0 OTHOWIEHMIO K a6couTioTy

F=0. -~ ° (a8

Ecnu HOJ'!HpH&SI THIEPINIOCKOCTE MepeceKaer a6como'r 10 nuddepen-
nuanbHas gopma -

ds® = F (dx!, ..., dx"+ 1) 118. 12)

He COXp aHHET 3HAKA.

B TpexMepHOM NpoCTpaHCTBE 3TO TpeGOBaHHE HCKJIOUAET. JTHHEH -
yarbie noaepxnocm BTOPOro MOPsAKA U JOMyCKaeT TONLKO JiBa CJIy-
Hast:

- 1°. -A6cosrom — muumasn fceaapulca ®opma F NONOKHTENBHO
onpejedensas. Kpuuana K — MOJIOXKHTEVILHA, Hpoc'rpanc'rno 3J1-
JIMIITAYECKOE.,

2°. A6corom — aeucmsume/zbnax Reaunediuaman’ keadpuxa, ‘Ha-
npuMep 3JIHICOMA. HUToOH HoJspHAA MJAOCKOCTb TOYKH He imepes

cexana KBanpHKy, Hano 6paTth To4Ky (NOJIOC) BHYTPH JIIAMCOHAA.

KpuBH3Ha npocTpancTBa orpuuarensHa. CleloBaTesbHo, runepéo-
JIHYeCKoe NPOCTPAHCTBO NPEACTABJAETCS BHYTPEHHHMH TOYKAMHE™ a6-
comiora, Popma F pasJjiaraercsi Ha TPH INOJIOKHTEJPHBHX KBaJpara

H ONlHH OTpHHATEJIbHbIH,
109. F'unep6oanueckoe mpocrpancTBo. Ilokaxem, uYro Ans
n-MEPHOro THIIepGOMHYECKOro NPOCTPAHCTBA MOXKHO B3ATh (OpMY

F B3 n nonoxHuTe/bHBIX KBAaJpPaToB M OJHOrO — C OTPHIATEJbHbIM
3HAKOM,

Paccmorpum  Touky P (0, ..., 0, 1); uro6el ee KoopaMHATH
yiaoBaersopssiH ypaereHHo (18.9), mocratouHo B3saTh F B BHJE
714 Iha
F—=-2__1_ X -+ 2axi+ L - xixd.

Ecnan cMeHHTb KOOpAMHATY x”+1, B3gB HOBYIO KOOpAHHATY, PaBHYIO

MMTFLEIER L M

LyhmMo .
x4 Kaxl,

TO KOODJMHATH TOYKH P He maMensTes H, nipeAnoiarast npeoﬁpaso-
BaHWe YyiKe BHIIOJHEHHbIM, HMeeM

1
F:.E:i+®(xl’.._’xn). o

K . .
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Jluneinoe coorHowenune (18.10) B Touxe P cBepercs X ofHoMy ujieHy
dxntl =0,
¥ suHedHu#l 3seMeHT (18.12) B Touke P 6yjeT nosoXuTeNEH, €CAH

X ® (dxt, ..., dx") > 0. .
Hpe,uno.naraﬂ ¢opMy . @ NOJOKHTEJBHO- onpefieNieHHol, mpHueM
K SJJIMITHIECKON FeoMETpHH, eCaH K > 0 n moayuum runep60.nn-
yeckyio, ecan K < O.

I'lpy 5TOM TOUKHM runenfoHYecKOro NNOCTpaHeTBa Ov

J..lr A&  wFa AALZA A& lallvt.lv HEAE R N AR L rvw‘.rl“ll\w

v

J

paXkarbCst TOJIBKO TeMH. TOUKaMH -eBKJHAOBA NMPOCTPAHCT
JIUHATH KOTOPHIX .y,ueme*raopﬂm COOTHOMIEHHIO

(!

_K) —|—(I)(x‘,..,x")<0

F —_
T. €. BHYTpeHHHMH TOYKaMM THIEepKBagpHKH (abcoiiiora).

110 lpencraBieHHe BEKTOpOB B runepboan4YecKol reomer-
puu. ITycrs Q — runepxBagpuka abcomora ¥ M(xH), M'(x - dx¥) —
JBe cocelHHe BHYTPEHHHE TOUYKH.

MoxHo paccmarpuBaTh dxf Kak KOOpPAHMHATH TOYKH, YIOBJIETBO-
psiomHe cootHowenHuro (18.10), xoTopoe nokasniBaeT, uTo TOYKa
(dx¥) HaxoguTCs B NOJIAPHOH NJIOCKOCTH ToukH M mo OTHOIIEHHIO
K abcoJioTy.

Tor xe pesy.nb'ra'r HmeeM JJIs KOHEYHOro BEeKTOpa, paccMarpH-

=

BaeMOro KaK CKOpOCTb ‘%‘. Ksagpar paaunbl BexTopa X! 6yzner

Fix‘, ver g XPHI),

D710 CKaNApHBIA KBajpaT TOYKH, NPEeACTaBJsIOUEH BEKTOP. Cne-

JOBaTeNbHO, BCAKHH 8exmop rmnﬁ'nnnmnpmrq MOoYKOLl, PACNOAONCEHHOU

Nt L BF A FLAMRAZA WWIWIIW F F YWl TTF VST Y V | PSSR

8 NOAAPHOLL NAOCKOCMU HAXAAG NO OMHOWEHU K adcomomy, cKaaap-
Houl keadpam smoll mouKku paseH Keadpamy OAuHbL 6eKMOpQ.

Ckaasiproe npouseeaeﬂue aeyx 8eKmopos ¢ o6LUM HA4ANIOM PABHO
CKAAAPHOMY npouseederuio u306paNcaomux ux mouex.

HBa BeKTOp@ NEPNEHNHKYAAPHBL, €CJIH H308p axalomue X TOYKH
CONpSIKeHkl, T. €, eCJH HanpaBJaeHHs 3THX IIByX BEKTOPOB COMNP AKEHI
OTHOCHTeJLHO abcoJoTa.

Cayuaii n = 2. Uepes TouKy MOXKHO NPOBECTH GecKOHeuHoe MHO-
KECTBO MnapajeJiedl K NpsaMol, T. e. MNpsAMBIX, KOTOpHE HE BCTpe-
yalorcd BHyTpH abco/mora, [IBa fiepleHAMKYNapa K OfHOH NpPSMOH
napajJieJbHel H T, [,
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B annuntvyeckofi MHTEpHpeTauHd JJasi BEKTOpa
- i~
X=XI,
HMeeM
dX = dx'],+ ' d ], =dxis I, + & {— Ko,OM + of I} =

= — Ko X'OM + 1, {[dX + o5 X*) = — Ko, X'OM 4 I, DX,
OTKYJa

dX = DX — Ko, X'OM, | (18.13)

3pece dX — Tounnlii xudpepennuan, Ho se DX, .

111. I'eone3uyeckne AMHUH B PUMAHOBOM NIPOCTPAHCTBe, ¥ ¢-
KopeHuem HasLIBaeTcsl a6coJioTHAs NMPOU3BOJHAS BEKTOpA CKOPOCTH
10 BpeMeHH,

O603Hayasi, KaK OOLIYHO, KOMIIOHEHTH MH)HHHUTE3UMAJBHBEIX CMe-
IEHUH JBYramiomeincs ToYkH yepse wf, BpeMs uepe3 { 1 KOMIIOHEHTH!
BEKTOpa CKOPOCTH uyepe3 v, uMeeM

wl = i df;
OTCIOA3 YCKOpeHHe gf paBHO
Dut dot w!
g" — = —!—Uk ——-k 5
dt dt dt
1noJsiaras
wl = T;i (Dk’
MOJTyYHM ‘
du? :
g' = —— + 1
HJIH
dv?
N R
g = — = — TV "
Hans reopesnueckoil gt = 0. Orciona ypaBHeHHe reoje3uyecKoil
dv? '
— = TL&UkUh, ] i gk
dt (1. 14)
w? =yt ds

(monoxkunu ds = di).
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SamMeuauumue, Paocmm'num rOJIOHOMHVIO CHCTEMY C 1 T2-

= X1 L, I QLIS LAt LR

paMerpamH ¢', . .., ¢", }HBas cuna T olpefeseTcsl ypaBHEHHeM
Td =g, dg dy, (18. 15)

MbI MpeNoJ/araeM CBsSI3HM HE3aBHCHMBLIMH OT BpPEMEHH. -
Jlerxo BumeTh, YTO MrHOBEHHBIE JABHIKEHHMS CHcTeMH (6e3 BHeil-

HHX CHJ) OYAYT NpeACTaBJAATLCS TIeOie3HUYeCKMMH [IpOCTPaHCTBA
n .

) oo Gt

@opma (18.15) paccMarpuBanace Boanreppa ¥. On HasniBaer
v! XapaKTepHCTHKaMH JIBHIKCHHS,
CocTosiHue CHCTEMBI B JAHHEIH MOMEHT ONpEJeIAeTCs BeJHIHHAMH

(4%, ¢), rne ¢f = L , Boabreppa saMensier gf unefinniME KoM6HHa-
N G0y S A di K]
LMAMH U,
B uactHocTH, Boabreppa paccMarpHBaer ciyyad
] “ » I )
T =) @)

DT0 Hama TOYKA 3pEHHd.
Boabreppa crasur crenyromyio aa,uaqy BO3MOXXHO JH BHIGpaTh

v! TaK, 4TOOH 7p;, GHUIM NOCTOSIHHEIMH (CHCTEMAa C HE3aBHCHMBIMH
xapax'repacmxamu) Torna MoXHO OTAeNBLHO HHTErPHPOBATH NEPBLIE
1 BTophie ypaBhenus (18.14).

[Ipumep. Ypasuenus ODiinepa (BpauieHne] TBEpAOro Teda).

bBuisio Gnl HHTEPECHO H3YYHTh PHMAHOBEI POCTPAHCTBA C TOCTOSIH-

HEIMH  Tfh.

1192 MeopnINavrnunmNnasUTUHLIS RAUTANLI® TIC
2 L Avd AWV AN WFILLIZl LA VI 1D A RPN u‘rl‘lv"m AL N
e a

MoxHO nM B pHMaHOBOM HNPOCTPAHCTBE BHIGPATH B KaXKJIOH TOuKe
NPSIMOYTOJILHBIH pemnep, TaK, 4TOGH

dv}
i % 5
g dt
Torga ans BcAKOH reojesuyeckodl Gyger
vt = const.

CnepoBarenibHO, KOMMNOHEHTH €JMHHYHOTO KAacaTeJbHOrO BeKTopa
OyAyT HNOCTOSHHBHIMH BJOJb Te0Ae3H4YEeCKOH.

Dynem HashBaTh nceeaoaxeunmeﬂmubmu IBa BeKTopa MX 7

M'X’, ecH OHM WMeIOT OHH B T€ K€ KOMIIOHEHTHI COOTBETCTBEHHO
0 OTHOILEHHIO K MX pelepam.

EXunnuHble BEKTOPH, KacaTeJbHHIE K reojesHuecKoll, GyAyT
ICeBAO3KBHIO/IEHTHEIMH,

*Yolterr a. Attl Torino, 1887.
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_ IIpennonioxuM, 4TO ABA BEKTOPa K- JIBYM reoJle3HYeCKAM- 6yayT
ICEBJIOSKBHUNOJEHTHH B JIBYyX TOYKAX: OHM OYyAyT TaKuMH Be3Jie.
Mu GyneM roBOpHTb, YTO TaKHe TeQ/iesHuecKHe nceeaonapamexzbnbz.

‘Orciofa HMeeM CJA € CTBH .

1°. Bcaxasa eeodesuueckasn ncesdonaparressua camoti cebe:

2°, Jlee ceodesuuecKue, ncesdonaparréishsie mpemved, mncesdo-
NAPAsNErbHbL MeNCAY cobotl.

3°. Yepes scakyro mouxy npoxodum o0Ha u MoabKo 0dHA eeoaeau-

e ¥ Vel i
1eckan, ncesdondpasreisnan 3a0annol 2eode3uueckod.

4°. Ecau 0Ose eeode3uueckue nepecekaromcs, mo ose eeoaeswtecxue
ncesdonapainresvtovie UM & cevell oéugeu mource, nepecexaromes noc)
mem Jce Yeaom.

Mgl iokaxeM, 06paTHO, 4TO, €C/IH BO3MOXKHO ONpPENIeUTh NICEBJ0-
napaJJie/bHOCTh, ynon.neTBopmomyzo CJIEJYIOLHEM JBYM- TpeGoBa-
HUAM (MeHee CHJLHBEIM):

1°) Uepes BCAKYIO TOUKY 0 npoxonm TOJILKO OJiHA reonesnye-
CKasi, COOTBETCTBYIOMIAsi JIAHHOH reoJié3HyecKoi,

2°) nBe reojesHuyecKHe, COOTBETCTBYIOUIHE NBYM IepeceKalomHM-
Csi reofile3HuecKiM, CaMH NMepeceKanTCs MOJ TeM Ke CaMBEIM YIJIOM,
4TO H MepBas napa, ' :

TO MOXHO HAaHTH penep, falouHui ! = const. -

JokasartTedabpctTBo. DBo3Mem B Touke O oprtoro-
HaJLHBIH ‘penep. Hpncoe,uHHHM 'K KaXJIOMy HanpaBJIeHHIO, BLIXOAS-
m.my H3 TOqKﬁ IVI, KOMIIOHEHTH (ll, a,, dy €HHHYHOTO BEKTOpd
'KacaTesIbHOTO K COOTBETCTBYIOIEH reozesnueckoid B Touke 0. YTron
TaKKX JBYX HanpasjeHuil (@) u (b) onpeneasercs ¢opMyJoH

cos ¢ = a,b, + a,b, - agb,.

CnenoBaresbHO, B TouKe M cyuiecTByer onpefeneHHblil npsiMoyrodb-
HBlll pemep, TakKoi, uTo, €CAH HANIpaBJsONi¥e KOCHHYCH reofiesnye-
cKoit 6yayT a,, @4, a;, TO TAKHE 3Ke KOCHHYCHl JJIsi COOTBETCTBYIONLER
reofieanyeckoil B Touke O 6yAyT TOXKe a,, Q,, Qs.

ChnenobarenbHO, BCAKOH reofe3Hueckod, Hcexopdmeil M3 TOUKH
0, cooTBeTCTBYET TOXKe reojiesHyecKasi, BHIXOAAILIAs A3 TouKd M.
KOMIIOHEHTEl CKOpPOCTH NOABHXHOH TOYKH, npolerarwileil reojesH-
yecKyio, 6yAyT Toxe Kodcranramu. Orciona cienyer, uto

havuR =0,
HefictBHTeNnbHO, B NpOU3BOALHON TouKe M, MMeeM
o] .
dv?

=0
ds ’

OIOO

TeaU*VR = 0,
yTO M TpeGoBaNoCh AOKAa3aTh.
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L2 ] Ml % YT O YT T TR PAATTAIIITONALZTI N ‘ ﬂ‘f Tr AT TEATT
wiliDla LJIC}_I, €T, 4TO ABC TeOlAC3HYLC

nrisc
JIeJILHBI, eCJl c00'rBeT(:TBye'r O[lHA H TA XK€ reojieanuecKas, Bhl-
xonsimast H3 Touku O. .

B eBKAH0BOM IPOCTPAHCTBE MMeeM OGHIKHOBEHH Il napaJjnesnam.

Mui yBUIHM, YTO B JVIMITHYECKOM HPOCTPAHCTBE HMEIOTCS JBa
BHJA IICEeBONAapaJnennsma.

PaccMoTpuM TBepjioe TeNO, ABHraiomeecss C yTJAOBOH CKOPOCTBIO
{p, q, r) ¥ MmomeHnTaMH A = B = C = 1. Jlaa ocH, cBS3aHHOH C
TBEPABIM  TeJIOM,

dp dg

dar
3 == =0 T= 2_‘ 2 r2
a - at at g

=
m

Orciofa napaniesisM «a6CoJIOTHEI.
YpaBHEHHS OCTAIOTCA TEMH K€ CaMbIMH JIJIs HEMOABHXHBIX ocell
8 TIPOCTPAHCTBE.

DPOPMYJIHI PPEHE NJIS TEOHE3HYECKHX. Econ T —
JUHHYHBIA KacaTeJbHBId BeKTOp. B Touke M, To

M _; DT _,
ds ds

¥ 113.Teone3nyecKue B NPOCTPAHCTBAX MOCTOSAHHON KPHBU3HDI.
MmeeM B cuay (18. 13)

dx Dx K- X', OM
X"w,=XdM.

(18.15)

Jaa X =T B cury (18.15) u T-dM = ds
AT —=— K dsOM,

OTKyJl2
AT o KOM.

ds
IlosoxuM OM = M. Uckmoyast T ¢ nomomplo NepBOro ypaBHEHHSA
(18.19), monyunm
d*m
+KM=0 (18. 16)

ds?

CliefioBaTebHO, HHTerpupyﬂ KaK JIMHel{Hoe ypaBHeHHe C NOCTOSIH-
HBIMA KoadpHLMeHTaMH, TioNy4yHM, ecnn K > 0

M= Acos (s V'K) + Bsin (s V' K),

A H B — NnOCTOSHHBEIE TOYKH.
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Touka M onucriBaer mpsmyio AB.

CnenoBaresibHO, Treofie3HYeCKHe 3J/JMNTHYECKOTO IPOCTpAaHCTBA
O6ynyT OGLIKHOBEHHBIMM NPAMBIMH,

Ecan M,— nauanpHag Touka npaMo#i u T, — Touka, H3oGpaxa-
10las HavaAbHOE HaNpaB/eHHe, TO JIETKO I0Jy4aeM

M = M,cos (s VK) + sm(s VK). (18. 17)

3HaMeHaTe/Ib BO BTOPOM yJieHe npanoﬁ yacTH OOBbACHSETCS TeM, UTOo
corJiacHo gopMyam (18.8) Touka M, Kak H Bce aHaJIHTHYIECKHE TOUKH,

1
HMeeT MOAYJb ——, MEXAY TeM KaK T,— €IHHHYHHIH BeKTOp.
VK
TT M TTIT A ¢ T TTIXFIT A TID €T M N YT
l'lUJl.l_lﬂﬂ AAJLELEL A 1D Aiv\Jrl
0 . _
1°, Cepepuueckoe npocmpancmeo. K = R
- 27': 8
Sr= VR = 2nR, (18. 18)

TlocKonbKy TpHroHOMeTpHyeckHe (yHKuuu B ypapnenun (18.17)
HMeloT nepHoJ 27, To apryment s} K Moxer Mensthest or 0 po In,

On
a, CJejoBaTeNbHO, AJMHA Ayr¥ s or 0 1o

2°. Jaaunmuueckoe npocmparcmao:
Sr=

i (18. 19)
VK |
B 341MITHYECKOM NPOCTPAHCTBE OTOXKAECTBJAIOTCS TOYKH C INIPOTH-
BOIIOJIOXKHEIMH 3HAKaMH KoopjauHat. Taxk Kak npH yBeJIMUEHHH apry-
MeHTa Ha 7 o6e TpUroHoMerpuuyeckue QyHKuUuH ypaBHeHHs (18.17)
MEeHSIIOT 3HAKH, TO NepHOJioM AJst ToukKd M caelyeT CYHTarb Bo3pa-

™
cranue s/ K Ham u s HGa ——,

VK
MoXHO HemoCpEACTBEHHO YMHOXHTL o6e wactH (18.17) na Mo.

ITockonbRy

1

2 __
MOTO — Ov (Mo) — T

K

HOJIyuHM
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KyZa no-npexHeMy NpH HemoisikHol Touke M, mepHoioM A
T
TouKd M pamo cuurarh e
1
3°. T'unepboauuecxoe npocmparcmgo: K =— —Ra< 0. Tenepr npu

HHTerpUpoBaHuH ypaBrenHs (18.16) BMecTo TpHroHOMeTpHYeCKHX
(GyHKuHA nosBaTCA runepﬁo.nﬂqecxue

M=Mych(s)y— K)—[— sh(sl/ K) =

— M,ch (%-) +T0Rsh (-;-) | (18. 20)
Hnn, mensas vopmupoBanue aHanuTHdyeckoli Touku M,
M =M, T,Rth (-i) . (18.21)

Koraa s mensiercss or 0 a0 oo, M mensierca or M, zo M+ T.,R
MOCNENHAS TOUKA JIeKHUT HA aﬁcomo're n6o

(M, + ToR)2 = (Mo)ﬂl +R? =

3HauHT, a6coJoT SBAsIeTCA FeOMETPHUECKHM MECTOM GeCcKOHEe4HO
YAAJNEHHEIX TOYEK MPAMBIX; Kawjaas IpsiMas HMeer nBe GeCKoHeYHO
yAaneHusle TouKd P(+4-o0) u Q(—co). Ilpn usMeHeHHH 3HAKA $ TH-

s
nepGosnyecKHi TaHreuc th 7 TOXKE MEHseT 3HAK, HO B runepGoJiH-

YECKOM NPOCTPAHCTBE HET OTOXKAESCTBJICHUS TOYEK C MPOTHBONOJIOXK-
HBIMH 3HAKaMH HX KOODJAHHAT.

'14. Mepoonpene.neune Kaau, Kanu (Cayley) onpenensn npo-
eKTUBHOE paccrosuue MM, TIOCPEICTBOM CJIOXHOTO OTHOIIEHHS

i b ar “ AN e A& Asra Nl L AT A Nl A RN Ak &R =R

(MM,QP);

IOCKOJIbKY IapaMeTpHl STHX 4YeThlpeX ToYeK MpoilopHUOHANbHE
YHC/IaM

th_;_’ 0'.—1, +‘1, TO
1+th-;— sh—%——{—ch-—;— 2
(MM,QP) = = — =cF.
s
1—th— —sh — h—
thR shR+c R

Orciona
= R 1 mm,qp).
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3aMeuanue. B TpexmepHom NPOCTPAHCTBE BO3LMEM 32
abcooT eBKJAMAOBRY cdepy papuyca R.

SAWS & ST ARE LSS EL S L J v‘r r’J

Mbl MOXEM NpHHSTH 34 TApaMeTp ‘TOYKH M eBKAHIOBY AJHHY
= |OM|. Jlerko nonyuaem

r—Rth—R—-




I. TEOPUS TEOJE3UYECKUX JIMHUI

I'/IABA XIX

. BAPHAILMOHHBIE 3AJAYU HA I'EOJIEBI/I'{ECKPIE
JIUHHUHU

115. [lonie reofe3nueckux. Mol GyzieM paccMarpHBaTh CeMelicTBO

JHHHR, OJUSKHX K Jyre KpHBoil AB, c mapaMerpoM cemeficTsa a,
Kompblﬁ ofpamaercsi B HyJab JJs Kpuso# AB.

TouKH HA KAXKIOH JHHHH ceMelicTBa onpenenﬂm'rcn napame'rpom t

3a och I; BO3bMeM BEKTOp, KACATE/bHBIA K fyre JIMHUH CeMeficTBa.
CitmBoasl ,u,Hcm)epeHanoaaHnﬂ roJiaraeM

=-—-dt, 3=-—--da,
Jt . Oa
o (d) = o, oi(Q) =eé)

B CHJy Haulero Bhi6opa ocu 1, HMeeM
: == dS (1)2 s == mfl — O.

Vs ypaBHeHHMii CTPYKTYpHI (11 1) cnenyer
- dot = [w/o]],

dof =[wlof] 4 [wkel] (i, j, k=2,..,n),
dei = [whol] + Ry, 1 [0'0®] 4- Ry, j [o/w?],

OTKYJa TNoJyyaeM GHJHHEHHEBIE pa3JIoKeHHs
ol = de! 4 elv}, -

dof = de! + elol — ol | efol =0, | (19.1)
tof = del + (eho}, — efo) — R, ek

116. CTaunoHapHOCTb AJHHB AYTH reoie3nyeckoil B cemeii-
CTBe JHHUN, COeANHAILNX MBe NaHHble TOYKH. [loxascem, wmo
12 33&[{&3 533

177



JAuNG O yeu ARB @ cemeticmese aunuil, nnn,:gnﬁ, AUuUx yepes | mouxku A u 1 B,

cmauuona pHA MmoAbKo 0as 2eodesuiecko.
ITocko/abKy Bce JIUHHH ceMeficTBA Telepb NPOXOIST Yepe3 TOUKH
A n B, Bapuauusa w’(d) B 3THX TOUuKax paBHA HYJIO:

¢ =0 B Toukax A u B. (19.2)

l'Iocxo.any ,ump(pepenunan LJMHEl YyTM KpHBOH ceMeHCTBAa DaBeH
o', AJ1Ha 3Tol JHHUK MeXAy ToukaMH A H B Bhipaxkaercs MHTerpa-

J'IOM

A=\ ol,

Y ty

Orciofa Bapnanys 5Tofl JJHUHH TIPU Nepexofie OT OfHOI KpHBOH Ce-
meficTBa K Jpyrofi nmpu (PMKCHPOBAHHHIX KoHumAax A u B Gyger

B
A

81_-j'(de1+e’w1)——j'de’+je‘m

HJIH ¢ noMomnlo dopmya (19.1)

(%0l +- ... +eol), (19.3)

h@-—-—; 1]

160 mepBLId HHTErpan S de! cnonmca K pPa3sHOCTH 3HayeHHil ¢! B ToY-

kax A 1 B u B cuay YCJIOBHH (19 2) paBeH Hymo

Yro6el uMeTh A = 0 npu Jw06blXx Bapuamusx ei(i = 2, .. ., n),
o6pamaromuxcsl B HyJb B Touykax A u B, HE0GXO/[UMO H JIOCTATOUHO,
YTOGHI

=0 (i=2..,n), (19.4)

a 9TO MNOKasbiBaeT, 4yTo paccMmarpuBaemas ayra AB — reonesuue-
ckas, HeicTBurenbHo, no ¢opmydae (15.24) aGcomoTHuN Audpepen-

nuan KacareanHo#l I, GyneT

Dl = u.'j!ii
H npH ycaoBuH (19.4) Kacatennnas coxpanser nanpasnaenue, Ta-
KHM 06pasoM, MBI COTJIacOBAaNM HaLle onpe,u,enenne reo/le3NYeCKon
c onpepeneiHeM Pumana (n. 61).
3ameyan e MblBHIHM, UTO BCET/I HA reofle3HYECKON MOXK-
HO Tak BLIOpaThb penephl, 4ToOH

=0, o{=0 (=2,..,n)
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117 TMenn
[ ] ll\'r

117. Bag Bapuauus AJUHB LYTH reofe3udeckoft

Hauus NJTHHB AYTH .
maem sapuayuto Oiunvt Oyzu zeode3uveckold AB, xoeda AB nepexo-
dum e A'B’. .
Mbui orkasmBaeMcsi 0T TpeGoBaHMs, uToOKl BCE JIMHHM ceMeicTBa
(@) npoxopuau uepes ofumye BceM WM ToukH A B B, U B3aMeH SToro
noTpebyeM, 4ToObl Bce JIMHUK ceMeAcTBa (a) ObIH reofe3NYecKHMH.
ITpu srom ycnoBue (19.4) pacnpocTpaHsercs Ha BCe ceMmedicTBo (o).

Torpa sapnauus pauHbr AyTH reojesuyeckoit (19.3) npumer BHR
B B
3N == 5' (de! + élol) = ) de' = (eMs— (€')a.
A A '
3aeck. (') 4 ecTh npoexuus cmemenua A A’ Ha KacatesnHyl0 B TouKe A

nyru AB; a(e!)p — npoekuus cmemenus BB’ na xacaTe/lbHYIO B TOY-
Ke B nyru AB (¢wr, 7).

A
Al
4

®ur. 7

Monaras yrael Mexpy KacarennHeiMH AA’ v AB B touke A H
AHAJOTHYHO B TOUKe B paBHbIMH a M P: ‘

« = (AA", AB), § = (BB', 4B),

NOJYYHM HCKOMYIO BApHALMIO JJHHH B BHIE
8A = — AA’ cosa — BB’ cosf.

CnepncrtBue. PaccMorpuM cemefCTBO Treofle3MyecKHX,
He HMeINHX OOHIMX TOYeK, H JOMYCTHM, YTo HX Havana A onu-
CBIBAIOT JIHHHIO, OPTOTOHAJLHYIO K T'eofiesUgecKHM, U BCe reofie3d~

OAITITA LIALALAYT ATIIITZ WU MYy Swoa N Uy
q“nnc FLWVILIN L UAI'I.J 1 ¢} I.J Fs 8™ Ad;lln'y-

Torna ¢A = 0, u6o ANHEA reofesrHuyeckoil He mMeHsieTcd; cosa = 0
N0 YCJOBHIO opToroHanvHoctTH. CheposartenbHo, cosff = 0, u Tpa-
eKTopUs KOHeuHOH TouKH BB’ Gyjer ToxXe OPTOrOHaALHOH K ceMeli-
CTBY reojie3HuecKHx.

Takum o6pasoM, ecau u3 mowex npoussossHoll aunuu AA" npo-
800umo 2eoOe3usecKue OPMO20OHAALHO K 3MOl AuHul u Ha Kaxwcdod
2en0e3uteckoli omKaaduieime 00uK 1 MOm dice OMpesoK, Mo ceomempus-
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YECKOE MECIMO KOKL08 IMuX Ompeskos o06pasyem mogce 0pmozoHALLHYIO
MPAEKMOPUIO cemelicmea 2e00e3uiecKux.

Taxkum o6pasoM, NOJY4aeTcs MNOHATHE NAPANIEAbHLIX KDPUBLIX
AA’ u BB'. Tak xe 0/1y4aeTCs MOHATHE napa/me/zbnwx nosepxHo-

{
cmetl \P a3 HqHGlfl P a.:uucy ﬁULTn}

118. Bropas Bapuauus AJHHbI LYTH reoneanecxoﬁ ITodcuu-
maem emopyro sapuayuro Oiutier Oyeu zeodesuseckoll npu guxcupo-
8anHolx KoHyax A u B

PaccmoTpuM HenpephBHO-IHGDEPEHIIHPYEMOE CeMeHCTBO JHHHUM
(@), coenunsOmMUX TOYKE A H B, BOKpPECTHOCTH reojiezuyeckoil a = 0.

Teneprs B ypaBuenuu (19. 3)

}\_—:f —{—je‘w}. (19. 5)
A A .

Mbl He MoxeM cuHTaTh @i = 0, W60 JMHMH ceMeficTBa (a), Kpome
a = 0, Boofiie He reofiesnvIecKye. 3aro NpH PUKCHPOBAHHLIX KOH-
uax A H B '.,'\

‘(E) =l =0 _B TOUKAX Awu B. (19. 6)

CaegoBarenbHo, nepBbIﬁ HHTerpan B npaBon yacTH (19.5) pasen
HyJio, ¥ -

oA = j‘ eﬂiu)}.
. A
Bropas BapHanua NpPU HeNOABIXKHEIX KoHNAX A u B Gyzer
O - B
3= | (3] |- eBol};
A -
YO.JUIS Teofie3nueckoil @ = 0 nMeeM ) = 0 u
.B i
3= | edo!. (19. 7)
) oY
4

Zonoarumenohoie YcAo8us. JlonycTuM, 4TO B KaKJOH TOYKe
reojiesnueckofi AB penep mosyyaercss M3 HAYaJbHOTO B Touke A

nAPAINENBHOIM NEPEHOCOM. D10 BjeueT 3a co60OH BJOJb Teofe3Hye-

“CKou AB ofpameHue B HYJb ol

ol=0 ¢, j=1,...,n)" (19.8)
CaerobatesnbHo, 1o Tperbeil gopmyse (19.1) B cuny (19.8)
| 8(!);: = de'i — ng, 12 ekm‘,
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Y T ADATTATTI A (10 7\ TTMIIRAL AT MTITTY {“ MTY TYLY -\1 —_— ll\i — f; ‘
PQDCHLIDU \IU,’} lllJfl.lVlCl Drijl \D L Eldl U'Jl — wl’ \u [#5 ] ,
B :
3 = 5. {-—e" de‘l + Ry, l_ke’ek ds} . (19. 9)
A
Mexny TeMm Brdpoe ypasHenue (19.1) nacT Tenmepb B cuay
=ds, 0¥=..,=0"=0, doi=0,
a Takxke pareHcrBa (19.8)
de’ = € ds.
Tenepr Mbl MOKeM NePBBIM ujeH Npapod uacTé pasencTra (19.9)

HHTEI‘p HpOBAaTh 1O tIEICTSIM

B B

-——Se‘de‘;= _ |e‘e‘i+ f(e{)2d3=f(e‘l)2ds,.
4 A A a4

u6o ¢! = 0 B Toukax A u B.

Takum o6pa3som, BTopas BapHauMs IO (popmy.ne (19.9) npunnu-
Maer BHJ
B

32\ = S {2 (€)? -+ Ry, akeiek} ds. (15- 10)

A

PaccMoTpiim Tellepb pHMAHOBY KPHBH3HY B IJIOCKOM HalpaBJje-

HHH, oOlpefienseMoM reopesuueckoii MB 1B Bektopom MM’, rze
M u M’ cOOTBeTCTBYIOT OHOMY H TOMY € 3HAYeHMIO { HA ABYX JH-
HHAX cemeidicTBa. MaTpHLla KOMIIOHEHT, ONpeAesIOIHX 3TH HANPaB-
Jienus, Oyner

/1 0 0...0\

k el e ed...en )’
H puMaHoBa KpuBH3Ha (16.13) paBua

Ry, pe'e”

K=— ______};'(e£)z i+ 1), (19. 11)

oTkyja no dopmy.ae (19.10)

3\ = 5{2 (@) — KX @z} ds, (19. 12)

Ecuan KPUBH3HA OTPHIATE/IbHA K < 0, 1o 82\ > 0, u ayra reoge-
3HYeCKOH HMeeT MHMHHMYM (3aKJIIOUeHHE He CTPOroe).
Ecan K < 0 u gyra AB ne CJIHIIKOM BeJHKa, TO onaTh 324 > 0.
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119, MuHUMYM LJIMHB LYTH reofe3ndeckoh (10Ka3aTenbCcTBO
Hap0y). ﬂponenem gepes TOuKy A rumeprnoBepXHOCTb, HOPMaJIb-
Hyio K ayre AB, # ceMeHCTBO napaJuiiesbHbIX THIEpPNOBEPXHOCTEH,
NPOXOASIIHX Yeped ToUuKH Ayru AB.

Ecau pyra AB He CAMIIKOM Be/IHKA, TO yepe3 Kam/Yi0 TOYKY,
COCEIHIOI0 C JuHHell AB, npoijer oJjHa H TOJbKO OfHA H3 5THX FH-
neproBep XHOCTEH. ‘-IToﬁbt onpelesHTb TOYKy P, Jjexaulyio Ha ru-
NeproOBEPXHOCTH ceMeHCTBa, NpoxoAauled depes Touky M JaHHMR
AB, npumem 3a xoopAaMHATBHI Napamerp

u =AM

H lapamerpnl v, w, ... FHnepnoBepxHocTH (M) c JuHEHHBIM 3Je-
Mentom do2. Torpa png JHHHH, NPOXOAsLLeH yepe3 Touky P u coegH-
HAwWwed To4ykH A H B, NoJsyunM JHHEHHBIR 3JEMEHT

d5‘2 = duz "{"‘ dcz
H, CJeloBaTesbHO, | _
(VaETdn > a,
. 0 0
r. e
AP > AM

H reojesnyeckas a = (0 OyAer Kparyaiue#,

~ 120. CeMe#icTBO reoae3nuyecKux paBHOH IAHHB, NepeceKalo-
HIHX OLHY H TY e Teolle3H4eCKYI0 nojl NOCTOAHHBLIM YTJIOM.
ITycmp Oano cemelicrneo 2eo0e3uuecKux OOHOU OAUNbL 4, BLIXO0AWUX U3
mouex 2eodesuqeckoli AB u cocmasasoujux ¢ neld o0un u mom e
yeoa . Haddem pasnocmo Meoxay Oaunoti AB u OaaHod aunuu, 06-
PA3068aHHOL KOKYAMLL 3020 ce.ueucmea 2e00e3u4ecKux, ecau Ompesox a
beckorenHo Maa. :

Jlng a = 0 uMeeM, NpHHHMAS & = :;2— uda=1,
. 14

el = cos ¢ (19. 1

\“f

{ : ‘ o
H NpH NojpxojsAileM BrlGope penepa

e’ =sing, ¢ =...=e*=0 (19. 14)

(BbiGoOp penepa, oueBHIHO, He coBnanaer ¢ BuiGopom ero B m. 118).
Bapuanus paunbl juHHH AB npu cMellleHHH TOYeK IO reofe3uye-
CKHM Hallero cemeéicTBa (HPH BO3PACTAHHH ) oONpefessercs IO

dopmysie (19.5)

B B
3 = j de' -+ | elo}, - (19.15)
. A , A
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B
oh = (e!)p— (e')a+ j'efwi‘, (19. 16)
. A
™~
Bropas Bapuauus Gyjer
‘ B
3\ = (del)p— (Be')a + (edol,
4
HJIH, YuuTeiBas gopmydst (19.13) u (19.14) u nomus, ¥To NPH OPTOrO-
HaJbLHOM penepe wj= 0, MOJAYYHM

B
30 = (8e!)p — (3e')a + [ €0},
A
TaK Kak d0; = — Sa}, TO N0 TpeThedl popmyJie (19 1), nomns, uto

115 Teojieanueckoll @ = 0 B cuay (19.4) ¢opma o} paBHa myumo,
6yaeM HMeThb

ol = — de? — €12 + Ry, iefo!
H TOTOMY
32). = (%e')5 — (de!)4— sin ¢ g |de? -}- etw? — Ryp, yelot}; (19.17)
A

HO H3 BTOporo ypaBHeHHs (19.1) aas i = 2 noayuaem
0= —elds,

n6o Ha aunnp o =0 uMmeem 0?®=0, & =sing =const, o\ =0,
ot =0 u paa i>2 '

0=—é ds+ alsingds,

u6o nad i > 2 umeem dot = 0, =0, of]=a)ds. Orciona cnenyer
=0, & =dsing (i>2).

CaeforatenbHo, BTopas Baphauus (19.17) npunumaer Bup

B
o*\ = (%¢')s — (3¢')4 + sin cpj‘ {Z (al)*sine ds + Ry, 1o sin ¢ ds}=
A

I

= (3¢')g— (Be')4 +sin o f(z a)? — )
!

rne K — pUMaHoBa KPHBH3HA B ILJIOCKOM HampasJjenud (4B, AA’).
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MMOCKOJEKY JTUHUYG ' reaneaHueckag. Ta er — 0
Sy MLl Y WAARARARFA 4 BRLAA 1 Wl LS BR T N AR LS 1V wp W Ii
del = 0.
CaefoBatesibHO, - -
B - .
3 — sinchS(E(a;)”—K) ds,  (19.18)
A
HO

dly = wl; = dil; ds,

|dl, | = ds]/§ (@)?
E(a; = L

rie A — NpPUBENEHHBIA [1ar BUHTOBOTO ABHIKEHHs, KOTOpOe repeBo-
auT AA’ B coceliHee TOJOXKEHMe. -
ClleioBaTebHO,

CrenosarenkHO,

B
. . ; 1
3%\ — sin? q:j(zl; —K) ds~~sin? o (-;2-_ — K) Lo (19.19)

rae
B
=\ ds= AB.
)
Paanaras tenepb AJHHY
A'B" =\

B PAJ MO CTeneHsIM HHQUHHTE3UMAJILHOH JJIHHBI @, OTJIOXKEHHOH Ha
reofe3MyecKHX CEeMeHCTBaX, IOJYyYHM

L k-—l~]—a8k-L a2\ - .. . (19. 20)

NOCKOJLKY JJs Teojiesnyeckoll a = 0 nepsas BapHauus SA == 0,
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uMeeM

x=z+%a2zsm2@(£§-—m, o (19.21)
/

A= P -L a?sin?o (—I;l;—K) ,

HJIH, €C./iH uepe3 S 0603HAYHThL MJIOMA/L «nap asjesorpammas (dur. 8y
ABB'A’ |
2= |

a =K——. (19.22)

1°. Tlpepnonoxum, yto -:: = 0. Torzga AA’ u BB’ Gyayt «na-

pajjieJbHBIMH» B CcMbicsie JleBu-UuBHTa. JleBH-UHWBHTA Ha3BIBaeT
«napasresoepammoudom» HUrypy, KOTOpasi MOJYydaercs, ecJaH Ipo-

A A
— 8

Q
Q
>
Q
Q

Y
. Our. 8

BeCTH yepe3 KOHUH A U B reofesnuecKoil AB jBe «napasjencHeley
reosiesnyeckde AA’, BB’ oauHAKOBOH AJHHBI H COCAMHHTH TOYKH
A’, B’ pyroit reopesnueckoit A'B’.

Haw «mapannenorpamm» OyfeT ananoruynod o¢urypoit upH
A1 = 0. B 3mOM cayyae

K = ’2;“ . (19. 23)

B eskauaoBom npocrpaHctee [ = A. B samuntHueckom A < [,
B ranepGoJuyeckoM A > [.

[Tpumep. [symeprnoe chepuueckoe npocmpancmeo (n = 2,

¢ = _’;) Msi BHguM, yTo ayra mMasoro Kpyra A’'B’<AB; uveTbipex-

yroabHHK ABB'A’ He Oyjzer mnapansenorpaMMOHIOM.
185



4
CHoBa mnoJiyuaeM

, |
K = o (R — paaunyc cdepnl).

2°, IlpennosioxuM, 4Yto 11; % 0. Ecan K < 0, To pasHocTb

1

"""_"'“K
A—l= g

A+

’

YBEJHYHUTCA MO CPaBHEHHIO C eBKJHJOBOH. .
Ona MoXeT yMeHBUINTLCH B JIMHITHYECKOM
NPOCTPAHCTBE, HO MOXHO TaK BuIOparts h, 4TO

T g~ 1 —— 1 3} ALY r ‘ ' [’L'ln n\
UyAt:l A= [ H jaxe A >0 \(pHT. ;.

[Ipumep. n=3, K=0, ¢

i

T
2

Onate HaxoguM




I'/IABA XX

- 'PACHOPEAEJEHHUE TEOLE3UYECKHX OKOJIO
JAHHOHA TEOOE3UYECKOH

121. PaccTosiHue MeXly COCeIHHMH I'e0le3HYeCKHMH H KPH-
BH3HA npoCcTpaHcTBa. BosBpamaeMcs K penepy, BblOpaHHOMY B
1. 118, Mel Torpa mnepeHOCHJHM penep BAOJbL TeORE3HYECKHX 1O
APHHIKNY NapajjenbHOCTH. Baoab reofesnyeckol HMmeeM

ol =0, (20. 1)
Tlonpaysichk Teﬁepb dopmyaamu (19.1), moayyum
dw! = de!,
0= de' — e ds, , (20. 2)
0 = de} — Ry, 1xe* ds.

ITH ypaBHEHHS JAIOT HAM 34KOH, 110 KOTOPOMY HAJ0 YAAJIATHCH OT

reofieaueckoi AB, u4To6bl HAATH HHQPHHHTE3MMAa/bHO OJH3KYIO

TEORE3HUYECKYIO. '
Hunddepenuupysa no s BTop?e yparHende (20.2) M noab3ysAch

de
1

TpeTbUM, YTOObl HCKJIOYHTH — > DOJyuHM
S

+

d2et
ds?

—~ Rl =0 (i=2,...,n), (20. 3)

¢! ocraercsi NPOH3BOJbLHBIM.
[lonaras

R}, = — A, (20. 4)



HanuieMm

" ige—0. (20. 5%

KpHuBH3HA B NAOCKOM HAlpaBJieHHH, ONPENEJSIEMOM Teofie3MuecKOH.
u ayroii (ef), Oyxner

Ag,-e‘ej

B T (e)®

(20. 6)

b

O6pasyem napaJsnenorpammonn ABB'A’ (¢ur. 10). INToaaraem
AB=1 AA =a.

4 ’ ‘
ﬂ’/\ i 8

HMmem Bepxnee ocuoBanHe (reofiesndecKylo, COEIHHSIOULYIO TOU-
ki A’, B') '

AB =1.

OGo3HaunM gepes Qo yrosa B Touke A, CJeJOBATENBHO, X — Qo —
yros B TOuKe B. '
ITycty A Gygmer pauno#t ayru A’B’— reoMerpHyecKoro Mecra
4eK, PABHOYLANEHHBIX OT Teofe3HyecKol AB Toraa no copmye

(19. 23)
j2 — )2
S2

~K. . (20. 7).

Pasnocts A — I’ He umeeT 3HAueHHs B HAIleM APHG/JHKEHHH, KOTO-
poe ocranapiuBaercsi Ha a®l (cMm. (19.21)), H6o, ecan a — cpeptee
paccrosinue Mexay [ u I, To A— I’ Gyner nopspka a2/’ uan a?l,
a a 6yner nopaaka al. CJIB}IOB&TEJII:HO pasnocth A — [’ Gyper mo-
psagka a?i3.
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T T wrms -vm Pas

.. 110ACYHTA

gl
=
o}
"Cl
'_<l
w =1
)
o~
p
!—J
»--\ g =)
2
2
o

b (e ) (20.8)
3 = (3e!)5— (de!)a
Mexy TeM Mbl HMeeM
oe! = ele]
' B ToukKax A U B no q)opmy.rlaM (19.13), (19.14) |
el = cos @, ¢ = sin P, 2= ...= e = 0 (20. 9)

CaepoparesibHO, BHOCA BO BTOpoe ypamHenue (20.8), noayynm

[

rae B CHyty Broporo ypasmeHus (20.2)

i

2,
e~

e' = = ei

i ds 1
i
H

2 - [} 14 ] . [l ! ”
8%\ = sin ¢y {(e)5— (ey)a} = Isin ¢, (e))c,
2

rne (—nonxoname BLIONDAHEAG TOUKA MO TV uR a 2 —= des
A AU ol l‘UA“UAJLMU uIJAVIJ CAAMLAASE AN AREA .b‘l‘HJ 4 A LR ”’ L= L ¥

C moMowpio ypasHenus (19.19) npwu % = ( NoJy4YuMm

8% = — Klsin? ¢,
T. e. B cuny (19.20)

V=1— _;- a?K1 sin? p,,

M Mbl Bo3BpamaeMmcst Kk dopmyse

2yt

5 =K
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P

122. CymmMa yriioB napaJsiejorpamMmonjia. 06U3H4H HM OYKBO
@ yroa Mexay HanpasienuaMu AA’ u A'B’. Hmeem B Touke A B cHu-
ay (20.9)

~1

— sin ¢g3¢ = Be! = sin g, (€)a;
COKpamas Ha Sin ¢o H HHTErpHPyS

Ren — o'
W — \&9/A

npH ycioruu d3a = 1 (n, 120), nonyunm
¢ — Pp = —a(eya. (20. 10}
B Touke B, nockosbKy AB = [, nMeeM
ex = (eda+1(E)a-+ — P (Ea,
win no ¢opmynaam (19.14) u (20.9)
sin ¢ = sin @y + /(€;)a + -é—l’(e; A

TAK KAK

sing — sin gy = (¢ — 99) OS¢y, @3 = ¢+ 0(P — ), (0O,
TO, CJIEJOBATE/bLHO,

—acos ¢ (e)a = l(e)a + — I’(e V4.
Cunras f;— CTPEMSAIIKMCS K HY/ O, 6y1eM HMETh H3 OC/AERHEro PABeH-
CTBa
’ ] »
(ez)A = ) { (eg) A,
~ oTkyAa B cuiy (20.3)

(e)a = — % K!sin o,. (20. 11}
CpaBnuBas paBeHéTBa (20.10) u (20.11), HMeeM
¢ — 90 = — — Kalsing,
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:-!
D

1
CP—CP‘)—'?KS,

rae S = alsin @,— nJowanb napaniejorpaMMonaa,
CyMma gByX BHyTpeHHHx yraoB A u A’ Gyner

=+ KS,

a cyMMa Bcex YIVIOB MapaJliesiorpaMmouja

2= + KS.

Aro wuccaenoBauus Cakkepu (Saccheri).

123. YcTofiuuBOCTD ABHKEHKS MATEpPHAJIbHOM cucTteMbl 0e3
BHEIWHNUX cHJ. [1pu 3adannoti eodesuneckoll AB u beckoneuro 6au3-
Koti eeooesuxeckoti A'B’ @ mouxe A’ 6ydym au ece mouxu A'B’ ocma-
samoca Gecxkonexno 6iudkumu K moukam AB?

' ~

) U

7

K. w7 N}
] ) - --: - -
d e?=0

Our. 11

MoxHo B 3TOM cirydae Beerjia TaK cpenars, utobul A;; (em. (20.4)
UMEJH 3HAYeHHs

A;O[_lj-_—{:n 1
\T 7 5r /4

A,
OcCHOBHblE YypaBHEHHS Temepb € pPasfie/IAIONHUMHCS NepeMeHHBIME

N

N ] d’e_‘ %

i—0 - (90. 19
e ‘av I-Hl

Ecau onun B3 koMnonenToB K;<<0, To 6yaer HeycTOWYHBOCTL. Ecam
Bce K;>0, To IBHUXKEHHE YCTOHYHBOE.
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INpennonoxum, yTo pasmepHOCTb MPOCTPAHCTBA 71 = 3; passep-
HeM Teofie3M4ecKyio B €BKJHMJOBO NpocTpaHcTBo. B npuBHierupo-
BaHHOM HamnpasJjeHHH e? (MaH e?) H3oOpaxkeHHe Naockoe. B fpyrux
HaNpABJEHUAX H300paxeHHe B BHJE NPOCTPAHCTBEHHOH KPHBOH
fchunm 11
'\li}ll.l . i 1}-

3

124. HccaenoBanue MakCHMyMa H MHHHMYMa JJHHBI reoje-
suyeckof npu A;; = const.

HonycthM, 9To TNpU (QHKCHPOBAHHBIX TOUuKax A H B HmeeMm

B
Bh = 5 Y (€)r - K @) ds.
A

IIpuMeM npocTpaHCTBO ABYMePHBIM (n == 2) H [IOCTOSTHHOH KpPHBH3-
Hel. Torja

B
¥ = 5 {(¢')* — Ke?} ds,
A

TAC ¢ YIOBJCTBOPAET YPAaBHEHHIO

: U'+KU=0, U"=2Y
ds?

Ecau ypasHende U” 4+ KU = ( ponyckaer pelueHue, He ofpaiaio-
1eecst B HyJb MeXKAY A u B, T. €. eCJIH eCTb COce/lHAS reofie3HuecKas,
He nepecekawomas AB, 1o 32A>>0, ¥ MHHHMYM cyllecTByeT (IPH BhI-
MOJHEHHH HEKOTOpPHIX JONOJHHTENbHHX ycjaoBHi), Ilyets K < 0.

Mpl MOXKeM NOJOXKHTH
e=1vU, n=0 B Toukax A u B.
Torna

a2h =

s B

Us® - U + U™ — KU ds.

2w

. B . B ! B |
| 2UU"n ds = [ UU' d () = (VU3 — [ d (UU') =,
| B

VL L= ‘S 7 (UU” + Ufz) ds
A .
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B . .
32\ = j‘ (Un® — UU"E — KUbR) ds = [ U2/ ds >0 (20. 13)

A

Te yCJIOBHEe OCYHIECTBJSETCH, ecal K < 0
Ecan K > 0, to

U=asin(s—s,) VK.

[IpH nepeMelIeHHK HA JAHHY, MEHBIIYIO —— V__, ycaoBue U =,é0 YJIOBJIE-

TBOpPSsieTcsl, H Mbl HM€EM MHHHMYyM.

IMTpumep cdepn. Ecaw ACBA">n (pur. 12), Munamyma
reopesuyeckoit Her. IedicrBurennHo, pac-
CMOTpUM cocefiniow ayry ADB = ACB=
= X, rAe Toyka D — npouspo/bHast TOY-
Ka, Gnnsxaﬂ K TOuKe B; pOBEiEM AYTY
60IBIIOro Kkpyra DA’. Vnmeem

AD + DA’ < AD +-DB -+ BA’ < ACBA'.

MoxHo Bcerja ocBOGOAMTLCA OT OcoGoi
TOukd D,

BepHEMCH K ooluei 3a;1aqe IS npo-
H3BOJILHOH pasMepHOCTH 7. MumnMym
oGecneveH, ecau Bce K; < 0. B npotus-
HOM cJyyde Bo3bMeM Hau(oJiblilee ‘H3 10-
JOXHTeNbHBIX K;. MunumyMm obecrneuen
}IJIH reoneanecxoﬁ JJHHB  MeHbllleH

VK i
125. CuMMeTpHuUHbIe BEKTOPBI. Paccmmpum TouKy O pumaHosa
npoctpaHcrsa. [Tpu 3ajiaHHo Touke M TPOBeJieM FEo/IE3UYECKY IO oM

NI — f)]l/l
¥ Ha NPOAO/IXEHHH 3TOH recfesnyeckoll oTjaoxuM gyry OM’'= OM.

Touka M’ naswiBaercs cummempuunoti Touke M OTHOCHTENBHO TOU-
Ku O.

PaccmorpuMm BekTop V, Hexopsmuit H3 ToukKu M; 3TO CKOPOCThb
NOJBMIKHOR TOYKH, ONHUCHIBAIONMEH Hekoropyw Jaunui (C), Aas Ko-
TOpOil CHMMeTPHYHOH oTHOcHTeabHO O Oyjper auHHs (C'). Ckopoctb

V'(V'= V) noxeukHON TOukH, onuchiBamomieit aunuio (C’), Gyzer
BEKTOPOM, CumMmempuutsim BekTOopy V.

* Goursat. Cours d’Analyse III. Calcul des variations.
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ITepenecem nocpegcTBoM napajsesntama V B Vi ¢ HauajaoM B TOuKe

M’. Bexmop V1 npomusonosodcer éexmopy V' ¢ mourocmsio do Oec-
KOHEYHO MQAbLX Mpembeso nopAadKa. :
HokasareabctTBo. MH HMeeM ceMEACTBO TeOfe3Hue-
ckux MOM’, 3aBucsimee oT napamerpa a. IlepeHocHM penepsl H3
Toukd O B KaxJyio Touky M mocpeacTBoM napajjenu3Ma, TaK 9To

(Dg = O,
H uMeeM ¢opmyanl (J/Ieeu-Uusura) (20.5)

d2et
ds?

+ Alek = 0.

Bce ¢ o6pamalorea B Hyab aas s = 0, clefoBaTesbHO, TaKKe BCe
e’ obpamaioress B Hy b npu s = 0,
Ilosoxum

N
4

ot
i . -

Mel HMeeM C TOYHOCTBIO A0 4eTBEPTOro HopsjKa
I i 1 spiqe
e =a's— —s*Aia*,
6
CaenoBatesbHo, B Touke M

¢ (+ 1) = all — % PALak,

e (— 1) = — ail + —é—‘li‘A;;ak;

¥MeeM B 5THX TOYKAX PaBHBIE H IIPOTHBONO/OXKHKE 3HAYCHHUS,
IMoaoxkuM

all = b
Torja

& A I
¢ =0

é
e (— 1) = — bt + —é- PALb;
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C ApPyro# CTOpoOHEI
e()y=10-—1
—el (=)=l —1

rae {'—pauna ayru coceprei ¢ OM reopesnyeckofi. Cnenona'reubﬂo,
noJjaras

e' (I) = b,
HMEEM MOYHHO

A

14 _— e
\ 7

hl
LZ N }

P
[

Jas KoHeyHbIX BekTOpoB V, V' Bce b 6y,n.y'r KOHEYHH!; OTCloAa
caefyer oﬁmsnénnbm pe3yJbTaT, H60 KOMIIOHEHTE ' Oynyt

TE XKe, q'ronn.nﬁ,V. - '
126. llapananeabHblf nepeHoc HOCPeLCTBOM CHMMeTpHH. Hrak,

q'roﬁu NepeHecTH Napanie/ibHO BEKTOD V H3 ToukKH M B Touky M’,
CTPOHM BeKTOpP, CHMMETpH'-IHbIPI BeK'ropy 'V BTouke M’, u GepeM Bek-

TOpP, HPOTHBONOJIOKHLIH V', IHocTpoenue TOYHO JIO 6eCK0Hequ
MaJIbIX TPeTbero ‘Mopsapka. -

Hocrpoenne Gy,ue’r BIOJIHE TOYHBIM, €CJIH BeJHYMHHI &' —— Heyer-
HbI, T. €. BeiHuHHB! A, — gerHel. Tak Oyjer, ecau Bce A, 6yiyT no-
CTOSTHHBIMH (cayua#l, paccMotpenHsl#t B nm, 123, 124). Kpupuaua
B HANpaBJ/JEHHH NJOCKOTO 3JIEMEHTA COXPaHfAercs, KOorja MepeHoCsT
3TOT 3JIEMEHT TOCPEACTBOM MNapasjesnuaMa KacaT2libHO K 3TOMY
ssnemenTy. CHMMeTpHS Torja coxpaHnsier ds? (oHa Gyzer usomempu-
4ecKum npeobpasoearuem).

310 CBOAKTCS K TOMY, UTO JiBE MOJBHKHbIE TOYKH, NOCTOAHHO CHM-
METPHYHBIE OTHOCHTEIBHO TOYKH O, B KaXKJblH MOMEHT HMEIOT OfHY
H Ty e CKOpPOCTb, YTO B CHJY NpeIbIAyLIero, O4eBHAHO. L

O6partHO JIOMYCTHM, YTO CHMMETPHSl OTHOCHTEJBHO HEKOTOpOil
ToukH O Gyper H3oMeTpueil. T orja napaJjebHbIH NepeHoc coxpa-
HSIeT KPHBH3HY.

JeficTBUTebHO, PaccMOTPHM B TOUKe M GusexTop 6( ?) H me-
peHeceM ero B GuBextop M’ (X’ Y ) I'Iy(:'rb Touka O — cepeuHa reo-
nesmecxon MM’, u GusexTop (Xl, Yl) CHMMeTpHueH OKBEKTOpY
(X Y) IockonbKy cumMerpHs H30MeTpHYHA, OHA COXpaHsAeT KpH-
BH3Hy. CnefoBaTenLHo, KPHBH3HA T/IOMATKH M’ (X1, Y;) paBHa
KpHBH3HE ILIOMAAKH MX, Y); Ho (Xl, Yl) COBNAJaeT C (X' Y’)
A0 GecKOHEUHO MaJbX TPEThero nopsjka.
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CrenoBatesbHO, pHMAaHOBA KpUBH3HA K coxpaHuTcs 10 GecKoney-
HO MaJblX Tperbero Nopsaka.

3aMegyaHHe, l'IepeHoc He oﬁﬂaa're.nbno KacareJieH K NJOCKo-
My 3JIEMEHTY.

HUacTtHbe i canywai. l'Ipoc'rpaHCTBa TIOCTOSIHHOH KpMBH3HBL.

CaepgcrteHe. BozbmeM see Touku O 1 O' HA ofHOH reojesu-
YECKOH H BHINOJIHHM NOCJENOBATENIbHO JiBe cMMMeTpHH. B 3TOM mpe-
o0pasoBaHuH reofieanyeckass 00’ cKojbauT cama mo ceGe. dro mpe-
00pa3oBaHHe CTAHOBUTCS H30MeTpHedl, ec/iH 5THM CBOHCTBOM 00/1aJ1a€T
CHMMeTpHS,

127. Onpeneseine TpexXxMepHbIX NpPOCTPAHCTB, rae napaj-
Jde/ibHblfi NiepeHOC COXpaHsAeT KPHBH3HY. Ocrasum B CTOpOHE
cay4ai, KOrja KBajpHKa-HHAHKATpHCH Q KpHBH3HBI 6yner chepoi.

. IlpeanonioxuM. cuayana, -uto Kii, Ka, Kss Pa3jauyHel, 30T
c.nyqaf—'l He MOXeT MpelCcTABHThLCH. ﬂ,eﬁc'rnmenbﬁo BO3LMEM B KaxK-
AOH 'TOUKE TPHUSAPH rJidBHbIX HanpaBjeHHii. IJ1aBHOe HamnpaBJeHHE
OCT2€TCA IVIaBHBIM TDH Napase/bHOM TepeHoce. CiieoBareiLHO,

¥V, nepeaocm'ca Bl; u Dll-—- 0, oTxkyza

|
m‘.-—-O.

qﬂaﬂm‘, KPHBH3HA DaBHA
eTb

r
OcTtaercs paccMoTper
HOCTHIO BpAallEHHS:

1yJIlI0, 4TQ MDPOTHRO UUT VCJIOBHI).

e Jydail, xorja Ba,u, yHKa QJ6y,u NoBepXx-
= Kn—d, Ku=C, A#C

CoBMeCTHM BEKTOD ls C OCbio BPAMEHHs HHAHKATPHCHI. ITapannens-
HbIA NIepeHoc nepeBofiHT BeK'nop 13 B 1’3, HO He 06A3aTenbHO COXpa-

HfeT TaKxke ll, lg
HmeeM TOgBKO

H TaKxe
‘A = const, C = const,
(39
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OG6GpatHO, ZONYCTHM CNIPABEeLJAHBOCTb 3THX UeTHIPEX PABEHCTB.
Torpa napasjenbHbuH NePEHOC COXPAHSeT KPHBH3HY

A+ ) + Cr,

nockonbky A, C, 1 H, caeforaresnnbro, a’-+ f? coxpausiorcs. B Ta-
KOM CJyyae HMeeM YpaBHEHHMSA CTPYKTYphl B BHJE

do! = [0?0]],

do? = [ole?],
> (20. 14)

do? = —C [w'lwz].

-

Kpome Toro,

dwcl” = — Afw w3}

CaepoBatesibHO,
A=B=0. .

Cymecmyrb'r J¥ TIPOCTpPAHCTBa, yAoBJeTBopsiomue cucreme (20.14)?
Ilpexne Bcero, w3 Tpernero ypasmends (20.14) caenyer

3 = dz.

Tpu Apyrux ypaBHeHUS (20 14) 6ynyr ypaBHeHHHMH ABYMEpHOro
IPOCTPAHCTBA NOCTOAHHOH KpHBH3HBI C =+ (

- CnesoBarenibHO, BCe peltendst GyAyT -
ds® = dz? 1~ de?,

rae do®— nuHeHAHBI 3JEMEHT JBYMEPHOro NPOCTPAHCTBA NOCTOSH-

‘I'Iﬂ‘l]' TFYIITIINLIY “T'lf\'l'l' TYL? !'I'lt'\

nun I\IJI'I.DI.’I.DIJDJ., I'IC IJaDl‘lUﬂ ﬂyll

+

MoxxHO ofpenesuTh BCe H30METpPHUHble NpPe06pA3OBAHHR 3TOrO
npoc:'rp ancrBa. Taxoe npeoGpasoBaHHe IOJIKHO COXPaHATh GasHCHbI

BEKTOP lu, a cJielopaTesibHO, H dz:

dz = dz,
Z=z-}c.

Kpome Toro, ecTh ettle Ba ceMeHCTBAa M30MeTpHYHBIX NMpeoOGpasoBa-
HHu# do? (COOTBeTCTBYIOIHE COGCTBEHEDLIM JBHIKEHUSM H JIBHXKEHHAM
BMecTe C CHMMETpHel).
TakuM 05pasoM, HMeeTcsl 4eThlpe cemelcTBa NpeoGpasoBaHuil.
3ameuanune Jag r1ipocTpaHcTB pasMepHOCTH GoJiee
Tpex MOJYYaloTcsl BaXKHBbIE pe3yJbTaThl. Ml BepHeMcs K 3TOMY BO-
npocy B riaaee «CHMMETpPHSI H NapajJjebHbIH NepeHocs.
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I'/IABA XXI
FEOQE3HYECKHUE NMOBEPXHOCTH ‘

128. INosepxHocTb, reoaesnyeckas B Touke. Meton CeBepn
napajyJiesibHOro nepeHoca BeKTopa. Ecau yepes 3ajaHHyIo TOUKY

A pHMaHOBa NPOCTPAHCTBA NPOBECTH PAa3JHUHEIE reofiesHyecKkHe (1po-
('Tna_gg'rga_\ KAcaTe ILHLIe B ITOH TOYKe K mmnmv n TﬂMV JKe TMJAQCKO-

PR AL Loy Ry - A SrEA A Ak a2k FALIAY L A2i S AaSASSSe AL

MY :IEMEHTy, TO IIOJYyYHM IOBEPXHOCTD, KOTOpaH HasLBaerca 2eo-
Oesuyecroli B Touke A. UroOnl y3Hath, Gyjer JH 3ajaHHas NOBepX-
HOCTh Fe0JIe3HYECKOH B OXHOH H3 CBOMX TOYEK, JOCTAaTOYHO PaccMOT-
peTh TreojiesHvecKHe, KacaTe/bHHE K nonepxuocm B 3TOH TOUYKE:
OHH JIO/DKHBI HA HeH J1€XaTh IEJHKOM..
~ TloBepxHoctb, reojesnyeckas B Tque A, o6Gnagaer B 3TO# TOU-
Ke HYJIeBbIMH JIaBHBEIMH KPHBH3HAMH, TaK KaK HOpMa/bHAs KpHBH3HA
paBHa HyJIO TIpH Tlepexojie H3 TOYKH A X WH(WHUTE3MMAJLHO GAH3-
Koii Touke A’ 3Tofi noBepxHoctH. Ecnn napaJiJIe/IbHO TlepeHecTH H3
Toykd A B Touky A’ BeKTOp, KacaresbHblil K IOBEPXHOCTH B Touke A,
TO OH OCTaHEeTCs KacaTeIbHbLIM K NIOBEpXHOCTH H B Touke A’ (jo Gec-
KOHEYHO MaJibiX NopsjKa Bhllle MepBOro).

Otciona MOXHO TMOJYYHTb CeOMEeTpHuUecKylo KoHcTpykuuio Ce-
BepH * 1Jd TapaJeJbHOro IepeHoca BeKTOpa.

Umobor nepenecrmu nocpedcmsom 3Ksunosermuocmu eexmop X
¢ Hauaiom 8 mouke A 8 uHpuHumesumasvHo 6iuskyro mouky A',
Hado nocmpoumes eeodesudeckyio, coedunsuowyro A u A’, a maxosce
2e00e3usecKyro MOBEPXHOCb § MOtKe A, Kacarouyrocs A amoii eeo-

Oe3uueckoti u sekmopa X; uckomouii gexmop X' 6ydem Kacamecs 8 mou-
ke A’ smoii nosepxnocmu u o6pasoguieams ¢ 2eode3useckoi AA’, npo-

onoicennoti 3a mouxy A’, mom orce yeor, umo 3a0a,nubtu 8eKmop X
obpasyem e mouxe A c eeodesuveckoldl AA’. .

*F, Severi. Sulla curvatura di superficie e wvarieta. Rend. Circ'.
matem. di Palermo, 1917, t. 42, pp. 227—229.
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INocnenusisi 4acTh TEOpeMBl BHITEKAaeT H3 TOTO, YTO HaNpaB/eHHe
reosieanueckoit AA’ B Touke A’ napaisiespro ee HaNpapJeHHUIO B TOYU-
Ke A M napajJiesIbHLIH flepeHoc COXpaHseT yroJ ABYX HanpaBJ/eHHH.

BaxHno 3aMeTuTh, 4TO NMPH NapaJiesIbHOM NepeHoce BekTopa X
BJIOJIb KOWeunoli AyTH reopesnueckol AA’ (10CTarouHO MPONOJIKEH-
HOH) no.nytlaeMbiﬁ BEKTOP BOOOLIE He GYAeT KacaTbCsl paccMaTpupae-
MOW reojie3HuecKOl IIOBepXHOCTH, H6O HeT HHKAKHX OCHOBAHHH 3apa-
Hee YTBEPKAATh, YTO NMOBEPXHOCTh, reojesnyecKas B Touke A, Gy-
JleT reofiesnuyeckoli B APyrux toukax reonesudeckodn AA’,

Ecan ape nmosepxHocTH, mepecekasch no auHuu (C), 6yayT reo-
Je3MyecKHMH BO BCeX €e TOYKax, To OHHM 6yAyT mepecekarbcs TMOJA
IIOCTOSIHHEIM yrJioM, Ho auHHI0 (C) MOXHO paccMarpHBaTh Kak JH-
HMI0 KPHBH3HB HAa KaXJOH H3 5THX NMOBEPXHOCTEH.

JHefictButenbHo, ecnd pasBepHyTh JHHHIO (C) HA EBKJAHJOBO
npocTpancTBo (1. 67), TO B KaXAOH TOYKE 3TO NPOCTPAHCTBO OYJET
KacaTe/bHbIM K NEPBOH H KO BTOPOH NOBEpXHOCTH. MuorooGpasue
MJIOCKHX KacaresIbHBIX 3JIEMEHTOB KaXJIOH MOBEPXHOCTH BIOJbL JIH-

HUH oOpasyer, «10JioCy KpUBH3HBI» (B cMeicjie Basmike), T. e. mocne
Pa3RePTHIBAHUA B OKPECTHOCTH PA3REPHYTOHR JHHUU (C) obpasnl Ka-.

ArwsaALans s rvv- ALNS e m R p=te3 5 LW h 4 Y - A FAasmasas=a

caTebHBLIX IJIOCKOCTEeil MepBod H BTOPOH reoneanecxnx NIOBEP XHO-
CTeH O6ynyT BecTH ce0s Tak, KaK KacarejbHble MJOCKOCTH ABYX HO-
Bepxaoc'reﬁ B €BKJIHJAOBOM IIPOCTPaHCTBe, NepeceKamoWHXCsd MO o6-

[ AT CT AT YT Ep s ATTRTT o www

HICH JIHHHHA hpﬂbﬂdl’lbl

B aacrHocTH, coxpansercs TeopeMa Moaxumcrans o nepecegeHHH
NOBEPXHOCTEH TMOJ, MOCTOSHHBIM YTIJOM.

129. Bnonde reoje3nyeckne noBepXHoctu. ITosepxHocrs, reo-
Ie3NY4ecKasi B KaxJIOH H3 CBOMX TOUYEK, HA3LIBAETCS 8NOAHE 2e00e3uue-
ckoli ¥ (Apamap). Ona objagaer XapaKTepHCTHYeCKHM CBOHCTBOM:
BCSIKasl FEOAE3HUECKAst, KOTopas ee Kacaercsi, BCA el I1pHHA[JIekKMHT.,

Hpyroe XapaKTepHCTHIECKO® CBOHACTBO: BCSIKast reoJlesuuecKas,
HMefolas ¢ Hel JiBe obmye TOYKH (,uOCTa'rquo 6/1H3KHE), Bco eif Npu-
Hapsexur. HefictButenbHo, nyct A u A’— 3TH JiBe TOYKH; M3 TOY-
KM A BBLIXOZHT HA NMOBEPXHOCTH GECKOHEYHOE MHOXKECTBO TIeojie3H-
YeCKHX, KOTOphle 3aMoJHSIOT BCIO MOBEPXHOCTh B JIOCTATOYHO Masoi
OKPEeCTHOCTH; OfiHA U3 HHUX, CJIEAOBATE/bHO, [IPOXOLHT Yepe3 TOYKY
A’ ¥ mOCKOJIbKY 9epes JiBe, JOCTaTOYHO GJH3KHE TOYKH NOBEPXHOCTH,
NPOXOAMT TOJLKO OfiHA reofie3HyecKasi, To 310 M OyJieT Ta reofiesHye-
cKasi, KOTOpyIo Mbi paccMarpuBaeM. OGpaTHas TeopeMa JOKashiBaeTcH
Tak xe. Bnoane reoJie3nyecKne NoBepXHOCTH 00J1a1a10T, CJeNOBaTEb-
HO, XapaKTepHCTHYECKHMH CBOHCTBAMH 71.40CKOCMY B €BKJIHIOBOM IPO-
cTpaHcTBe. MOXKHO GBIJIO Obl COXpaHHTH 33 HUMH Ha3BaHHe naockocmetl,
HO Mbl YBHJHM, UTO CYLECIMBOBANUE 8 DUMAHOBOM NPOCMpPAHCMEe ma-
KUX «naockocmely — AgAeHUe UCKMOMUMEeAbHOe.

* J. Hadamard. Bull. Scc. math., (2), t. 25, 1901, pp. 37—40.
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DIIOJHE Te0AE3H4YeCKasds TNOBEPpXHOCTh obJiafaer ciie LY IOIOHM
TPeMs! CBOHCTBAMH, KOTOPHE SKBHBAJIEHTHHI.

Bo-nepBuix, oHa umeem € Kaxcdol ceoeld mouKe Hyaegvle 2AABHbIE
KpUSU3HbL,

Bo-BTopbIX, eQuruiHbIl 8eKMOp HOPMAIL K NOBEPXHOCTIU OCmaem -
CA HODMQAbHBIM NPU NPOUSBOABHOM NAPALIEALHOM nepeHoce 800.1b
nosepxXHocmu,

B-TpeTbuX, 8cAKull 8eKMOp, KACAme b bl K NOGEPXHOCMLL, OCMAEH.-
CR KACAMENbHYIM NPU NPOU3BOALHOM NAPANIEAbROM NepeHoce 8001b
nosepxHocmu.

BTtopoe cBOHCTBO — HeNOCpEACTBEHHOE CJEACTBHE MEpBOro, Ko-
TOPOE B CBOIO oyepenb Oyer cneAcTBHEM BToporo. YUTo Kacaercs Bro-
poro M TpeTLero, TO OHH, OYEBHJHO, SKBHBAJEHTHBHl JAPYr APYTY.

[TokaxeM, 970 TpeTbe CBOHCTBO XA PAKMEPUCMIUMHO IS BHOJHE
reofie3HYeCKON NMOBEPXHOCTH; OTCIofa OYAeT C/ef0BaTh, YTO Kaxpoe
3 BYX TEPBHX TaKxkKe XapaKTePHCTHUHB! JIS STHX MOBepXHOCTeH.

[Ipennonoikum, 4TO BCAKHN KacaTeJbHBI! BeKTOP K 3ajjaHHOM
noBepxHocTH (S) octaercs K Hell KacaresbHBHIM NPH NapajjejbHOM
niepeHoce, KOrjia ero BepiIHHa ONTUCKIBAET NPOH3BO/BHYIO KPHBYIO HA
nopepxHocti. OTciona cieayer, 970 yCKOPEHHE TOYKH, KOTOpasi OnH-
 ChIBAET JII00YIO JIKHHIO Ha MOBEPXHOCTH, BCEr/ia KacaTe/IbHO K NOBEpX-
HocTH, Ec/iH BBIPasHATH KOOPAMHATH MOBEPXHOCTH B PYHKUMAX ABYX
napaMerpos @, P, To ZocTaToyHO ABYX AHbDEepEeHIHANLHBIX ypaBHe-
HHH . BTOPOr0 NOPAAKA OTHOCHTEJIBHO @, P, uTOGH BHIPAsHTh; 4TO
yCKOpeHHe NOABHIKHOH TOYKH PaBHO HYJIO; CACC0BAMEALHO, KA no-

éepxrocmu cywecmsyem eeodesuyeckas (NpoOCTPAaHCTBA), npoxoaﬂuqaﬂ
tiepes ﬂnnHQRﬂ m.uum MmN KL amnu nmpnyunr‘mu B uumewiindg rd anﬂ ,mnq-

L W W 14 et | va' VRSN VM VW AT VAR W

Ke NpOUSBOAGNOE KACQMeNbHoe K NOSEPXHOCMU HANpasAeHue. Hpo-
BEPKa MOACYETOM He 3aTPYAHHTe/bHA.

130. PasnemeBaHue Ha MJIOCKOCTb JIHHHH BIIOJHE reole3Hye-
CKOfl NOBepPXHOCTH. Jpyroe 3ameuare/nbHOe CBOHCTBO BIOJIHE I'eoje-
SH‘IeCKOH l'IOBEpXHOCTPI CACAVIOILee: 6CAKAR AUHUA 8NnoAHe 88068-
3udecKOll nOBepXHOCMU npu paseepmbleanyul. Ha eskAudoso npocmpa -
CMBo CMANOBUMCSA NAOCKOU.

[elcTBATENbHO, TOCKOALKY a6ConioTHuI Auddpepennnaj emu-
HHYHOTO KacareJbHOFO BEKTopa caM OyJeT KacaTeJbHbIM BEKTOPOM
NOBEPXHOCTH, I'JIaBHASI HOpMaJib GyaeT KacareabHoH K NOBEP XHOCTH;
eIMHHYHLIH BeKTOp OHuHopManu OyJer, CJeIoBaTesJbHO, HOPMAajeH
K MOBEPXHOCTH, H ero abcosoTHHIH auddpepeHnuan paseH HYJIO,
3HAYHT, KPyYeHHe KPHBOM paBHO Hy.J0, [IpH pa3BepThiBaHtH KpUBAA,
HMelowasi HYyJeBo¢ KPYuYeHHE, CTAHOBHTCS TJIOCKON JIMHHeH,

O6pamnoe npedioxcerue mooce cnpagedsuso. IIpearonoxum, 4To
KpyueHHe KakAoH JHHHH HA MOBEPXHOCTH PAaBHO HYJIO, HJH, 4TO
CBOJUTCSL K TOMY K€, UTO CKOPOCTb, YCKOpPEHHe MepBOro nopsazka
H yCKOpeHHe BTOPOTO NOPS/KA TOYKH, MPOH3BOJNBHO JBHrampllefics
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HOCTb ONpefienifercs ypaBHeHHE 0. Bcema MOKHO ce6 pe;L-

CTABHTH JPYIYIO TOYKY, ABHIIOWYIOCH 110 MOBEPXHOCTH TaK, yTOOb!

du’ a2yt
B j,_aHHbII/I MOMEHT Be€JHUYHHBI T H v HMeJIH Te XKe '-IHCJIOBbIe

=
:

| " dsur  diy?
3HAYEHHS, KaK H Y NepBoil TOUKH, & BeJTHYHHbI o B " MEHSJIHCH
OT NepBOH TOYKH KO BTOpo# Ha BeauuuHsl (a!, a?). Orciona caepyer,
YTO NPOH3BOJBLHEIK BeKTop (a', «?), KacareiabHbli K IO-
BepXHOCTH, OyAeT KOMIJIAHAPeH CKOPOCTH H YCKOPEeHHIO NepBoH Tou-

KH, 3H8‘IHT 3TO YCKOPEHHE JICEKHUT B K&C&Te.ﬂbHOﬁ NJOCKOCTH HOBer'
HOCTH, U BCe JIHHHH HA NMOBEpPXHOCTH ﬁvnv'r acHMNToOTHUeCKIME. T1o-

et gLIRLLE25L AL VDLV 22 wrisiYR2Z LILA¥iZd

BEPXHOCTb OyJeT BHOJIHE reo,ue3nqec1<ou.

131. Teopema PHuyn 006 OpTOrOHANBHBIX TPAEKTOPHAX CEMe-
CTBa BIOJHE reole3HYeCKHX NOBepXHOCTEeRA. Mul ceityac BeIBEIEM
H3 UpenbIAyiIIero 3aMmeyarenbHylo TeopeMy Puuyu *,

Ecau ¢ pumarogom npocmpancmee cywecmayem ooHonapamempurie-
CKO€ CeMeticmao naocKocmell, mo ux 0pmocoHAAbHbIe MPAeKMopul Yycma-
HABAUBAIOM MENCOY PABAULHOIMU NAOCKOCMAMU CemMelicmea u3omempu-
4ecKoe Mmo4edroe Coomeemcmeue.

HeitcrBurenbHo, nyerb (P) — miaockocts cemedictBa U (P’) ~ Gec-
KOHeuHo 6su3kas mjockocTb. Ilycre (C) — mpoH3BosbHASA JIMHHA,
npoBepeHHas Ha nJockocrd (P), u (C’) — reoMeTpuueckoe MecToO
TOYEK MepecedeHHs ¢ MJIOCKOCTbIO (P’) OpTOTOHANbHEIX TPAEKTOPHH,
npoBeieHHKX Yepe3 ToukH (C). Ilocrpoum oToGpakeHue pHMaHOBA
POCTPAHCTBA Ha €BKJIUJIOBO TPOCTPAHCTBO CONpsiKeHHs (IL. 67)
Broab aunuil (C). B stoM npeacraenenun aruus (C) 6yaer naockoi,
a uHua (C) mosyuaercs H3 Hee, eCJIM MPOBECTH Uepe3 BCAKYIO TOUKY
JuHUH (C) GecKOHEYHO MaJblil OTPe3OK, HOPMAJIbHBIH K NJOCKOCTH
munud (C); CJIENIoBATE/IbHO, MepBad BapHauHs nnqul'npoussoanoﬁ

ayrd nuauH (C) paBHa HYJIIO NPH nepexoie ot (C) k (C7). TlockoibKy,
C apyro# cTopoHbl, AnuHa (C') coXpaHseTCs: B 5TOM NPEICTABJAECHHH JI0
OECKOHEYHO MaJ/blX BTOPOro NOPAAKa, Mbl BHIHM, YTO B PHMAaHOBOM
IPOCTPAHCTBE TNIepBasi BapHAUHUA AJHHB! Ayrd JuHHE (C) paBHA HYJIO
NpH nepexojie OT MJocKocTH (P) K GecKoHeuHo Gsnsko#l (P'). 21e H
TpeGoBanoch Aokaszars. Orcioga — HHTepecHoe caejacTBHe. Bosbmem
B OJIHOH 3 nuiockocTel (P,) ceMelicTBa NPOU3BOJIbHYIO CHCTEMY KOOP-
JAUHAT U, U H 0003HAYHM OYKBOH W MepeMeHHBIN Mapamerp, onpeje-
JISIIOLMA pa3JIHUHbIE NJIOCKOCTH CeMeHeTBA. JIMHelHbil 3JileMeHT Npo-
cTpaHcTBa Oyjaer Toraa MMeTb BHJ

ds® = do® -+ H (u, v

——
g

—
o
[r—
(et
o’

* Ricci. Formole fondamentale nella teoria generale della varieta e
della toro curvatura; Rend. Acc. Lincei, 1903, t. 12, pp. 409—420.
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rie do®— nuHeHHBIH a7eMeHT NJaocKocTH (Po):

ds? = E (u, v) du® + 2F (4, v)dudv +- G (u, v)dv?.  (21.2)

TlockonbKy moJiyueHHBIH JHHEHHHIH 3JjeMeHT (21.1) copaepXKHT ToJib-
KO OfHY TNPOU3BOJBHYI0 GYHKUHIO TpeX aprymentToB (M GyHKIHH
IBYX apryMeHTOB), CjIey€eT, YTO pUMAHOBH IPOCTP 2aHCTBA, AOMYCKAIO-
(e OJHOMNAPAMETPHUECKOE CeMEHCTBO INIOCKOCTEH, —— MCKJIIOYH-
TeJILHOE ABJIEHHE, HGO, Mo 3aMeyanuio PumMana, Han6osee OOMHH JH-
HeHHbIA 3JIEMEHT C TpeMA TICPCMCHHBIMH 3dBHCHT OT TPEX MpPOH3-
BOJBHEIX (YHKUHH Tpex MNepeMeHHHX (CYUIECTBYeT IIeCTb IIPOH3-
BOJIbHBIX KO3(HUIHEHTOB, HO BO3MOXKHOCTHL NPOH3BOJIBHOH 3aMeHbl
KOOpPJAHHAT NMpPHBOAHT YHCJO NMPOHSBOJBHHIX QYHKUHE K Tpem).

- Taxkoe npeobpasoBaHHe JOJKHO COXPaHATb OGa3HCHBIH BeKTop

I;, a caenoBaresbHO, dz:

dz = dZ’,
Z=z+ec.
Mul npHXOZMM K 3aKk/moyenHio n. 127,




- 1. BTOXKEHHbBIE MHOI'OOBPA3HUA

| [JIABA XXII
JUHHH B PHMAHOBOM MPOCTPAHCTBE

132. dopmysnt PpeHe B PUMAHOBOM NpOCTpaHCcTBe. TeopHsi

KDHBH3HHI JIHHHHA B DUMAHOBOM NMPOCTPAHCTBE TAKAA Ke, KaK U B €B-
KJHOBOM,

HanomuuM dopmynst @pene B eBKIHAOBOM NpoctpaucTie (dur. 13)

i

- 5
dM =T, , _ f
ds
T > 1
ar__ 1 N, — — KPHBH3Ha
ds P 7
N n R TR
N _ 17 4-—B, — Kpy4eHue
ds . p - =

4 _ 1N
ds T

M
b
34aTeéM MOXKHO HaIllHCaTb
. -
dT _ N.
ds p
[Tpumem ,
T=1, N=I, B=I; (22. 1)
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=ds, o®=0, o} =0, (22. 2)

1b6o
dM = L, ds;
faJjuee
(1)% =S _d_S 0)?] 0
_ p
Hoo
- S ds =
DT = DI, = I, . (22. 3)
. P
HodqoxaMm
- ds
mg = (22. 4)
Mul HaxopHM TOrja JBAa MOCJAEZHHX DPaBEHCTBA
DN __15.1p
ds p =
DB 1 =
—_— N.
ds T

B mpocTpancTBe n H3MEpeHHH MOJyYaeM NOC/eJ0BaTe/bHOCTE ypaB-
HeHHH, BBOJAIMIUX KaXK/0e HOBBI napaMerp (BTOPYIO, TPETHIO H T. J.
Kpansny) ¥ HOBHI{i BEKTOp (BTOpYIO, TpPeThbio H T. JI. HOPMAJib).

133. Onpenejsenne JHHHH 1O 3aJ1aHHBIM KPHBH3HE H Kpyuye-
HHI0. KpuBas HyJeBOro KpPyYeHHs B MpPOCTPAHCTBE MOCTOSIH-
HON KpHuBH3HB. Cyuecmsyrom au Kpuesie, Y KOMOPbIX KPUBUSHA it
Kpywenue — 3a0anHbie (PYuKyuu OsuHol Oyeu?

IlpucoepgunvM k Touke M HauGoJsiee oOuIHil penep H MOJOXKHUM

=ds, 0®=0, =290,

ds ds
w%:——,m?zo, o3 = —.
p

1o cucreMa audxbepeHIHANbHLIX YpPABHEHHH, KOTOpPas Jonyckaer

peleHHs, oNnpeaensione KOOpAHHATH TOUEK JMHHH H TPEXIpaHHUK
Opene .
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Bameuanne Kakiyio KPHBYIO MOXKHO Da3BepPHYTh B
€BKJIMIOBO NPOCTPAHCTBO. Pa3BepHyTas JMHUS UMeET Ty 3Ke KpH-
BU3HY H TO € KpYyueHHe.

Kpussie nysresozo Kpyuerus. HonycTHm

“ . R |
— =0,

T
TOrpa

DB _o.
. ds

CriefoBaTesIbHO, GHHOPMAJIb OCTAeTCS BO. BCeX TOUKAX HapaJjijiesibHa
cama cebe. B eBKiHAOBOM NPOCTPAHCTBE 3TO IJIOCKHEe JIHHHH,

B npocmparncmae -nocmosnnod Kpusustsl, Nosb3yAach Gopmynamu
(18.6), (18.7)

dM = mfi;,

a’ii ofl, I, — Ko'M

H cooTHomeHusMH (22.1), ( 2), (22.3), noayunm
dM - (DITI,

dTl a (D%_l; - KwIM:

dl, = oL, + o3I
s = wal; 4 walj,

dl3=w§|2:
HIH
M _F 4T 1R em
ds ds £
o . (22. 5)
d I = 15 dB 1 3
o =T o=——N
FEcay — =0, 1o
T
4B _
ds ?

- aHanuTHYecKas Toyka B — ¢uKcHpomana.
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TTocKoJIbKY CKafifipHOE NpPOH3BeNeHue

M.-B=0

paBHO Hysi0, TouKa M JIeKHT B NONAPHOK MJI0CKOCTY TOUKH B; cae-
JOBaTeNbHO, JUHHA OYAET nAoCKoi.
Ilpn nocrossHHOM p

p = const
HMeeM

d e — 1 i

L M+N =T (L T)-0,
§ P

H TO4YKa

M—{—pﬁ

GbHKCHPOBaHA; CKANAPHBIA KBajgpaT ee paBeH

(M 4 oNY? = M? -+ 20MN - o2 =

1
= — 1 g2,
K g
Ecar K > 0, TO 10J0XKHM
_ _M+4N
C T w1 s
V1i+ Kp
CJI€IOBATENLHO,
Ct=-L
K ¥

1o nmokasbiBaet, uto C — reoMeTpHyecKast TouKa.
CkansipHoe NpOH3BEJCHHE

M2 pMN 1 L
MOC= —_———— — - T ;
VI+ K2 K VI-Kg?

(22. 6)

C npyroii cTopoHsl, Noab3ysch ypaBHeHHeM (18.17) u nonaras M,=C -
H 3HayYeHHe MJHHB AYrH reofe3HuecKon

S=M0M:CM:d»



MOJYy4HM

M.C = Ccos (s]/K)+V sm(s]/K}

— .k_cos(d]/R), (22.7)

--r

100 IO C = U, KadkK npousse,u,eﬂue BCKTOpa H4d TO'—IKY.
CpaBuuBasi Bhpaxenus (22.6) u (22.7), noayuum

1

cos (dVK) = ——==.
| VIt Ke

(22. 8)

Orciona, paccrofnde d Mexny ToukamH C - M — MoCTOSIHHO, €cjiH
K ¥ p-— HOCTOSIHHBL.

Taxum o6pasom, reomerpHuzeckoe MecTo Touek M 6yner .OKpyx-
HOCTBIO ¢ ueHTpoM C H paauycom p. Mexpy tem, onpeienss p M3
ypaBuenvst (22.7), noay4uam

Ke*=1tg*(dV?2)

l —
= ——tg(dV2).

¥

Takum obpasem, pajguyc KpHBU3HBEI OKPYIKHOCTH B HEEBKJIHIOBOM
npacrpanctee (K > 0) He cosnadaem c ee paauycoM d (npumep chepH,
rle pajuyc reofie3HuecKOH KpPHBH3HBI NMapaJ/liejH — MaJioro Kpyra
HEe paBeH PAaCCTOSHHIO TOYKH OT LEHTPA OKPYXKHOCTH).

Hrak, ecan K > 0, TO JJHEHH HYJieBOTO KPYUeHHs H NOCTOSHHOH

KpHBM3HB OYAYT OKPYXKHOCTSMH,
" 134. JIHHHH HYNeBOro KPy4YeHHs H MOCTOSAHHOA KPHBHIHLI
B MPOCTPAHCTBE NOCTOSAHHON OTPHUATEIbHOR KPHBH3HbI. ¥Ypas-
HeHHda (22.5) 6ymyT

—- ]
a3
ds
i _km+ LN, (22. 9)
ds p
aN _ 1R e U
ds p o Rz’

1 1
PaccMoTpHM NJIOCKYI0 JIHHHIO (— = O) TMOCTOSIHROM KPHBH3HBI — |
\ T / p
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IlycTb g — ceuenne abcosttora MAIOCKOCTIO 3TOH KpnBoﬁ BN T—

TOYKH, INPEACTABJJAIOIIHE BEKTOPH N, T (dur. 14). TpeyroabHuk
MTN — aBronoasipeH OTHOCHTEJbHO abcosiioTa, HenmoasuKiasn
N . I Touka M + pN uMeer ckansipHbii KBaji-

par p®— R?® Caepyer paccMoTperh TpH
cayyasi,

1°. p < R. Touka M + pN JICKHT
BHYTpH alcosiota. ['eomerpHueckas
TOYKa, KoTopas [0 CBOEMy HOJIOXKe-
HHI0 COBIajaer ¢ Hel, onpejeaserca
yCJOBHEM, 4YTOOBl CKAMSPHBIH KBajpaT
ee Gblt paBeH — R2.

Ecay NOJOXKHTH

C =A(M +N),

TO, BO3BBINAst B KBAfIPAT, MOJYUHM
—R* =3 (—R*+¢7),

OTKyza ,

| R . R -
l:ﬁ;‘-—_;p;, C=—VT-TT(M+9N).

T aKHM o6pasoM, o6o3rayasi r = CM ¥ ofpaiasich K YPaBHEHHIO
\10.11}, NOJAyIHRM

C-M=—Rch-l-,
R
OTKyJa
R
¢ch L = — .
R VR—p
ChefoBaresibHO, IPH TOCTOSHHOM @

r = const.

['eomerpHueckoe Mecto Touek M GyaeT OpTOroHajbHOH TpaeKTopHeH
NpPAMBIX, BHXOASLIHNX H3 HeNOABMXKHOH TOuKH C, T. €. OKPYKHOCTHIO

DIIDTINIT | Iln M LV )
DIAJILVIL — . I.J.P 1 ~F LAY
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2°, p = R. Touxk

¢. Touka M -I—nN Gyner Toukoi C a6comora. Hopmamu
B TOYKax 3TOH KPHBOH 6y11y'r HapaJIJIeJIbeI T. €. TMepeceKaiorcs Ha

abcoJiore.
. JIunvg aBagercs npesesoM oxpymnocm pamlyc KOTOpO#H Heorpa-
HHYEHHO BO3pAacTaer. . .

.p>R. Touka M -+ pN BLIXOZHT 32 a6coMOT. [ycth npamas
AB — ee niojsipa B P — Touka nepeceueHus JHEHY AB ¢ HOPMAJIbI0

K KpHBOH (¢ur. 15). Touka P conpsikena Touxe M + pN Ona nexur

Ha npAMoi, onpe,uenaemou TogykaMmi M u M + pN, U MOMeT OBbITb
MPEACTAaB/NeHA B BHJE .

= p(M+oN) | (22.10)
¢ ycJoBHEM

PM+ pl;l) = 0.
Brocs ciona sHayerue (22.10), nomyuaem
B (M 4 oN) - (M + oN) = p (M2 -

+ MN (¢ + ) 4 poN?] = 0
H 10 COKpalllenKHH Ha 13

— R* 4 pa = 0.
CnegoBarenbHo, | ' | ®ur, 15
R? ' 2 > '
g = " P —_ P‘ M + —_ N [y
P : P
Teneps TpeGyeM, uyTo6H MonyAb P Kax aHanHTHYECKOR TOUKH Obli
paBeH — R2:
P2— _R?,
T. € |
4 —
_.._2(M2 u ___.1\‘12\ — — R2
o \ 1 Ps- } Ny
nau B8 cuny M? = —R? N? = | umeem
2
A | !'.'2(1—‘-_;-)=l’ }
' ¢ s B * T
14 -3axas 533 ‘
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(22. 11)

Ecan paccrosinae PM oﬁosnaqn'rb 6yxsoit d, To 110 popMmyJie (18 20),
nonarass Mo= P # s = d, nojayuyum

M = pch( )+TRsh( )

yMHOXKast obe yactd HA P u nomud, uro P?= — R?, PT =0 GyAeM
MMeTb

P-MI: —R2ch (—g—)

MJIH, NOACTABJsiA 3HayeHHe P no ¢opmyae (22.11),

- ]/'f: = = —Ren(g]
v o2

™

o
-
———

ina

| r
|
E

Orcilofa npH NOCTOAHHBIX ¢ H R, HMeeM

d = const
M
d d
e R &)
| ch2 [_.‘.i_\=; sh? f...fi..\
\R/ - \R)
HIH
p = Recth (-%—) :

Jldnua Oyaer reoMeTpHYeCKHM MeCTOM TOYE€K, NOJyyaeMbiX, €CJH
BOCCTABHTb MNepNeHAHKYJ/SIpH B pasjHYHBEIX TOYKax mnpsamofr AB
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1 OTJIOKHMTb HA 9THX NPSIMBIX OJHH H TOT Xe OTpe30K d; 3TO MEeCTO
TO9eK OyJieT OPTOTOHaJNbHOH TpaeKTOpHelH NepneHAUKYJis POB;
310 — JIHHHA, NapajnenbHas npsMod AB. Taxum o6pasoM, ecan
YBEHYHBATL PANHYC KPMBH3HE! 0 JIMHUHA, NPOXOAALLHX yepe3 TOY-

a.
KY .tArl!, TO ‘yﬁe}.{ noAY4arTh [OCACAOBATSIDHO OXKPYXHOCTH BOSpa-

CTalOMMX PaIHYCOB, OKPYKHOCThL GECKOHEYHOTO pajiHyca H KpH-
BH3HB —, 3aTeM KpHBble YORIBAIOIIMX KpHBH3H, HMeOWIME Tpepe-

JoM npamylo (dur. 16)

dur, 16

135. HHTerpupoBatue ypaBHeHnﬁ PpeHe ITHX KPHBbIX,
Qopmysinl @pere o6pasyior JuddepeHIHANBHYIO CHCTEMY ¢ NOCTOSH-
HBIMH KO3bdHIHEHTaMH, KOTopast JIerKO HHTErpHpyercs.

OGo3nayas IITPUXaM# NPOHM3BOJHLIE IO JJHUHE JYTH S, KMEEM,
OUeBHJIHO,

1
M4+ f{———IM =0.
+(P“ R? )

i°. p < R. HuTerpas 3aBMCHT OT TPHI'OHOMETPHUECKHX QYHKIM

apryMmeHra
/ 1o
P&

o ?
4 -

|-

A

CJIefi0OBaTeJbHO, AJHHA AYrH L OKpy:KHOCTH Gyper

L= _2_“___ = 2}9___ =2t R sh (—-g—)

o > R. Tlonaras
1 1 1

————— ey T vt et e

Pﬂ Ra a2
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“UMeeM . A .
.o T o
$

'~. ‘ R T =2 22.1
M =Ae® £ Be C 4+, (22.12)
OTKyza )
:_ ., . - - 8- _ s .
T_A,je_B "o (99. lq
a a ' ‘

A, B, C — rpu (pnxcnpoaaﬁﬁbie aHaJIMTHYeCKHe TOYKH, onpeneme-

Mble YCJIOBHAMH M2= —R?2 Te= 1 pnist BCSIKOTO S; 3TO Aaer
A?’=0, B2=0,A.C=0, B-C=0;
C®+ 2AB — — R?, uau A-_Bz—i;-,'
|=—2AB, CC=a®—R>0.

a

Taxum obpasoM, A u B :— pBé Touku abcostora H C — moJioc nps-
Mot AB (dur. 17)

’

" Tlpumem ABC 3a TpeyroabHHK OTHECEHUS.
Torpa

M = xA 4 yB 4+ zC.
012



Jlns BCSIKOH TOUKHM KpHBO# B cuny (22.12)

s

—

s
‘x=e% y=e %, z=1,

¥ ypaBHeHHe KPHBOH

xy = 2%,

1o KpUBasd, ABAXK/b Kacaomaacs a6coora B Toukax A U B; Tosb-
KO ogHa H3 ayr AMB onucniBaercsi npH H3MEHEHHH S OT —oo J0

+eo. B atofi cucteMe ocel, ypaBHeHHe abcoJioTa noJiydaercs, ecjH
HaMnucaTh

(XA -+ yB +2C)? = 0,
OTKyAa
(a2 - Rz) 22

ad

Touka T, umes Bux xA -+ yB, nexur na npamoit AB. 2ro,. cie-
ZOBaTejbHO, nepeceuenne AB c kacaTenbHoH B Touke M K KpH-
Boit. Orciopa caepyer, yto MC — HopMaab B Touke M K Kpu-
Boit, ¥ N — Touka, conpsiKkenHas Touke M Ha npsamoit MC orHocu-
TesqibHO abcosora. Touka C — ¢uKcHpoBaHHAS TOYKA, PACCMOTPEH-
Has BbII.He

3°. p = R. Iror cayuail moayuaeTcs MepexoAoM K Hpe,ue.ny H3
npenmnymero Haxonum KoHHYecKoe ceueHHe, CBEpXCONMPHKACAIo-
uteecss ¢ abeosmoToM. OKPYIKHOCTH cayyasd p < R Toxe Kacaiores
a6CcoJlIoTa, HO XOPJA KacaHHA — BHEIUHsS, KacaHHe — MHHMoe.

136. EBKAMIOBO NpOCTPAHCTBO conpsixeHus. PaccmorpuM B
POH3BOJLHOM PHUMAaHOBOM rpocTpaHcTBe JHHHIO (C) ¢ KpHBH3HOM

1 o
— W KpYyYeHHeM —, ONpeJleIeHHhIMH BO BCSIKOH Touke M.
p T

Xy — = (},

PaccMoTpuM B KaXKJOH TOYKe TPeXIPaHHHK (DpeHe PasBepTKa
(Co) auuuu (C) B eBKJIHIOBOM MNMPOCTPAHCTBE B Kaxno# Touke Mo,

1
rOMOJIOTHYHOK Touke M, HMeeT Ty e KPHUBH3HY — M TO 3Ke Kpy-
P

1
yeHHe —. DouJee TOro, roMOJOTHYHbIE AYrH HMEKT OJHHAKOBYIO
T

JJIHHY.

Takum ofpa3oM, MBI HWMeeM COOTBETCTBHE Mexny ToykamH M
AuHuA (C) u Toukamu Mo saunuu (Co).

Mrl pacnpocTpaHHM 5TO COOTBETCTBHE HA MPOCTPAHCTBA, OKPYXKa-
touHe guaun (C) 1 (Co).

Jlsis1 sTOrO 3aMeTHM, YTO BCSKOH TOuKe P B OKPECTHOCTH JHHHH
(C) cooTBeTCTBYET OflHA H TOJILKO OfiHa reofieanueckas ((G), HopMab-
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. & (™M ATanall rAue
nas K Kpuso#t (C) B HexoTOopo# Touke M, Takas, yTo AjauHa ayru PM

MMeeT HEKOTOPYIO BEJHUHHY #; HarlpaBJadiollHe KOCHHYCHl JHHHH
(G) orHOocuTe/IbHO TpexrpanHHKa ®pene B Touke M HMeloT BnoJne
onpesenennble 3navenus 0, B, 7.

Toyke P coloCcTaBHM TOYKY P,, ONpeAeJeHHYIO CJEAYIOWHM
o6pasoM. B Touke M, mpoBoguM HopMaab K JHHHH (C,), KoTopas
HMeeT HanpasJsiouHe KocuuycH 0, B, T Do OTHOLIEHHIO K TPeXTpaH-
nuky ®pene guuuu (Cy). OTIOXKHEM Ha 3TOH HOpMaNH AYry IJHHOH
M,P,= u. EBkanjoBo npoctpancTBo Touek (P,) 6yner npocmpan-
CMeoM ConpsisCeHus PYMAHOBA TIPOCTPAHCTBA BAoJb JHHHH (C).

Mul nokaxkeM, uto ayra P,Q,= g, NPOCTPAHCTBA COMNPIKEHUA
oTJHYaercss oT AYyrH PQ = o pUMaHOBAa NPOCTPAHCTBA TOJBLKO HA
BEeJTHYHHbI BTOPOI'0 MOPSJKA MAJOCTH OTHOCHTEJBHO MAKCHMAJbHOIO
paccrosuusi u. Orciopa caenyer, uro Habjofarenb, NBHKYIHACA
B10/ib KpHBOH (C) ¥ H3MepHIOIIHH ¢ TOYHOCTRIO 10 6eCKOHEYHO MANBIX
nepBoro mopsifka, He MOr Obl ONPENeHThL NPHPOALI MPOCTPAHCTBA
Bokpyr JauHuH# (C). '

Uro6ul mokasaTh 3T0, NOJOXKHM | = MN = MN, (touka N
MpHCOeUHEHA K ToukKe () H paccMOTpHM ceMeliCTBO JHHHIM, NoJyyae-
MHIX, €CJH Ha reojesvueckHx MP, ..., MQ oTKnapbiBaThL JJIHHBI,
paBube Ru (k < 1). OTH JHHHHK 3aBHCAT OT napamerpa a. Mol 6yjem
mosiaratk a = O ana MN, a = aq,— png PQ v a =ka, — pnaa Ju-
HYH, cooTBercTByiomeil asnuHe ku, Orciona, ecqu paccMaTpHBarTh Be-
JUYHHY @ KaK Mepy BpEMeHH, KOTopoe INoTpefyercsi NMOABHKHOM
ToyKe, 4ToGbl NPOATH reoje3HueckHe HOPMAJM, TO ABHKEHHE 3TOH
TOYKH OyZer paBHOMEPHBIM.

Jlaa BcAKol MMHHH ceMelCTBAa NMpHMEM

Il == T.
CuaiefloBaTenbHoO,
w2 =0, o3=0,
Has a = 0 umeeMm
' ds
0= —, =0,
g
ds
w? = , ol =ds;

T

noJjiarasi cuMBoJa AHpdepeHIUpOBAHHS

2
da

8 =

L]
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Ho €', xacarenbHas KOMIOHEHTa CKOPOCTH BJOJib JHHHH (G), paBHa
Hymo. CuefoBaresibHO,

3TO NMOKa3bIB4eT, uTo
Oh == Ok,

YyTO M TpeboBaJOCh J0KAa3aThb.

137. KpuBu3Ha puMaHOBa NPOCTPAHCTBA BXOIHT TOJbKO B
YleHbl BTOPOro NOPSAAKA MaJoCTH. [IpHBefieHHOE J0KA3aTENbCTBO
He OXBaThbiBaeT BCceX BO3MOXKHHIX Ayr P Q. YUrto6bl HMeTs Gosiee noJi-
HOe ROKAa3aTeNbCcTBO, HANO UATH JPYrUM TyTeM.

Touka P omnpepesisiercsi reofe3uyecKHM PacCTOSTHHEM r OT TOUKH
M u napamerpamu

u=39gr, v=r1r,

rne fp 1 1 — HanpasJ/foOWIMEe KOCHHYCHI reofe3udyeckoit HopMaau MP.
[Tpx mpoH3BoJIbHO 3a7aHHOH Toyke P TpexrpaHHHK B Touke P Gy-
JeT TpexrpaHHHKOM PpeHe B Touke M, nepeHeCeHHbIM MO Mmp HHUUITY
napasiesnsMa  BIOJb MP.

2

__________________ [P . N ——a -

Mbl OyzneM cpaBHHMBaTh JHHEHHbie 3JeMeHThl ds® 00OHX MPOCT-
DaHCTB.
B eskaudosom mnpocTpaHCTBe: -
— — -+ u —
dP = dsT 4- duN — —ds- T—{——-dsB J—de — dsN
4 g ~
OTKYJa
1 {1 U\ 4. 9 1. U 4. g4 g U 4
W' = ‘1 ———)u , ®0° = q4il——as, w’ = qu-— — as,
\ IO < T
—, ds — — s
m%:———, U’?::O’ m%:-—-—_—.
P T



B pumarosom npocrpancTBe NOJIOXKHM
o = ‘(;;i + mi,

R BTN
W; = 0} -{- ®,.

Korna fiepemeriaeMcst Bposib jsuEEE MP,

U
ds = 0, — = const,
v

HJIH \

: udv—ovdu =0,

W TPEXTrpaHHHK TepeMelnaercs napasieabHo caMoMy cebe (ol = 0), -

HO TOrJa MMeeM yxew, = O ¥ moToMy ZOJKHHE HMeTh ®f = 0, Cue-
JOBATeNbHO, @) HMEIOT BH]

of = of + Alds + Bf (udv — vdu). -

Korza Mbl nepeMettiaeMcst no Juduu MP, ara auaus MP CKOJMb3HT
cama no ce6e, H TaHTEHI[HAJIbHbIE KOMIIOHEHTH! CMELIEHHS BCE BpeMs
PaBHBI HYJIO, @ OCTaJIbHbIE MPONOPIHOHAIbHEl HHBAPHAHTHBIM BeJH-
yuHaM f, y uad u, v: ,

0! =0, o
? = Bdr = du, BA0OAbL Aunun MP
03 = T dr == dU,
HJIH )
w! =0,
w*=du,  Broab JuHaH MP
o® = du,

CaenosaTe1bHO, MOXKHO HaNM¥CaThb
of = wi - A, ds - B, (u-do — v-du).

Ecau nonoxure u = v =10, 10 A; = A} = 0, (Mbl ocTaemcs Ha
nunuy (C) v noTomy of = m‘ ®! = of). Beanunnu A, B onpeneasior-
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CA HocJaeloBaTeNbHEIMH NpUHOaHxKeHHAMH. [lis yjeHoB nepBoro no-
PsJlKa HMeeM

Aod 0A;; [du
Ou

——

dA;.:
Al” [ A Aol 1 ir
[avas) — ; lau avj

Py /J ! !
was , ; i

dv _ .

[Mosaraem u = 0, v = 0; Toraa [of ©)] = 0, 1 Mbl HVMeeM

Q] = Ri,, [dsdu] -+ Ri, {dsdv] + R, [du do].
CaenoBaresbHo,
Aj=— {Rij, ¥ T Rij, 1301

Bi— 4L pi
£ 9 i23

AHaJIOrHYHO /IS YJIEHOB TIePBOTQ MOpsiAKa B dw' HMeeM
doi 4 Z2L aA‘ ~—~=[du ds] + aA‘ [dv ds] -+ 2B, [du dv] = [wkwi]
" ,

Ons u = 0, v = 0 npaBas uacTb CBOAHUTCH K [0*0g] = do n

04, 0 94,
ou Y, ¥

=0, B,=0.

Mbl cHoBa noJsiydaeM BbiCKa3aHHbIH Bblllle pe3yJibTar.
Uro6rl HAKTH BHA 4/ICHOB NEepBOH CTENEHH MAJIOCTH B pa3JOKeHHH
dw', nonaraem

I 2 2
Ay = Ry o* + 2Ry qu0 - Ry (0%),

1 2
Ay “"Q"(st, 14U+ Ry 30%),
» 1 2
As:'{(st " T Ry 13uv)
l .

B, = - 6 (Ryg, 1ot -+ Ry 130)
B, =R

2 = & Moz, 03
B,=LR. 3

3 E 23, 13%»
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Orkyza

ds? = ds* -- (Ryg ot* + 2R, juv + Ry, sU%) ds® —

— g— (R, 2_3u + Ry, o) ds (udv —vdu) - —;— R, o5 (wdv —vdu)®.

3ameuaresbHO, YTO JONONHHTENBHbE YJEHbl He BBOAAT OCHOBHBIX
HHBapHaHToB 8, t JuHHH (C).

dra (l)OpMYJIa o6o0iaer Q)opmy.ny Pumana, pamomyio ds? B Hop-
' MaJbHbBIX Kooppuuarax (ar, Br, vr). -




k]

TF/JAABA XXIi[

HOBEPXHOCTH B TPEXMEPHOM MPOCTPAHCTBE

138. IlepBbie 1Ba ypaBHEHHS CTPYKTYpPHl H HX reOMeTpHUe-

CKufi cmbica. ITpumem BekTop I; 3a HOpMasib K NOBEPXHOCTH; TOT/A
Ha NTOBePXHOCTH

03 =10.

[lepBble ypaBHEHHS CTPYKTYpbl MPHHHMAIOT BHJ

do! = [0?0l],

N4

do® = [wle?],

(23. 1)

0 = [0'0d] - [0?0}.

[eoMeTpHyeCKHH CMBICJ JBYX NEPBHIX YPABHEHHH CJIEAYIOUIHHA:
€CJIH pacCMaTpHBATL MOBEPXHOCTE KaK ABYMEpPHOE pPHMAHOBO
NPOCTPAHCTBO, TO (POPMbI @/ 3TOTO NMPOCTPAHCTBA Te XKe camble,

4TO H OOBEMJIIOUIErO0 PHMAHOBA NPOCTPAHCTBA TPeX H3MEpPEHHUIl.
—>»
Otciopa caegyer, u4T0 2eoMempuyeckas sapuauyus DX se-
—>

kmopa X, KacameabHoz0 K NOBEPXHOCMU, PABHA MAH2EHYI-
AAbHOU KOMNOHEHme eomempuieckol sapuayuis 3moz20 8ex-
mopa, paccmMampugaemoo Kax gexmop obvemanuezo npocm-
parcmasa.

Ecau reomerpuyeckasi- BapHanus B o6beMJlomeM NPOCTPaH-
—_

CTBE HOpPMaJbHa K NOBEPXHOCTH, TO BeKTOp X nepemewaemcs
no nogepxrocmu napatiessno camomy cefe. Taxum o6pazom,
noNyyaeM HOBoe onpeje/ieHHe apaJlieNbHOTO NMEepeHoca.
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11peAnoJiOZKHM, B HYaCTHOCTH, obbeMJoLiee INpoCTpancCTBO €B-
—
KM ZOBEIM. Torpa crpoum BekTop X’ 2KBHIOJEHTHHIM K BEKTO-

Py X B eBKJIUJI0BOM CMEIC/IE U NPOCKTUPYeM ero na KacaTeJIb-
HYIO TJOCKOCTb B TOUYKE M’. 2to Touka 3pEHHA JieBi- '1HB‘HT&.

139. TpeTbe ypaBHeHHe CTPYKTYpbl. HHBapHaHTHBbIE (DOPMbI
(0ObIKHOBEHHBIE W BHEIlIHHE), PaccmorprM Teneps TpeThe ypasHe-
vue (23.1), oHo Baeuer no jemMe KapraHa svMHefiHble COOTHOIICHHUS:

(23. 2)

To, uT0 ©3 1 ©} aBaAIOTCS NTUHEAHEIMH KOMGHHAUHAMHA (OpM &', ©*,
BLITEKAeT M3 JAepHBAUKOHHOH GopMyabl

Dls = ‘”3'1 '{_ (D3l2‘,

ona oﬁpamae'rcn B HyJb, €C/iH Touka M ¢ukcupoBasa, T. €. o= 0,
= 0 umeior caeicreheM o3 = 0, 3 = 0; Ho, Kpome ToOro, Mbl

BH,IIPIM uTO TEH30p (az) CHMMeTqueH.

AMit aavmmnmansy murn (1..) apnaomra Toaaanna
iVibl 3aKJMIO4YacM, 4TO gy ABJIRCICH 1ChSUpPON

paTuuHas c¢opMa

WMeeT BHYTpPeHHee 3HaueHHe:

¢ = —dM.DIl,.
310 BTOpasi ocHoBHas Qopma ['aycca (Gauss).
Kpome 3THX )J,Byx OCHOBHLIX (hopM
ds® = (0!)? 4- (0?)?,
¢ = o0'o? + o?od,
pacCMaTpHBAIOT ellie 08¢ 0bviIKHOGeHNbIE Keadpamusnbie Popmot:
‘ ds® = (03)? 4 (03)?—
AUHeUHIll 31eMeHm  Chepudeckozo  u3obpancerus;
2

ol o

lb—_—‘ -
N 3 3
1 9]

220



MATEYT O v

I’Lf\ﬂ. A oy J 2 oA e B e ol Fot T WL WY . Vo ﬂh'\;“"ﬂl.l’l
QopM ¢ U a4as \uuum.aA lapaJiiiejiorpaMMa Co CTOPOHAMH

[m3mg] afeMenm naowaou cgﬁepmecxozo usodpaafceﬂun
3

[0} 3] — [wel]. L

140. Bropas kBaapaTH4Has (popMa NOBepXHOCTH. MBI BO3Bpa-

waemMca K ¢opMe @. HUTOOHI BLISICHHTL ee reoMeTpUUYecKHE CMBIC,

3aMeTHM, 470 (!, ®?) onpenensier cMemwente ds O HEKOTOPOR: JIHHUH
NOBEPXHOCTH. ’

—
FlpuMeMm 15151 3TOM MMHHH KacarejbHblk BekTop T 32 nepsuil Ga-
o
3HCHBIH BekTOp 1

T - ll;
TOr1a
B =ds, v®=0
H .
¢ = Qy, ds®.
Hmeem |
DT . Dli _ mfl’,—i—m‘?l; . o] i’ et 4 age? >
ds, ds ds ds ° ds ¥
T. € '
D:I: 1 - w? - -
1
ds TN = g 1 duls
CrenoBaresibHO, @,, €CTb [PQEKHHS HA HOpMajh. K 110BepXHOCTH
—3 — . . N c

1
1, BekTOpa KPHBH3HBEI KpPUBOH 1 N: s10 HOPMAABHAA KPUBUSHA — ,
P ,

Pn
Taxum o6pasom,

CP —
Pn
Hucso -
1 ¢ wlw? + m’mg

bn ds® {ol)8 4 (03)
34aBUCHT TOJBKQO OT QOTHOIIIeHUSA (D (111 T. &, 0'1‘ Bb{ﬁopa Kaca'renbﬂon,
H He 3daBUCHUT OT BbIﬁDaHHOfl HH,I[HBH,H.VaJIbHO KDHBOH
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Orciona teopema Meunbe (Meusnier).

" Bee aunuu Ha nosepxHocmu, xacaroujuecs 8 00HOU mouxe OOHOI
u mold He npAMod, umeom OOHY U MY IKe HOPMANLHYIO KPUBL3HY.,

3amMeuanune. MoXHO NpOBECTH BHIYHCJEHHE B OOmIEM

- —- i
cayyae. O6osnauas yroj BekTopoB I; 1 T 6ykBoft , umeeM

T =1,cost + l,sin6.

CneaepaTtesibHO,

vl

i
(g2]
(o]
(7]
oD
=
_Er:»
£
i
C,E»
=
[ ]
bl
v
—~—~

-+
HopmanbHasi cocrasiasiouiass Bektopa DT, yMHOKeHHas Ha ds,
Oyner

ds? 7 0. w3 L <l 3 1 2
: I3 = {cos h- o] + smﬁ-w2} I;ds = (w?w + U’g‘” ) 1s.
n

1 1 ‘ :
ByaeM ofossauatp — , —— H HAa3blBATb 2AABHOIMU KPUBUSHAMI TE
1 2 ’
KPUBHM3HBI, KOTOpHIE COOTBETCTBYIOT OCSM, JJIsl KOTOPHX BTOpasi KBa-

ApatHuHas ¢opMa TpHHHMAeT BHJA CYMMBl KBajpaToB *

(@) (o2
= + . 3.4
TR, R, (23:4)

JIRHHH, COOTBETCTBYIOIIHE 3THM 24a8HbiM HanpagieHuim (o2= 0,

wl=1 i o'= 0, 0®= 1), Ha3LIBAOTCA AUHUAMU KDUBU3HDL.
YroCpl onpefie/ITh IJIaBHble HANp aBJIeHHsl, IOCTaTOYHO BHPA3HTh,

YTO OHH COOTBETCTBYIOT SKCTPEMyMaM HOPMajibHO#l KpPMBH3HB

¢ __ an (‘”1)2 + 2a;50 02 1 g,y (0?)2

ds? (@) + (02

* Kak m3BeCTHO, KBaJpaTHuHY0 (OpPMY ¢ BCerjia MOXHO HPHBECTH K
CYMME HAH Pa3HOCTH KBaipaTos ,

$ = a1y (o1)2 - agy (?)2
I

: 1
Mu o6o3navaem ay, = , Qg == ==,
) Ry . R
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,Ilucbc%epenmpya no o' ¥ nO®? TMOJYYHM MO COKPALIEHUH HA

(1) + (@B

4]
ds? f
a1am1 i aqamz_ ®? :P_ == 0’
12 2 ds?

OTKYZAQ, M0 HCKJIOYEHHH ¢, MOJAY4YHM 1o dopmyaam (23.2)

wl w?
1) 3 7 3
o) wy

MK, BBOAS HOBYIO @OpMy
1 e S —— (28 —
Yy = @ (.02 w (u]

= 15(0")? -+ (@ — ayy) 0'0* — ay, (0?7, (23.5)

MOJYUYHM JJii ONPENEJICHHUS TJIABHBIX HAlpaBJeHHH YypaBHeHHe

v = 0.

MoxHO eule OnpefeIMTh JHHHH KPHBH3HBI CHEAYIOUHM O00pasoM:
eCJIH PacCMaTPHBATL HOPMAJb K TouKe M NOBEPXHOCTH, TO COCeAHSAA
Toyka M’ DPUHANJIEKHT JUHUHM KPUBH3HH, eCJH HOPMANb B TOYKe
M’ nepecekaer HopMmasb B Touke M.

Hapo, ciepoBaresnpso, BHpa3uThb TpeGoBaHHUE, 4TOGR! reoMeTpH-
yecKass BapHalUsd HOPMAJH NPHHAJAJEKAja IJIOCKOMY 3JEMEHTY,
onpe,uememomy ABYMsl HOPMaJsIMH; IIOCKOJIbKY 3Ta BapHanus nep-
NMEHAHKYJIAPHA K eIMHHYHOMY BEKTODY HOpPMaJiH, Hano BHIPA3HTL,
4TO QOHa MapaJulesibHa cMelendo MM':

wl w?
I

H

yTo H TPeGOBaJIOCh J0Ka3aTh.

141. AcumnroTHYeckne aAuHHM. Teopema 3S#fiaepa. [oavas
M CpelHsii KPHBH3HA NOBEPXHOCTH. Acumnmomuyeckumy HasbBa-
IOTCSl JIHHUH, Y KOMOPbLX HOPMAALHAA KPUBUSHA PABHA HYMO, T. €. Y
KOTOPbIX CONPUKACAIOLIASICA TJIOCKOCTh SIBJISETCS KacaTeabHOM milo-
CKOCTBIO K ToBepXHocTH. OHHM OnpenensiioTcsi ypaBHEHUEM

(P_'—“O.s
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Ecau

TO

1 1
q) forerd (T——- "-_—\ (!)10)2. (23'6)
"\Ry R/ S

- Orciona csiellyer, YTO aCHMITOTHYECKHE KacaTeNbHLIE OJHHAKOBO Ha-
KJIOHEHBl K TJIABHBIM KacCaTeJIbHBIM,
Teopema Diiaepa. Cymma. HOPMAAILHBIX rcpueusu
08Yx OpMIO2OHANLHLIX HANPAGAEHUT -NOCMOAHHKA.
3710 BhHITEKaeT M3 PaBEeHCTBA
I — ICOS o + SiIl ,
Pn R, . R,

KOTOpoe IoJyyaercss JejleHHeM O6GeHX uyacTei PaBencTBa (23.4)
ha ds?, uMest B BHLY dopMy.as (23.3).
aTa NoCTOHHAsA OyleT cpedwerl Kpueus3Hoti NOBEpXHOCTH

| R, + Ry
Boo6iue |
i i - on
R, + R Qyy + Qgs. (2_3-7:)
[Toanod Kpususnoil HasbIBaercs )
S | s
e =030 — (8y9)° . . (23.8)

310 GYAYT COOTBETCTBEHHO cnepHyTbm TEH30p (a;;) W oNpenenuTen
TeHsopa (a;)).

142. ConpsxeHHbie KacaTejbHbie, Hyc‘l‘b T — BEKTOp Kaca-

TesibHOH B Touke M K imuuH (C) NoBep XHOCTH, T —- XapakKTepUucTHKa
orufaoiesi KacaTeJbHBIX TIIOCKOCTEH K TIOBEpXHOCTH BJOJIb JIMHHU
(C) (eBkanROBO npoc*rpanc*rso) Ilycre d — CHMEO.T ,uu(m»epeuunpo-

nar B NAN AT T A __ D wrarrnannn
Darinn D naupa BJiIeHHR 1, 0 — B nuul}anu\-m;n E .

st oGo6uieHUsT MBI ﬁyﬂ,eM onpeneasarb HanpaB.neﬂne T’ Kax
NepneHAHKYyJASAPHOe K JBYM GeCKOHEUHO GJH3KHM HOpMajasM TNo-
BepXHOCTH B OeckoHe4YHO Giu3kux Toukax M H M’ nuuuu (C). By-

224

r



—» —>
Ay4H HOopMasieH K lg, BekTop T’ Oyaer nuneilHo# KoMOHEauuel dpopM
®(d), ®%(3): B TO Xe BpeMs OH HOPMAJIEH K BEKTODY

DI, = o} (T, - o3(d)1;;
a \**J = bt 4

E.Qn--

CJIe0BaTeNbHO,

o! (3) 03 (d).+ 0? (8) 0? (d) =0

781 0 | a
a,,0! (d) 01 (3) - @y {02 (d) 0l () + o? (d) w? ()}
+ ago? (@) 0? (3) =0

T dm e = R PP Ve

Hge conpsascerrvie KacameibHoie eGPMOHLYECKL ClLi pa30eAsiom Hanpase-
RHUus ACUMRMOmMu4ecKux KacarmeabHoix.
4

143. I'eomeTpuuecksit cMpica dopmbl ¥, [ToacuuraeM dopmy —— e

AN T = I,; B cray Toro uro Ténepb o?= 0, uMeem no ¢opmyJe
(23.5)

= g,

5.9
as*

5TOT Pe3yJIbTaT He 3aBUCHT OT BHIGPAHHOH KpHBOH.

. @ur. 18

[TycTb® — yrod, Ha KOTOPHIH HAN0 NOBEPHYTH B NMOJIOKHUTEILHOM
-

HANpaB/ieHuy BOKDPYT KacaTejbHoli I'  BEKTOp rJaBHOH HOpMaJH,
yToObl OH COBIA&J C HOpMaJblo K noBepxHocTH (dur. 18). Torza

AN
I, B) = " — o.
(s B) =~

15 3akas 533 295



Hmeem ¢ nomompio (23.2)

3 | 1 2
W =l Dl = a0 + @407,

HO
o = N-sinw— B-cosw,
I; =N-cosw +B-sinw
Ha‘
DI, <+ de o~ =, 1z ~ 1
2 =l,— +sino|——1-+-—B)} +cosw.~—~N =
ds s p T T
= dw | S ~ =, sinw o
=1, L — (Ncosw + B sin v) — l, =
ds T 9
> de 1y sino &
ds T p
CJaegoBareNIbHO,
b= dSz( dw - —l“-) .
' \ ds = /
de | 1
Cymma . Ha3bIBAETCH 2200€3UHECKUM KPYUEHUEM.
S T .

CanepncrtBue. Bee aunuu Ha nogepxrocmu, umeroujue O0HY
U my oce Kacameavuyro 8 oOweld mouke, umerom 8 3mot mouxe O0OHo
L Mo Jice 2000e3UHECKOe KpY4eHue.

144. I'eone3nyeckHe AHHHH HA noBepxHoctdH. leome3snue-
cKkoe KpyueHHe. Teopema JHHenepa. 10 GyayT reope3HyecKHe
JJHHHH JBYMepHOro pHMaHOBa IPOCTPAHCTBA; OHH XapaKTepH3YIOTCH
YCJIOBHEM

—

T anmaeTeg 0
1 ! A e L Y

—>
t Fi UI{I xiL llp T “a F

ik

Ho D

AL

-
ckocTb. ChnepoearenbHo, DT 6yjaer COBNAagaTs ¢ HOPMAaJbIO K [O-
BEPXHOCTH MJHU, ellle MOXKHO CKa3aTh: I'JIaBHAS HOPMaJlb CJAYXKHT HOP-
MaJbl0 K TIOBEPXHOCTH.

=
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[eode3uveckoli KpueusHot Ha3bIBAIOT KPUBH3HY JIHHHH, NOLCYH-

TAHHYIO B JIBYMEDPHOM IPOCTPaHCTBe.
Bosbmem

T=1I;

TOTJa HMeeM.

DI, = oll; + wil,

DI, = off,,
HJH, noJjgaras

m?:::hlml—{-h2m2,
OAy4YuUM -
oty D,
ds

= h,l,.

: 1
ChnegoBare/ipHO, reoje3sHyecKast KpHUBU3HA — paBHa
Pg

W
—
=3

b
oy
-

Teopema T'aycca. [leodesuneckas KpususHa sasucum
N N

2
monsKo om Auretinoeo asemenma ds? nosepxmocmu

3ra TeopeMa HENOCPEACTBEHHO CJIEAYET M3 TOTO, YTO (OPMEI !

3aBUCAT JIMIIb OT JIUHEHHOro 3jileMenta. l'eofesnyecKas JHHUS COOT-
BETCTBYET HYJEBOH reofe3H4ecKOH KpUBH3HE

¥ bw&’-’ﬁl IR IA .

Lo

g

O1cioga yroa riaBHOK HOPMAaJH C HOPMaJbio K. nonepxnocru @ pa—
BeH HYJI0 WIH T.
['eonesnyeckas JIMHUS cpelH ceMelicTBA Kacamluxcs JHHHE B 00-

1
IlleH TOUKE Onpeﬂe.ﬂﬂe'l‘ HOpMaﬂbHym KPHBU3HY — H reojesnyecrKoc
Pn ’ : )
| o o
KpyueHHe —, obuiMe y Bcex JIMHUH 3TOro ceMeHcTBa.
T . X e . a d

. g
JeficTBHTE/NBHO, BoOOLIE

3 €08 w
Pn

15* - . 997

sl



TaK- 4TO JJIsi reofie3uyecKoH

1 ! 1 1

, .
Pn 4 Tg T
2T0 HOCJYKHJIO OCHOBAHHEM HA3BAHUSI «2200E3UHECKOE KPYUEHUED.
Jygme 6bi0 Obl CKA3aTh «HOPMAAbLHOE KpydeHue», IOTOMY YTO 3TO
KaK pa3 COOTBETCTBYE€T HOPMAJIbHOH KpHBH3HE.
Hoabaysice BoipaxenueM (23.6) ans QopMbl U, Mbl NOJYYHM

1 l \ o

=( _ 2 )sm&cos@. (23.7)
Tg Rz Rl .
C/IeROBATENIBHO, AUHUL KDUBUSHLL UMEION HYAEC80E 2600e3UdecKoe KpYe
ueHue., : '

~
[TockoJIBKY 4151 aCHMIITOTHUECKMX JHMHHH o = - » TeOAesHuecKoe
KpyueHHe COBNAJaer ¢ HOJHBIM KpydyeHHeM (OOBMHEIM), KaK BooOite

NJ1s1 BCeX JIMHHE C MOCTOSTHHBIM yrijioM @, Hmeem

—L=( ! )sinﬂcosﬁ
< R, R,
C YCJIOBHEM
cos2 0 . sin2 @ —0.
Rl Rz
Orcrona
costg  sim*8 1
R1 Rz RI—R2

Jlee acumnmomusecKue AuHuu 8 00wjed MOYKe UMEIOMm KpYderus,
pasHbie no abCOMOMHOU GeAuduHe iU NpPOMUBONOAONCHbIE N0 3HAKY.
Keajpar KpyueHus paBeH '

1 _ Rl'_"'R2 2 Singﬁcosge -~ (R]_-"”Rg) siﬂZﬁ cos2 6 — B

72 Rle Rle Rg R]_' RR;
Y g VR e e ET TR A TTATY YN A FTTOITIINT 1 1 DY Y aOoUIMITTOATHOOCTW T
e Ad .l.lpUl’ldbCACﬂ nc nl) y Honnm — 3 T MDYy & AN FLIVEAL I A KA a G ai

1 1! . 1
T1 Te R\R, ’

T. e. npousgedernue Kpyuerutl 08Yx ACUMNMOMULECKUX AUKUL 8 obuwedt
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MOYKe PABHO 2aYCCoB0Ll Kpusu3He nogepxHocmu 6 moi moyke ( T e o-
peMa JDHHenepa).

JlBe KpHBHe, KacaTe/bHble K KOTODHIM B TOYKE MX N€peceyeHHs
B3aHMHO-TIEPIEHAUKYJIIPHBI, HMEIOT reofiesHYecKHe KpyueHHs), pas-
HBle 0 alCOJIIOTHON Be/MYHHE M HPOTHBONOJOKHHE MO 3HAKY, HGO
mo gopmyJte (23.7) reonesugeckHe KpydeHHsi HX GyayT oTiM4arbcs
TOJBKO 3HAKOM, TOCKOJIBKY

sin(ﬁ L %—)cos(ﬁ - —g——) = — cos Bsin 6,

To xe camoe UMeeT MeCTO JJIst IBYX KPHBbIX, KacaTeJibHbie K KOTOPbiM
CHMMETPHYHEI OTHOCHUTEJILHO I'/IaBHBIX HalpaBJjieHHH, HOO, NMOCKOJb-
Ky B ¢opmyse (23. 7) rJaBHEble HANpAaBJEHHsS COOTBETCTBYIOT 3Haye-

HEIM 0 =0 u 6= —2—, KacaresqbHbie, CHMMETPHYHbie K HHM, OTJIH-
yalpTcs TOJbKO 3HAKoM 6= —0, u, cJenoBarejbHO, ONATh

sin®’ cos®’ = — sinfBcos 6,




I'/TABA XXIV
®OPMBI JIATEPPA U HAPBY

145. ®opma Jlareppa. (Laguerre). MoXHO THOCTPOMUTHL Apyrue

. o 1
GYHKIHY, KOTOpHIE, MOJOGHO HOPMANbHON KPHBUSHE — H Teofie-
) Pn
1
3HYECKOMY KPYYEHHIO — , TpPHHAAJeKaT OJHOBPEMEHHO BCeM KpH-
g
BbiM, KacalolUMCs APYT APYra B TOUKE TOBEPXHOCTH.
~ PaccMoTpuM ¢ 3TOf 1eJIbIO TEH30p, NPOM3BOLHBIH ISt TEH30pa
(a;;):
J

—_ 1 2
Da,, = a,;,0' - 4,507,

Day = 150" < typev?, (24. D
Day, = Gyp 0! -+ Gypem®. j
@opma Jlareppa Oyxet
£ = (v')* Day, - 20'0*Dayy + (0%)* Day,. (24.2)
D10 TeH3opHas ¢opMa TpeTbell CTENEHH, TaK YTO OTHOLIEHHE
T __ & (0! +{ays -+ 2“121) (01)? w2 4- (20155 - dygy) 0 (w2)? -+ gyy (0?)?
ds® dsB

JONYCKAaeT HHTepIpeTauHio, aHAJIOTHYHYK TOH, KOTOPYH HMeeT
2
ds? ds?’

ITlpriMeM onsiTh

i

(24. 3)

[
-
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H, B YaCTHOCTH,

™ _ — ¥ _ —i_. —~
Ly = Ay —— 4w

—

CnepoBarensHo, cornacHo (24.1), (24.2)

da
Ay = —
, ds

— %, -“é!s"_ (mod o).

Ho npu nHaimem orHecenun (24.3)

-~

1 cos o
G4 = = ’
. Pn F
N 1 s'nT
M= — = 220 (mod o?), | (24. 5)
ds  pg ’
. L1 de
12 ds? e ds ' =
(C nenaparTanLun
le\rﬂvuulvﬂlullu,
4 :_t_i_(cosw')__2 dw - Iy sinw . (24. 6)
ds3 ds\ o ds T p

Jra dopMyJa, crpaseiiuBasi AJs OTHeceHHs1 (24.3), WHBapHaHTHA
OTHOCHTE/JIbHO BbIGOpa penepa M, CJeJOBATEJbHO, COXpaHsieT CBoe
3HayeHHue Juis Jiroboro penepa H A5 BCeX JIHHHH ¢ ofulell Kacareb-
HOH. [Ing reomesuyeckux JIHHHHA 3TOrO ceMeicTBa OHaZ MMeEeT OYEeHb

NpocToe 3HaYeHHe :
Lo 4Ly, (24.7)

P . 3 o~
as- as \ p /

146. Popma Nap6y. Tak nasbiBaercss skoGuau dopM 7 U ds®

3 (dst) 9 (ds?)
dut do?
? — ot O 2 X . (24. 8)
o oL Ju? dot
ol Ow?
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Ecan socnosb3oBarbest dopmydioh (24.2), To MOXKHO 3aMeTHTb, YTO
npH @2= 0 Bce CBOZHTCS K HHTEpIPETAMUU CYMMBI

b a112 -l_ 2al21'

Tensop a;;» GyneT CUMMETPUUHEIM, KaK JIETKO BUJETb, TOJBLKO B €B-

KJIHJIOBOM NPOCTPaHCTBE. 3TO YCJOKHSET NOACUET, HO METOJ, OCTaer-
Ccg TaOT e

e, -vn L Y

Inst acHMnTOTHYeCKOH JIHHHH (m e )q)opMa Jlareppa (24. 6)
MpHHUMAaeT BHJ

2

ki

dopma Jlareppa colep:KHUT TOJbKO 4eTbipe KOPHHUHEHTA U3 LIECTH
KOMIIOHEHT TeH30pa (a;;z). CreloBaTeAbHO, MOXKHO 0GP a30BaTh HOBbIE
HMHBAPHAHTH; TaKHUM HHBapHaHTOM OyleT BEKTOp C KOMIIOHEHTaMH

by = a5 — a4y, } (24. 9)
by = @agy — Gzys-

[eiicTBuTesIbHO, CBEpTHIBAasA TeH3GP &, C BekTopamu X!, Y/, Z*%,
10Jly9aeM HHBapHAHTHI
a, XYIZk, a,, X ZIYk,

X PAasHOCTb

| 0, X! (YIZE — YZ))
OyJAeT TOXe HHBAPHAHTOM.

Mexnay TeMm, cobupas yJjeHb RJA i, ], k=1, 2, noJiyuum

T (YAZE—Y?ZY) (b, X+ bX?)

IlepBrii MHOXHTeJb — GHBEKTOpP, 4 BTOPOH — HHBADHAHTHHIH BEK-
TOPMO}KHO IOJIYYMTh 3TOT BEKTOP H MeHee a6CTpakTHBIM CHOCOOOM.

PaccMorpum Manuifi umkn (C) Ha HOBEpXHOCTH W MHTErpaj o
3TOMY KOHTYPY

“_' S‘ D ia = 5 (w?rl e ‘”glz) = jl(,an‘”l - ay0%) Iy - X (ammi + Qge00?) L.
& c ¢ &
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-~

JuddepeHunpyst BHEMHNM 06pa3oM ToJBIHTErpaibHyl0 GopMy, MHo-
JIyYHM

| I

o'] + [daw®] 4 ay dot - gy do?) +
+ [dlzs alz‘” + apo?] -+ 1, {[dam“’l] -+ [dazz‘” ]+ @y do? + ay, do?)
HJH B cHay ¢dopmya (24.1), (24.4), xortopble paior

day; = 2a;50% - ayy,0t + gy,
(doe — @) ‘”? + 4z 0t 4 850007,
Ay, = — 20307 + Qg 0! + 0y5,0°%,

s
1

— | D1, = [ @1, + 6,) [0, (24.10)
¢ S
rae S — o6aacTb NOBePXHOCTH, orpanudeHHas mukaoM (C).

147. PuMaHOBA KPHBH3HA 00'beMIIOILEr0. MPOCTPAHCTBA. Mbl
AOLLTH Teleph A0 TOTO MeCTa B Pa3sBUTHH TEOPUH NOBepxHocTefi B pH-
MaHOBOM HPOCTPAHCTBE, KOrja Heo6XOoiHMO BBeCTH PHMAHOBY KpH-
BH3HY oGbemiomero npocrpascraa. s sroro HaMm Hazo Gyzer K

TPEM ypPaBHEHUAM CTPYKTYpH (23.1) noGaBuTh ellle TPH NOCJEAHHX
VnaB JeHU CTDVK’I‘VDH

do? = [0302] + Ry, 12[0lw?], o (2411)
de? = [0303] + Ry, 12 [0'0?], )

|
dof = [ojof] = Res;n (oo | (24.12)

Jlepas uacTh TEPBOr0 YpPaBHEHHSI ONPEREJIsieT PHMAHOBY KpPHBHU3HY
NOBEpXHOCTH, paccMaTpHBaeMONl Kak JByMepHOe pPHMAHOBO IpO-
cTpadcTBo. Mbl 0003HaYUM

do? = — K| [olw?] (24.13)

M GysieM HasbiBaTb cKaasap K, enympennel pumanosol KpususHou
NOBEPXHOCTH.
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B npoTHBOnOJIOKHOCTE BHYTpeHHEH KPHBH3HE Mbl HMEeM GHeL-
Hot0 kpususny K,

Rig, 1o =—K,. (24.14)

D10 KPUBH3HA OGBHEMJIOMIEr0 PHMaHOBA MPOCTPAHCTBA B HampasJje-
HMH KacaTeJbHOW IJIOCKOCTH noBepXHOocTd. HakoHen, cpeguuil unen
ypaBHenus1 (24.11)

[U’?"’g] = — [a;,0" 4 a,,0%, a0 T+ ape?] —

= — {ay;0 - (@12)°) [0l0?] = — [wlo?].

n n

S LAt
3nech — NPOH3BEEHHE TIJIABHbIX KpHBM3H — HAasblBaercs
1472
stiseposoti kpususnoil. Takum o0pazoM, ypaeuenue (24.11) npunuMaer
rl' rrw ko od L vr A y J.r\-‘l-" A RA N \ A ’ t’& Ak Ll o
BMJ(
l .
— K, [0l0?] = — o [oto?] 4 Ry, 1o [wle?],
UJH B cuay (24.14)
1
Ki: _'!"' Kée (24_-1:_)
R1R2

Buympennas kpususna nogepxHocmu pasHaemcs CYmme eHewineid u -
Nepogout KPUBU3H.:
3ameuanue |l. PaccMorpum naGmoparensi, He NoKHpaloLie-

FO NMOBEPXHOCTH; OH. 3HACT BHYTPCHHIOI0O KpHBH3HY IIOBEPXHOCTH,

NOTOMY UTO 3HAeT GOPMY @}, ONpEeNeSIOMYIO BpaleHHe pernepa oKo-

Ao nopmasid. OH 3HaeT 3#/1epOBY KPHBHM3HY, NIOTOMY UTO MOXKET H3-
MEpHTh HauOOJLUIYI0O ¥ HAMMEHbUIYI0 KPUBH3HY HOPMAaJbHOro ce-
yeHWsi noBepXHocTH. CrefoBaresibHO, OH MOMKET BBIYMCJIMTH BHeEIM-

HIOIO KPHBH3HY
K, = — Rz, 12,

T. €. €My H3BECTHA OJHA KOMIIOHEHTa KPHBHM3HHI OGBEMJIIOILErO 1ipo-
CTPaHCTBA.
3ameyaHue 2, CToukH 3peHusi HCTOPHUecKOH Bce OblJIo HHA-
ye. Miayuassce NoBepXHOCTH, NOrpy:KeHHble B €BKJIHIOBO IIPOCTPaH-
CTBO, T. €. Te, AJS1 KOTOPHIX
K,=0.

f\e

Orciona Teopema ["aycca: noanas kpususna 3a8uUCUm MOALKO OMm
142
AUKeldRo20 remenma ds® nosepxHocmu.
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148. BT‘Upan rpynna CTPYKTYpHbIX ypas
ypaBHenusiM (24.12).
Tensop ¢ Komnonenramu (w3, ©d) ects BexTOp. AGCOMOTHLI

‘BHEIIHMH JIUdQepeHuHan ero HMeeT KOMIIOHEHTHI.

Ryz, 12 {wlo0?], Ry, 1o [olw?].

ChepnoBaTesbHO, .
j. (‘”:irh - “’gi‘z) = jj (R, lzi; -+ Ros, l2i2) [olo?],
C S

OTKyJa, cpaBHHBasi ¢ ypaBHenueM (24.10), nmosayuaem

- by = Rz, 12, by = Ros, 1. (24.16)

CaenoBaresibHO, Ha6/OAaTeNb, HAXONMIMHCA Ha NOBEPXHOCTH, MO-
XKeT M3MEepUTH HE TOJILKO KOMNOHEHTY R1i2, 12 PMMaHOBOH KPUBH3HbI
obpemJIIolIero NPOCTPaHCTBa, HO U ellle iBE KOMIOHEHTH

Ri3, 12, Ros, 19,

T. €. BCEro TP KOMIIOHEHTHI H3 HIECTH KOMIIOHEHT TEH30pa KPHBH3HLI.
Bpamenue, npHCOeIHHEHHOE K LMKy Ha NOBEpXHOCTH, olpefe-
JfleTCd KOMIIOHCHTaMHu
p=—by, g=20,, r=—Ry 12

OHO 32BMCHUT TOJBKO OT BeJIMUHMH, JOCTYNHHIX Ha0Jofare/:io Ha Mno-
BepXHOCTH; Bextop (b1, b2) neprneHauky’aspeH K BekTopy (p, ¢);
I

uMeeM r = K, —

RiR; L
149. 06006meHue KAACCHYECKHX TEOpeM O HOPMAJAbHOR KpPH-
BHY3HE 4 reofie3HUecKoOM KpPYY€eHHH, Myl BRuUnesu,. yTO KJjaccuue-

AAWSEAw amn & wAraE AW RW-E& WF AYE AR AN EEanaa® & a S - AL Anwan s an &

CKHe TeopeMsl OTHOCHTEJIbHO HOPMaJIbHOH KPHBH3HBI H reoie3HYecKoro
KPydYeHHs ABYX KpPHBBHIX, KacamlMXCs ZpPYyr Apyra B TOYKe MOBepX-
HOCTH,—TeopeMbl, BbITeKalomue o CYIECTBY U3 TEH30pHOro Xapak-
Tepa KO3QHHHEHTOB a;; BTOPOH KBAaApaTHYHOH ¢oOpMbl THOBEPXHO-
CTH,—JONYyCKaWT o0Co0IeHHsi, ecNi¥ paccMaTpuBaTh NPOH3BOIHbIE
TEH3OPEI OT TeH3opa q;;. B nm. 145, 146 Ml paccMaTpHBaiH nepBbli
NPOU3BOAHLIA TEH3OP 4k, ONPENEIAEMElli YpaBHenHaMH (24.1), (24.4)

— o __ 1 2
Da, =da, — 20,,07 = ;0" + 4,07,

Da,, = Day, = da,, -+ (¢ - Q) 02

— 1 2
] = Q0@ i Qppp0” =

: 24.17
= Qg 0! - R . ( )

Da,, = day, -+~ 2a;,0% = Aoy 4 Auge?,
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Qopmyaa (24.6) npu o'= ds, 0®= 0 gaeT reoMeTpHYECKHIl CMBIC.]
KOMITOHEHTY

1

1

ayy, = .‘ dP: : fg plg : (24.18)'
BTOpOe ypaBHeHHe (24.17) c momoubio (24.5) paer
| i
Gy = Gy — d:S” + @y - ) 22 = d’;s +(—g: —L) 2 (24.19)
rae
L=a;+a,,= ——1—~——~—— (24.20)

R,

CpeNHASA KPHBH3HA MOBEPXHOCTH.
Haxkonen, ypasrenus (24.9) u (24.16) nator

Qe — Qg = K3,
Qgyp — Oggy = Ky,

rpe AJA KpaTKocTH 06O03HayeH:b!

Km - RIS, 125 Kgg == R23, 12-
AHJIOFMYHO, BTOPOH NPOUSBOJHEIH TeH30p OT Tensopa (a;;) Oyfer

_ 9 __ 1 2

Da,,, = dayy; — (Ggqy + Qygy - @4p0) ©F = @yy,0" + Gy44,0%,
_ 9 1 s
Da,,, = da,;, — ()35 + Qg5 — Qyyy) OF = Q91O -~ Qyg100

Orciona pist quudd o'= ds, 0 2= 0 uMeeMm

dayqy
G =— (3a
ds -

g
da,g,
ds

' 1
Aoy = — (2899, a3y 1 K29 -P— ’
. g

HJIH, 3dMeHASA

d L dl
Qgg; == s (@, - ay) —ay, = ds QAy11»
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MOCKOJILKY CyMMa IepBOoro H IocJjelHero ypasHenu#i (24.17) xaer

%’ (0 + Qge) = (@111 + Qgqp) O 1+ (@355 + y00) ©F,

M Hchosb3ys ypaeHenus: (24.18), (24.19), monyunm pas o= ds,
2 __
w?=0

AL D) )
Pn 2 Pg 1 g’
a = — - —_ 5 — —_—

_gdL o}  (24.22)

Orcioga Teopewma,

Ecau paccmampusames ¢ mouxe M nosepxrocmu, nozpyncenrnod
8 MpexmepHoe PUMAHO80 npocmpaHcmso, pasaudtivie aunuu (C) Ha
nogepxHocmu ¢ obwiell KacarmeabHol 8 IMoL mouKe, mo 6ce IMiL AUHUL
OyOym umemp 8 Imol mouke OOHW U Me oce. HOPMANLRYIO KPUBUSHY,
2eode3udeckoe KpydeHue u euje 4 eeauuunvr (24.18), (24.19), (24.20),

(24.22),
1 1
3necp —, --, — — HOpMaJjibHasg M Treolle3HYecKass KPHBU3HBL

n T —

H reoneausecxpge pryqeﬂne; L — cpennsas KpUBH3HA NOBEPXHOCTH
(cyMMa rjiaBHRIX KpHBH3H), K2s— CMeliaHHAss pHMaHOBa KpHBM3HA
B Touke M ofbemjiomero NpPOCTPAHCTBA AJS1 ABYX IIOCKHX 3Je-
MEHTOB KacarteabHbIX KJTHHUAM (C): 0JHOr0— KacareJIbHOI0 K IIoBepX-
HOCTH, APYTOTO HOPMaJbHOrO K HelH; HakOHell, K13~ CMelIaHHas PU-
MaHOBa KpPHMBHM3HA JJIs OJOCKMX 3J1EMEHTOB, OJHOTO KacaTeJIbHOro
K TIOBEPXHOCTH H Jpyroro HopMasibHOro K sauuusm (C).

Beanyuusi K13, K23 o0pamaoTcss B HyJb, €CJIH PHMAHOBO NPO-
CTPAHCTBO NOCTOSIHHON KPHUBH3HBI MJIH €C/H HOPMAaJib K MOBEPXHOCTH
COBNIaZaeT C rJIaBHBLIM HanpasJieHHeM 06beMJIOLIEro IPOCTPaHCTBA.

B eBKaM70BOM npocTpancTBe b1= b2= 0 H TEH30p &, ;, CHMMETpPH-
yeH. To Ke 3ak/ioueHyve UMEET MeCTO B IIPOCTPAHCTBE NMOCTOSTHHOMH
KDHBH3HLI. ' |

150. [loBepXHOCTH € 3alaHHBIM JHHEAHBIM 3/IeMEHTOM B €B-
KAHJAOBOM MpOCTpaHCTBe. Haiidem sce nosepxHocmu, obaradaroujue
3a0aHHOIM AuKeliHbim aremenmom ds® e eskaudosom npocmparcmee.
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Mupt 3naem dopmu 0!, 0?2, nonvuaemme Da3JI0OXKeHUeM KRBANDATHY-

'.l"'l" """" TEeTTETETT D TTTTEYeEETEET TETANT TTTT T

HOH (poprI ds? B cyMMy KB2IpaTOB; OTCIO[@ C IOMOUIBIO JIBYX MEPBHIX
ypaBHeHuit (23.1) HaxopuM ¢opmy ©2 W BHYTDEHHIOID KPUBH3HY

K(K,=0). B stom nBymepnoM pumanonom NPOCTPAHCTBE HAJO ITO-
' CTPOMTb JOTMYCTHMBHIA I/ JAHHOTO JIHHEHHOIO 3JEMEHTa TEeH30P
(a;;). On mosixeH ynoBIeTBOPATH yeaosusm (24.11), (24.9), a umenno

ay,0q9 —{045)* = K,

BCEro TPU YpaBHEHMs C TPeMsl HEU3BECTHHIMHU d11, dig, Q22, H3 KOTO:
PBIX OJHO YpaBHEHHE KOHEUHOe ¥ JBA ypaBHEHWUS B YACTHHIX NPOH3-
BOJIHBIX NEpPBOro NOpsAKa. |

OG6parHo, JONYCTHM, YTO H3BECTHO pelierye 3TOH cHcreMH. [IpH-
COeIMHHM K Kaxkpuo# TouKe HauGoJiee OGMHA OpTOHOPMHPOBAHHLIN
TPEeXFpaHHUK, OfipejesisieMblil 1IECTHIO NapaMeTpaMH 4; ¢ KOMIIQHEH-

TaMH HHQUHUTE3UMAJBHLIX CMEMeHHE o), @ B GYHKIUAX Tapamer-

POB 1.
PaccmorprM cucTeMy ypaBHeHHH B noJxblx avdbdepenumasax:

o' = o', 0=l I
iz ;\2 :-3 —— ‘_3 Fa 4 adA
w == y i wla j (‘ 4.2!3)
3 o3 __

=0, )=l

rae hopMbl 0, © TOCTpOeHs! Ha dopMax o), @2 ¢ KospdUIHeHTaMu
Q;; W3 MOJIyYEHHOIO pEIUEeHHSI.

CucreMa (24.23) BnoJsiHe HHTerpHpyeMa, H60O ypaBHeHHs, MOJYYEH-
Hble BHeIIHMM IHddpepeHuupopanveM cucreMs (24.23), OynyT cJefi-
CTBHEM CaMOii CHCTEeMH!, TIOCKOJIbKY opMH &, ©;/ TaK xKe, KaK o, w/,
VIOBJIETBOPSAIOT OJHHM H TeM XKe YPaBHEHHUAM CTPYKTYpHi €BKJIMJO-

R TINMYCTNAUCTRA

Bl llrv\-‘t’“‘.l\'l A Rl &

_Paccy®neHus OCTaloTCs TeMH e M B MPOCTPAHCTBE MOCTOSH-
HOt KpPHUBH3HBIL.

Ypaenenus (24.12) 6yayt ypaBHenusamu [lerepcona — Ko,n,aulm

151. 3anaun Ha copmy Jlareppa. 3 anay al. Cywecmsyrom
AU AUHUU, YO08AeMBOPAIOUUE OCHOBPDEMEHHO Y PABHEHUSM
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[lockonbKy OHH OODAIAIOT B-HYJb BTOPYIO KBagpaTvunyio dopmy @,
OHH JIOJKHBI ORITh aCUMIITOTHYECKHMH; CJI€[IOBATEJIbHO,

T

©=3
u 1o dopmyne (24.6)
o2
ds? ot
Bo3MOXHB JBa cJayuasi
1°. L =0. KpuBy3na paBHa Hy/0. ACHMIITOTHYECKast JIMHHSA

P
NOBEPXHOCTH OyeT reozesHYyecKoH JIHHMeH TPOCTpPAHCTBa («iIpsi-

- MOit»).

0o 1 — N P TIRATTAANETTT
L . — \J 1

t

Hymo. B cuay TeopeMbl JDHHenepa (1. 144) nojaHas KpUBH3HA NO-
BEPXHOCTH K; paBHa HY.I0. 3HAYHT, aCHMNTOTHUECKAS JIMHHS CHBO-

eHUAd

wALAAWLSL o

EcaH 310 MMeeT MeCTO A/ CeMEHCTBA KPHBHIX (dopMbl ¢ H ¥
HMeloT OOmu#d JHHeHbI MHOXKHTENb), TO B NlepBOM cayuae 1° Gyner
JHHeHyaras [IOBEPXHOCTH, BO BTOPOM ciy4ae 2° NoBepXHOCTHL HMeeT
TOJIBKO OZHO CeMeicTBO aCHMITOTHYECKHX (pa3BepThiBAIOINAACA I10-
BEpXHOCTb).

PacemoTpuM  3TOT  TocsenHHR cayuaid. BribepeM 3a Bek-

—
Top |, KacaTe/qbHblfi BEKTOpP aCHMITOTHYECKOH JIHHMH, NOCKOJIbKY Te-
nepb 3Ta JHHHMA OGyJeT BMecTe C TeM JIMHHell KPUBH3HH, TO

a, =0, a,,=0, a,,, =0, (24.24)

MeXKIy TeM 1O dopMynam (24.17)
da,; + 2a,,0) = 4,;,0" - a,,,0% (24.25)
Ay, - (Ggg — Gyy) ©) = 84,0 + ;550 (24.26)

.BHOCH B ypaBHeHHe (24.25) suauenus (24.24), moayyum

ayyg = 0.
Ecan Mbl HaxojuMcsi B NPOCTPAHCTBE NOCTOSIHHOH KDPHBH3HB, TO

: Qyg; = Gy = 0.
CJIeH.OBaTe.TIbHO Bﬂﬂﬂb aCHMHTOTHLIeCKOH(Dz_ 0 HMeeM B CH.T

p—
I\'.J
'I
;-

azzu)é == 01
a IIpH HalOHX YCJOBHAX KOIPDHIHEHT a22 He MOKET PaBHATHCS HYJIO,
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(1]

B,IlOJlb aCHMIITOTIfI‘I CCKOH

T. €. PaBHA HYJIO reofie3H4YecKast KPUBH3HA, a NOCKOJbKY HOPMaNb-
1 .
Hasi KPHBH3HA YXKe paBHA HYAW, TO — = 0, H JIMHHS — reoje3Hde-
' P

ckas. TakuM 06pa3oM, B IPOCTPAHCTBE NOCTOSIHHOH KPUBH3HBI BCS-
'Kasi pasBepTHIBAIOMASACS NOBEPXHOCTh — JHHeRYarass. ITO 3aKJIo-
yeHHe He UMeeT MecTa B OOIIEM C/yuae: MOXKHO HAHTH pa3BepTHIBAIO-
Mecss NOBEPXHOCTH HeNUHeHyaThle,

3apgaua 2. Cywecmsyom au nosepxHocmu c MoK OeCIMBEHHO
pasHoti Hymo ¢opmotl Jlazeppa y = 07

OTMeTHM NPOCTO CBOHCTBO TAKOH MOBEPXHOCTH: BCe ee reojiesH-
yecKHe — JIMHHH IIOCTOSIHHOH KPHBH3HHI. ,

3apnauqa 3. Hadmu nosepxrocmu, 04 KOMOpoix meHsop (@)
MOKiCOECMBEHHO PABEH HYAIO, M. €. MAKUL NOBEPXHOCMU, YMO 3iAeposa

KPUBUBHA UX COXPAHAEMCA NPU NAPAAIEALHOM NEPEHOCe NO NOBEPXHO-
cmu  (kacamenbHOM).

LR 4% ST Py

Hopma.nb K TIOBEPXHOCTH .OYZET rJaBHHEIM Hanpanneﬁnem 11po-
CTPAHCTBA, TOCKOJILKY Teleph

| (by B3) | = | (p, 9)| = 0.

U AT

Bepnemcs x ypaBHeHHsiM (24.17)

da;, + 2a,, 0} =0, . (24.27)
da,, 4 (azz — @yy) o) = 0, (24.28)
dag, + 204, 0] = 0. (24.29)

Me1 MoxeM mpefnosioKuTE a15= 0, 4TO 0O3HaYaeT NPHBEJEHHE BTOPOH
KBaJpaTHYHOH opMul K anrebpaHueckoil cyMMe kBaaparoB. Torza
paeencrBa (24.27) u (24.29) moxasbiBaOT, YTO I/aBHBIE KPUBH3HHI
Q11 ¥ @22 OYAYT NOCTOSIHHBIMH; paBeHCTBO (24.28) npHuMMaer BUJ

(g2 — a;) o, =0.

CINATES UN Ne11 == Moo T (=] TMTARULI ¥NURUAULI NARULI 1T TTNRANY ~
\.f.l.\.,;u‘;.z‘u. EEg L&A - i A “aﬂ’ F Y A VAGLASLLAFA llrllu‘llﬂll.m t}“lull“ R xlvu\-r‘x
HOCTb HMeeT TOJIbKO OMOHJIHYeCKHe TO'-IKPI( R =27)" WIH 02 =

1 2

ds®> = dx® - dy?,

T. €. NOBEPXHOCTh HAJaraeTcsl HAa MJOCKOCTb (JIMHERHbIH 3JeMeHT
TJIOCKOCTH). :
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152, HHBAPHAHTHOCTL HOPMAJLHOH KPUBH3IHLI NPU napai-

- = == o
JeJbHOM rnepeHeceHHH BeKTopa. IIpousBojibHAast KpHBasi, Kacaio-
masicsi efuHHYHOro Bekropa (X!, X?), umeer HOpMaJIbHYIO KPUBHSHY

v
a,; Xt X,

ITepeHeceM 5TOT BeKTOp MO MPHHUKMNY IapaJJjesaHsMa IO NOBepXHO

ctu B Bektop (X', X?). ITorpe6GyeM, uToGbl HOpMa/JbHAs KpPHBH3HA
He M3MEHHAACh:

d (a,; X! Xy =0,

HJAd
Dyy;- X' X/ = 0,
NOCKOJIBKY 1O caMoMy mnocrpoennio D, X! = 0.
Uraxk, ‘
a;, = 0.

CanepnctBus l. I[laparsesoroul neperoc coxpansem 2iasHsie
HaNPAagIeHus, 2/08Hole KPUBU3HLL, QCUMNMOMUYECKUe KacameabHbie
U 2eode3uecKue Kpususnui.

2. IMyetb M u M’— cocenue
TOYKH JIUHUU KDHBHQHBI ﬂnn na- o b "

paJlyiesIbHOM IepeHoce [VIaBHbie Ha-
npasjieHHst B Toyke M nepexopsr
B IVIaBHbI€ HANPABJIEHHS] B TOYKE M’
ww,:.@naxw’i'bﬁu, AURUU KPUBUSHbL uy- #
Jdym 2eo0e3uteCKUMU, KOTOpPHIE, BIPO-
gyeM, HMeIoT HyJIeBoe KpyyeHHe H MQ-,
CTOSHHYIO0 KPHBHSHY.

3. JlomycTuMm, 9YTO CYUIECTBYeET
acumnmomuyeckas aurus. Ouna o0-
HospemerHo byoem eeode3uueckod Au-
Huell, KoTopas OyJer reojpe3uyecKon
POCTPAHCTBA («mpsiMasty).

4, Ilycrb wepes Touky M mnpoxo-

AT JuHAsA KpuBH3Hb (C) H reope- ¢’
suueckas (I') (pur. 19). Ecan nepe- 'r’
MemaTbes ‘1o reoneanecxon (I‘), TO Qur, 19
KacatejbHass MT K reofesudueckoi |

COXPAHUT CBOE HampapjieHue, Ie- :
peinst B M'T’. Touro TaK xe Kacareabnast rIaBHOMO- HallpaBJleHHﬂ'
MP -niepeiiner B KacaTeJbHYIO FVI4BHOTO HanpasJyieHHs M "P’. Cne-
JOBATEJILHO, 2e00e3UHecKue AURYUL, RePeceKqion aiiu npueusuu nod
NOCMOAHHHIM Y2AOM.

16‘ 3akas 533
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5. T'eoe3uueckue SBASOMCA AUHUAMU NOCMOSAHHOE KPUBUBHbL U

NOCMOSIHHO20 KpYdeHus.
SameuaHnne Bce npepnigyiiee HENPHIOKHMO K CJOyYaio

1 1
= R (Heompene/ieHHBIE JIMHHM KPHBU3HHI).
1 2 ’
B 3TOM ciyyae reome3nyeckoe KpyueHHE TOMIECTBEHHO pPaBHO
Hymo. [eopesnueckue GyiyT JUHUSIMH HYJIEBOTO KDYUEHHS M IO-

CTOSSHHOM KPHBH3HHI.

6. TlpennoJoxum TI- + - Torna DUMAHO8A KPUBLIHA N0BepX~
1 2
HOCMU DABHA HYAIO.

eomMmeTpHueckoe RokaszaTeahbcTBO. PaccMmor-
puM napasnnejorpaMm ABCD u3 uerbipex JuUHUE KpUBU3HHI (ur. 20).

®ur, 20

. ¥ ..+ ’
TepeneceM kacaresqbHylo T B Touke A no MpHHUMNY mapaJjJiejH3Ma
-

Bnoab A BCD; Mbl BepHEMcSI K HCXOHOMY BekTopy T; coenoBaresbHo,
BpalieHHe, IPUCOEAHHEEHHOE K LHKJY, PaBHO HYJI0, H PHMAHOBA KpH-
BH3HA NOBEPXHOCTH paBHA HY.JIO.

153. [loBepxHOCTL B NPOCTPaHCTBE NOCTOAHHOA KPHUBH3IHBI.
O6paruMcs Tenepb K NPOCTPAHCTBY NOCTOSHHOH KPUBH3HBIL.

IIpeanosioxxuM CHayazia, 97O NMOBEPXHOCTb HMeeT JBa CEMeHCTBA
REHCTBUTENILHHIX aCUMNTOTHYEeCKHX JHHUH, Torga Hama noBepx-
HOCTb HeceT ABd ceMeHCTBA NPSMOJIHHEHHEIX ofpasywomux, T. €.
Oyller MOBEPXHOCTBIO 2-r0 MOpsjKa. '

Ecan mMeercsi TONBKO OJHO CEMEHCTBO AaCHMITOTHYECKHX, TO
370 OyAyT pa3BepTHBAIOMHECS NOBEpXHOCTH, He 00s13aTelIbHO BTO-

poro nopsigka,
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B ofmem cayyae, ecqau —};— = -Rl— =0, HOpMa/IbHAs KPUBH3HA
1

H reojiesvyeckoe KpyueHHe TO)K,IL&CTBe“;-IHO paBHBl HYJ0. AcHMITO-
THYeCKHE JIHHUH HeomnpejiesieHHsl. ['eoneanueckue JHHMH OynyT nps-
MbiMH, Ec/H npsiMast MMeeT IBe TOUKH, NMPHHAJJEXKAIME TAKOH I0-
BEPXHOCTH, TO OHa BCA NPUHANJEKHT ei («IJOCKOCTB»): B OOGIIEM
Cay4yae TaKMX NMOBEPXHOCTEH He cyllecTByeT, KpyueHue BcexX JIMHUH
Ha MOBEpXHOCTH paBHO HyJM0. Takue nosepxHocTH (i, 129) Haswm-
BAIOTCS_«8noAxe eeodesuveckumu». TeH30D @;; TOXKJECTBEHHO paBeH
HYJII0. 3TH NOBEPXHOCTH HOPMAaJbHE K I'VIaBHBIM HallpaBJeHUSM Ipo-
CTpancTBa. ‘ ‘

Ycaosue a;;, = 0 3KBUBajleHTHO TpeGOBaHHIO

1 1
——=const, —, = const.
1 R,

OG6patumcss K ypaBHEHHAM CprKTypH

dow! = [mﬂmll do? = [m1w2]
- 2 ? 1 ? b
: (24.30)
i — il Koo, |
3 — [n2n3 '
duol = [u)lwz], } (24.31)
Adwd — Teln3l )
""“'2 lw2wl] ]
OGo3unayas yepes i, 2 raasube KPHUBH3HBI, TOJIOKHM
. P1 Pa
0f = iu—l-, 0} = o . .
71 P2 P

CaiegoBare/IbHO, BHOCS 3TO B HOCJEJHHE JBA YPABHEHHS CTPYKTYPH
(24.31), umeeM J1J1 NepBOr0 ypaBHEHHS

1 1
Z [(.02(.0%] = —;2—' [(D%(!)zl.
CanepoBarenbHoO,
(L 1) toy =0,
\ 1 Pa / )

H aHaJOrHYyHO mnocJegHee ypaBHeHHe (24.31) pgact

(_‘— - -L) [wt0?] = 0.
P1 Pa

. Eem - =21 =1 1o Hajlo HafiTH gopMu o', 02, ©} Tak,
p |

P1 Psa
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gTOGH!
do! = [0?0]],

do? = [u)lu)?], ‘
I .
do? = — (_p? -+ K) [ole?],

Sro ABYMEpPHOE PHMAHOBO MPOCTPAHCTEO C ToCTOSIHHOM PHMAHOBOM
KPHBH3HOH; CYHIecTBOBaHHe €ro OblIo JOKa3aHo.

Hmeem
dM = o'l + o7l ‘
dl; = — KoM + off, + L T,
p

dl2 - ___szM + “’;ll + —_— (Dzla, 1 (2432)
dls'—-“"“"’}—wlll_—l— wlgn

P P )

Touka M - pl3 ¢HKCUpOBaHA. r

B eBKJHIOBOM HJH 3JIJIMIITHYECKOM IIPOCTPAHCTBE 310 Cephl.

B runepGoJIHYECKOM MPOCTPAHCTBE HMeeM TPHU KJjacca NOBepXHO-
creil: chephl; KBAIpUKH, ABAXK/H Kacalomuecs: aGCcoJioTa; KBaApHKH,
HMeloIIHe KacaHHe BTOPOro nopsiika ¢ abCosoToM.

PuMaHOBa KpUBH3HA 3TUX NOCJAEJHHX NoBepxHocTed (opHcdepnl)
1

- 1. -
paBHa HYJIIO ( Ho6o — = E-): reOMeTpHsl eBKJHAOBOH  IIJIOCKO-
' P
CTH 3J1eCh OCYIECTB/sIeTCsl B CoBeplieHCTBe. [ eolle3HueCKHMHU CaIyKar
NJIOCKHE JIKHHH HYJEBOr'o Kpy4yeHMsl; HX IJIOCKOCTh, COAepiKamasi

— -
HopMadb Iy, TpoxoaHT yepes GHKCHPOBAHHYIO TOUKY C (TOUKY KacaHus
¢ abcosnoroM). ['eonesngecKUMH GyAyT, CA€0BATENbHO, CEUEHUS OpH-
chepul NJAOCKOCTSMH, NPOXOASIIHMH yepes TOYKy C; 3TH NpsMHe
BCTpeEYaloTes, CiaeloBarenbHO, B 6eckoHeuHocrH, IlapannensaMu cuy-
JKaAT CeyeHHs! MOCPEACTBOM IJIOCKOCTeH, npoxonnmnx uepes kaca-

TeJibHYI0 B Touke C K a6coumory.

A 1 - 1
2°, Ecaqg — %= —, TO -

P1 Pa

DT BT .
" [0?] =0, [wl]]=0,



~

Orciona

1
2::0 = ——,

7y H 0109 K
d(ﬂl:O, du)2=0.

Takux noBepxHOCTEH 6ECKOHEYHOE MHOMKECTBO.
B eBK/IMEOBOM IHpoCTpaHCTBE 3TO KPyrJble LUHIHHAPH. B rnpo-
cTpancrse, rje K = 0, NOBEpXHOCTh HMeET NOJHYI0O KpHBH3HY, OT-

AUYHYIO OT HYJ/s, HO PHMAHOBY KPHMBH3HY, PaBHYIO HY/JIO.
Hmeem

d—' = — KoM +—m 13,
} ‘ P1

dg=—KM“+lwi,
Pe

— 1 1
diy = — — o, — — o,
P1 Pa

OXKHO IPELANOJIOXKHTDL, HYTO CyIIJ,ECTBYET CeMeHCTRO JIHHHﬁ

&
g
=
o
=

KKNURNU2AUL] 132 TanrT™gaIiImImuy ﬂwn‘m“ﬂf"l‘ﬂ“ N ITOITTNNM
l‘t’ Ahdd EALFALAIL AL wt ALSAN%wr & Ulluﬂll“. ulf l‘y J‘l‘l‘u\'l kA N “\-ll 4 t’vl‘l
 C=M+ol
(npennonaraercs p;<<R). Hwmeem
' T1 2 PlE
dC = dM + p, di, = ( — ,T) L. (24.33)
2

OKpyXHOCTb ONHKCHIBAET TOUKa M 1TpH HeNOIBHKHOM HLEHTpe, T. €.
—
npd w?= 0; Npu 3TOM KacaTesbHas ompexe/sercs BekTopoM I,
a TaK KaK IJIOCKOCTb OKPY3KHOCTH IPOXOJMT yepes LeHTp, TO OHA CO-
— — .
JiepKHT jnBa BekTopa I, u I,
Touka C nepeMemaercss HOPMaJbHO K 3TOH IJIOCKOCTH B Hampae-
JeHHu I,.

-«

[TockonbKy Tenepb, nmpH K = —

, HMeeM
P1 Pe

—p

dly = — Ko™ + —— oy = — Ko? (M + p,l) = — Ko®C, (24.34),

7 A ~3
Pa

l

13 ypaBHeHu# (24.33) u (24.34) caenyer, uto npsmas (C, I_;) Herno-
aBikHa. [lodyuaeM aHaNoruio ¢ eBKJAHJAOBBIM LHJAHHJIPOM.
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PaccMoTpuM meHTp (feACTBHTENbHBIA HJAY BHPTYaJbHbLIH)

M‘l‘Pzi;

AUHHA KPHBH3HEI B’I‘OEOI‘O ceMelicTBa.
[Mockoabky npu ®

d (M _i — 1r—ﬁ;m1r:mlll_ﬁ‘r
(M 4 p,ly) = o], o 1 ( Pl)l

STOT ILEHTP ONHCHBAET MpAMYIO HANPABJCHHS Il COMP SKEHH Y10

¢ (C, lg) OTHOCHTENBLHO a6CcoJIoTa. :

B runep6o/iHyecKoM NpOCTPAHCTBE 3Td NOBEP XHOCTh TaKXKe peanu-
3yer IJIOCKYI0 €BKJMAOBY IeOMeTpHIO, HO HECOBEpIeHHO, NMOJA0GHO
€BKJIHJOBY LHJHHIPY.

B 3J/unTHYECKOM NpPOCTPaHCTBe MNOBEpXHOCTh OyzneT JHHeHya-
THM T'UIepGOJIOHIOM, ee MOXKHO PACCMATPUBATL KAK LHMJMHID Bpa-
UIeHHs! OKOJIO JBYX OPTOrOHAJbHHX ocel A H

Ecau or6pocuts A’ B 6eCKOHEYHOCTD, TO NOJNYYHM (HEEBKJIUJOBH)
napajjieJH ¢ NOCTOSHHBEIM DagHycoM; odpasyloume runepboant 6y-
AYT OKPYXHOCTSIMH C LeHTpaMH B GECKOHEYHOCTH.

&

|
Jpr — == =g~ —— =4

l
? S

p=f" &

dur, 21

MoskHO paccMarpHBaTh 3Ty NOBEPXHOCTH JABYMsS  croco6aMu
KaK Top. 37ech TaKkKe pPeanud3yercsi MJIOCKash eBKJHAOBA reOMEeTpHsi
B ¢opMe, Tomosioruyecku sKBUBajentHoH Topy (Kimbdopn).

B cpepHuecKOM NPOCTPAHCTBE MOKHO IpPEICTABHTh HOBEPX-
HOCTh TPAMOYIOJILHHKOM C OTOXK/AECTBJICHHEM NPOTHRONOJIOKHEIX TO-
ek (pur. 21)

B«—>B, A« A.
B s/iunTHYECKOM IPOCTPAHCTBE MOXKHO IpEICTaBHTh POMOOM.
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I'JIABA XXV

p-MEPHOE MHOTIOOBPA3HE B PHMAHOBOM
MPOCTPAHCTBE » UBMEPEHHUH

154. AGcoatoTHasi Bapralusl KacaTeJbHOro BeKTOpa. BHyT-
pedHee nuddepeHHpOBanUe. JfhJepoBa KpuUBH3HA. B Touke @
Mﬁﬁf‘ﬁﬁﬁp&?ﬁﬁ onpeaenseM p KacareJbHbIX BEKTOPOB M KOMIIOHCH-
Thl KacaTeJbHOTO CMEUIeHHS

w!, w2, ..., 0P

H (n — p) HOpPMA/NbEBLIX BEKTOPOB ¢ HOPMaJIbHBIMU CMEIUEHHSIMH

/ o* (a=p-+1,...,n).
[TepBbie ypaBHeHHS CTPYKTYpH IJIsi MHOroo6pasus GyAyT
dot = [o*al], (25.1)
0 = [wFwi]. (25.2)
(1aTHHCKHe HHJIeKCH o6o3Havawr 1, 2, . . ., p; rpeueckue — p + 1,

. . ., n). Hocaepnne n—p ypasuennui (25.2) no nemme Kaprana naior

PN B o RN

OF = T;270%  Tin = Tuis (£0.9)
AGcomorHas Bapuaiisi BekTopa X, KacaTeJbHOro K MHOrooGpasmio,
COJAEPIKHT TAHTeHIHAJIBHEIA KOMIIOHEHT
1y of Xk
dXi 4 ot X
H HOPMAJIbHBIH KOMIQHEHT
m;Xk.
TaHreHuHa bHBIH KOMIOHEHT COCTaB/sAeT abCOIOTHHE JuddpepeH-
I[MaJ BEKTOpa, paccMaTpUBaeMoro KakK IpHHAMJIEKAUUH K p-MEPHOMY
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HMaHOBY IIPOCTPAHCTRBY; GOPMEI @/ ONPENESIOT 8Ky mpertee Oudigpe-
EHYUPOBAHUE, KACAMEAbHOe K MHO02000pa3U0.

Uro Kacaercst HOPMa/JbHOTO KOMIIOHEHTA, TO OH BBOJHT TOJBKO

3HaYeHHe BeKTopa B ToMKe P, a He B COCEJHHX TOYKaX, H 3aBHCHT

TOJILKO OT QOpM ;. ['0BOPAT, uTO (GOPMEI G, ONPENENSIOT «3ilje-
posy KpususHy» MHorooGpasHs (cp. B m. 139 dopmu o, ©3). Mu
MOKaXeM, YTO CYIIECTBYeT ellIe 1MeH30p IUAeposoti KPUBUSHSL.

PaccMoTpuMm Tellepp ToJle HOPMANBLHBIX BEKTOpOB Y?*;, aGcoJroT-
Hell audxbepeHnHan HMeeT Kacare/MbHulf KOMNOHEHT

At
Y 0%
¥ HOPMAJIbHBIH KOMIOHEHT
dYe 4 Yies,

CDOpMpl @ HrPAIOT AJIS HOPMAJBHBIX BEKTOPOB Ty e POJib, 4TO (hop-
MB @ JJIf TAHTeHIHMaJbHEIX BEKTOPOB; HOPMAJBHEIA KOMMOHEHT
Ha3LIBACTCS BHYMPEHHUM HOPMAAbHOIM Oughe peHyuasom.

CrepoBarenbHO, UMeeTCsl ABa BHYTPEHHHX (WHBAPHAHTHHIX) Aud-
depeHuHpOBaHHS, H, KpOMe TOro, 3HJepOBAa KPHBU3HA JaeT KOMIO-
HEHT (HOpMAa/ibHbIH HMJIH TaHTeHIMaJIbHBIA) AJsi aGCo/oTHOH BapHa-
UMM BeKTopa (TaHreHuna.anoro HJIH HOpMaJIbHOI‘O)

TEE Ma-crmmmezzz srminmnepmain mnflocnmmmafl spsarzrz-zmars D
1JJ. lCH.dUpl'lbll‘l Adpdthp UHJICPUBUH hpﬂﬂudﬂbl |

pHM CKasisipHOe- IpOHU3BEJICHHE BEKTOPOB Y u DX:
Y- DX = Y, X*ol,

[4] [t] l
Orciona noJayyaercss TeH3OPHBIH Xapakrep JHHeHHBIX dopM wy,
HO 3]IeCh TeH30p Ha «JBa JHIA» (IBYCTOPOHHHI): OJHH MHJIEKC OTHO-
CHTCS K TAHIeHIIHAJBHOMY CMEUIEHHIO, APYroH—K HOPMaJbHOMY.

Takum o6paszoM, MBl NpPUIIIM K HEOGXORHMOCTH paccMaTrpHBaTh
TEH30phl BUJA

Qijk... | oby...

B ciiyuae n = 3 Mbi ¥MeJIH TOJIBKO OLHH HopMaJIbeIH HHAEKC, KOTO-
pHIil onycKaicsi. BeauyuHu y;%; 06pasyior TeHsop storo poaa. Jas

3THX TE€H30POB-BROJIATCS BHy'rpeHHee ,uuqxpepeﬂuuposanne noJaras,
-HanpHuMep,

d (a1 XY ) = Day,- XY+,

Ecan KacarenpHu# BekTop X! B HOpMAJIBHLIA BeKTOp Y*© nepenocsit-
csl MO NPUHIUNY napajvie/]H3Ma, To |

dXi = — Xkol,
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dYe* = — Yot
Mbl MMeeM, CJENOBATEJLHO,
d (0:X'Y*) = dap. X'V + 0, d XYV " + a;, XidY® =
= da, X'Y* — a,, Yo Xkl — ay, Xil;lm; =
=da, XY — ayeY Xl — ap XY o) =
= (dai— p0f — ap o)) XV* = Da;,,)z iya

OTKyZa B CHJY NpPOH3BOJBLHOCTH BEeKTOPOB X, Y*, cpaBHHBas Ko3(-
¢HIHeHTl, ToJyYaeM HpaBUIO abco/IOTHOrO AMddepeHIHPOBaHHUS

AHanorHYHO BHYTPEHHEMY BHelllHee IudpepeHLMpOBaHHe JHHERHOH

TeH30PHOH (GopMBI @} onpene.nae'rca B BHJE

Duo"t = du)"L 4 [mku) | 4+ [u)“u)"] (25.5)

156. Bropas cucrema YpaBHeHHA CTpyKTypbl. PaccMorpum
BTOPYIO CHCTEMY YPaBHEHHH CTPYKTYpPH

dof = [wbol] + [0}ei] + Ry [wkw?], (25.6)
dof, = [030f] + [0F0f] + R 4 [0#0%], 25.7)
do = [wfoz] + [00] + R, ., [0*e?], . (25.8)

BHyTpenHssi pHMaHOBa KPHBH3HAa MHOrooGpasus (C TOYHOCTBIO JIO
3naka) Oyjer

Du! = dol — [o*wi].

B CHJTy MePBOro ypaBHEHHs CprKTypr (25.6) ona paBHa cymMe:

1; pHMaHOBOH KpHBH3HBI 00BeMJTIOLLETO I IpOCTpaHCTBa B TOM XK€
NJIOCKOM HAalIpaBJICHHH,

2) BBIpaXKEHHSA

s

Toohenil
lwiwll

?

KOTOpOe 3aBHCHT TOJIbKO OT 3ilJlepoBOH KpPHBH3HH MHOroo0pasus.

[To anasoruu co ciaygaeM n = 3 Mu OyJeM Ha3LIBaTh ee 2ayccosoti
Kpususnoll (C TOYHOCTBHIO A0 3HAKa).

KoMnoHeHTH rayccoBOH KPHBH3HBI ONpPEAEJISIOTCS BhIpaxKeHHEM

[u)z.‘u);&].
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Ypasuenue (25.8) nokaswiBaer, uTO MHBApHAHTHLIN BHEUIHUI Audde-

peHIHaJ 3H/IepoBOH KPHBH3HH ©; 3aBHCHT TOJILKO OT PHMAHOBOMH
KPHBH3HH OGBEMJIOWErO IPOCTPAHCTBA.
Iockoasky

wg‘ =1, }.“wf
3TOT BHEWHHA AuddepeHInan
B o ny O f R a —_ —
doj =7, g [ 0], Tetin) == Vi = i

33aBHCHT TOJIBKO OT aHTHCHMMET pH‘-IECKOH YacCTH IPOU3BOIHOIC TEH-

NITIDITOLTILY
30pa SHJIEpOBOH KPHBH3HEL

Yro Kacaercst ypaBuenus (25.7), To OHO HHTEPIIPETHPYETCS aHAJIO-
THYHO ypaBHeHHIO (25.6): GHBeKTop

dJ_B )B]
o e

?

Ha3biBaeMHil (C TOYHOCTBIO O snaxa) PUMAHOBYLIM KPY4EHUeM MHOTO-
00pas¥si, SIBJIIETCS BpallleHHeM, KOTopOe MCMEITHBAeT HOPMAaJbHHI

BEKTOp Toc/le Mapaj/e/bHOrC HepeHoca BAoJb LHKJAA Ha MHOre-

S e AN A A;ut,

o6p asud, UseH

3aBHCSIMA TOJNBKO OT 3HJIEPOBOM KPHBH3HBHI, ONpPENENsieT 2QYyccoso
Kpyuenue. ,

Ay

HACTHDBIE CJIYUYAH

TMOEPNOBEPXHOCTh B HYETBIPEXMEPHOM INPOCTPAHCTBE

157. TaaBHble HanpaBieHus] H raaBHble KpHBH3HBI. MMeercs
TOJILKO OJMH HOPMaJIbHBIA HHJEKC 4. JHJjepoBa KpHUBH3HA omnpeje-

nsercst GOpPMaMH @;; MOXKHO TOJONKHTE

of =a, 0t @, =a, (25.9)

CHMMETPHYHLIH TEH30D @;r NO3BOJISIET ONpPEeNHTh KBaAPATHYHYIO
bopmy
A

g = wieo? = a; wie/, (25.10)

Bripakenue
¢
dsﬁ
MPEACTABJISCT HOPMAALHYID KpUSU3HY JIHHHK Ha MHOrooGpasuu
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I raeroimu Hanpasrenusmu Ha3bHIBAIOTCA TPH OCH perepa, jJs Ko-
TOpPHIX

(o1)® («2)? (03)?
= -+ + ==

R R, Ry ’

?

1

KO3 PHIHeHT b R OYAYT eaasrbimu KpususHamy. I'ayccoBa KpHBH3-
i

Ha onpenensercs GopMmaMu

[wiw/]; (ner cymmupoBanys);

wint] =
[w] il RR;

TaKHM 06p330M, HMEEM mpu 2aasHble 2Qyccosbie KpUuBU3HbL:

I 1 1

RiRs ' RsRi = RiRy

158. 'MnepnoOBepXHOCTb B €BKJHA0OBOM NpocTpaHcTBe, Pac-

CMOTPHM THUIIEPIIOBEPXHOCTh B YETHIpEXMEPHOM e8KAUC080M TIPOCTP aH-

cTBe. I'n1aBHBle rayccoBbl KpMBH3HBEI CTAHOBATCH PHMAHOBBIMH KpH-

BH3HaMH. Eciu usrubars runepnoBepXHOCTh TaK, YTOOH COXpaHsJ-
cst' JUHeHHHH sgeMenT ds?, TO

1 1 1 I 1 1

ReRs ~ RyR; ° R.Ry ~ Ry Ry ' RRy ~ RRy’

1 1 1 1 1 |

—— . P —

Re = R’ R, R,” Ry — R,

(kpoMme, MoKeT ObITb, 3HAKOB, YTO COOTBETCTBOBAJIO GBI CHMMETpPHH
OTHOCHTEJIbHO HEKOTOPOH TIUIEpIIJIOCKOCTH).

CilenoBare/IbHO, HAJAraloniHecsl rUneprnoBepXHOCTH PaBHBl HJTH
cHMMeTpHuHHl. BooOme Henb3si fedopMHpPOBATh T'UNEPIOBEPXHOCTb,
He MeHdAs ds?. |

310 meopema Beer (1870). Cp. CyBapos (Souvarow, Bull. Science
Math., 1873). Ecau 3apana kBagpatuunas ¢opMa OTHOCHTEJbHO TPeX
nepeMeHHHIX, Oyzer JH Bcerga e€d COOTBETCTBOBATH THIEPNOBEPX-
*HOCTb B €BKJ/IHJOBOM IPOCTPAHCTBE yeThipex U3MepeHuii? Tpexmep-
HO€ PHMAHOBO NPOCTPAHCTBO (THIEPNOBEPXHOCTb) 3aBHCHT OT TpeX
(yHKIHIA TPeX apryMeHTOB (KOS(pHIHEHTH! NP PASJIOKEHUH JIHHEH-
HOT'O 3JIeMEHTa Ha CYMMY TpeXx KBajiparoB). Mexny TeM B pocTpaH-
CTBe ueTHIpeX M3MepeHHH THIeploOBEpPXHOCTh ONpeNe/ReTcs TOJBKO
OpHOH yHKLHEH TpeX apryMeHTOB

X3 = [ (%y, X5, X3).

CnefoBare/ibHO, BOOOIIE 3ajaya HEBO3MOMKHA.
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UtobLI ee

S

paspen
usMeperui. Ecau

1 N TIN
B P 3y 41 iy £ ILGIIIA\JW lll.l

ds* = g duid i,j=1,2,3,

TO, CPAaBHHBAsT KOS(pHUMEHTH IPH BCeX COYETAHUSAX (C MOBTOPEHHsI-
MH) du' di/ B ypaBHEHHH

6
Z (dx.)* = g, dul dw,
B=1

e X, PACCMATPUBAIOTCS KaK QpyHKIUMHM oT ul, u?, u?, noayuum 6 ypas-

HEHHH HA 6 HEW3BECTHBIX (PYHKIHH X, OTHOCHTEJNBLHO TPEX HE3aBH-

CHMBIX MepPeMeHHBIX u!, KOTOpele BooOlle NONYCKAIOT peLIeHHe.
BooGute quneiHblR s/eMeHT ds? ¢ nuddpepeHnHanamu p napamer-

POB NMPHHAJIEKHT MHOr0O0pasuio p U3MepeHHH B eBKJUAOBOM INpO-
I snrrananeeg P @ 1) -

ABYMEPHLIE NMOBEPXHOCTH B YETHIPEXMEPHOM PHMAHOBOM
NMPOCTPAHCTBE

159. daaunc HopmaabHOH KpUBHU3HbBI. MMeloTest 1Ba Kacaresb-

HBIX HHJEKca 1, 2 H jpBa HOpMalbHEIX 3, 4. DHjepoBa KpHBH3HA
onpezesnsierca GopMamMu

opy o}, 03, 0f,
(
HJIH JIBYMsl KBaJpaTHYHBIMH GopMaMu /

¢ = 010 + 00 = @y ()° + 20,000 + g (032 (25.11)
¢t = wlof 4 0?o] = by, (0')2 4 2b,, 0'w?4-by, (0?)% (25.12)

3nech MBI HAHJEM 6eKMOp HOPMAALHOL KPUBU3HbL

Bt 3L, - o8],
(1) = #ltel (25.13)
\ Pn / as®
3 4
:2 ) ; —- KOMIIOHEeHTL! HOpMaJIbHOﬁ KpHBHBHbI TI0 JlBYM OCsM,
S S

OpMa/JILHBIM K KpPMBOH

- av WA AS R S - &

Ilyers 6 — yroa, ofpasyemslit KacaresbHOH K KpuUBOH ¢ Neproi
OCBHIO B KacareJIbHOH MJIOCKOCTH (ll,Tz). Hmeem
o! = cosfds, w? = sinfds. (25.14)
s
IIycts MP — BekTOp HOpMaJIbHOH KPHBH3HHI, X ,J — KOODPJHHAThHE
TOYKH P B HOpMaJILHOH TJIOCKOCTH (_13_,1) (bur. 22) Hmeem
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*= drs’?l ’ - ds? ’
T. €
X = @, cos? 6 4 2a,, cos 0 sin 6 + a,, sin® 6,
{ y = by, cos? 6 + 2b,, cos b sin b -+ b,y sin 6,
#H/IH

']

X = ﬁl—%’l - %ﬂicos%—{—amsin%,

i | (25.15)
Y= ﬁ%ﬁﬂ + -{-’1—1—;@ cos 20 | by, sin 29.
T eoMeTpHuECKOE MECTO ToueK P(x, y) 6yner, cienoBartenbHO, SJIHKIC

a byy + b
€ LEHTPOM H{ utén  On "’} — Jaaunc uROUKampuce: Hop-

2

MaseHOl rcpuauanu.

D TP i

b sl “Ll £ 45 208 S 2% ol oWl
Lenaup vl eCTb oenfiivEpy L

spususnst (BoMnHaHH)

E&:_.f.ﬁ‘ﬁi;Jr _"1_1.;:.';‘_’1?1 I ; (25.16)

& 4
P
OH 32jaeTCA CBEpHYTHM TEH30pOM 3ii- L/ |
JIEPOBOH KPHBH3HBI. -

UToOH ompefenuTs s#aepoBy KpH-
BHSHY, Hamo 3a1aTb YeThlpe CyIIeCT- dur, 22
BeHHble KOHCTaHTH. [IpuMeM BekTop

—

I, napannejbHbM O6OJbIIOH OCH 34-

JUca WHAHKATpucH ¢ neurpom H («,B) ¥ noayocsamu e, b; nycrs
4 = 0 B Konue GosniloH ocH. Toraa s//uic UMeeT ypaBHEeHUe

x == a + a cos 20, } (25-17)
y =0+ bsin26, '
CllefoBaTe/IbHO, HMEeM
[ @13 + dsg —a bia + bya =B
2 H 2 A
4 013, —Q832 .~ N 708 1Q\
— 5 & G=0 (<0.10)
bll —bzs — 0 b — b
[ 2 H 12 ""' -’
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H KBajparuyHbeie GOPMEI PaBHbI

I al ST
¢, = B(0!)? 4 200l0? -+ § (0?)2,
CaenoBartenbHO,
wd=(ata)o!, - of=7Pfo!Ibo? |
(25.20)
= (@ — a) 0?, o} = bo! - fo?
H
[030d] + [0]od] = (a? — a?) [010®] 4 (F% — b?) [wl0?].
CnefioBaTesIbHO, rayccoBa KpMBHSHA paBHa
a® + 2 = a® — b2, (25.21)

3Imo cmenens mouky M no omrouleHul0 K OpmMoOnmMu4ecKomy Kpyay

aqaunca. _
JleACTBUTENILHO, OpMOONMUHECKOl OKPYICHOCMBIO Ha3bIBAETCH

reoMeTpHYECKOe MECTO TOYEK, H3 KOTOPHIX 3JIVIMIIC BHJEH TOA Np IMbIM:

yraoM. KacareqpHble K 3JIIMICY B €r0 BepIUIHHAX HECOMHEHHO mepe-
-(‘PKBT(\’T‘PQ man ﬁngMFJM V'I“Tln'M' A oIneneJIda T nnnmnvrnnanﬂk RPn--

L LA A il ] YIRAAE 22 AL A d AN LY LAY < Wwe¥salilIlily

IMHHE! KOTOpOTO “nexar na OPTOONTHYECKOH oxpymnoc*m Llem‘p ee
OYEBHJHO, COBNAZIA€T C HEHTPOM 3JIHICca (a, f), a paguyc paBeH mozo-,

BHHE JMaroHaJH NpsIMOYroJILHUKA, T. €. paBeH } a? +- b2 CreneHnb
TOUKH M OTHOCHTE/JIbHO OKPYIKHOCTH paBHa INpOM3BENCHHIO BCeid
cekymeli H3 Toukd M Ha ee BHEIIHIOIO yacTb. Besa cekymas paeHa
CYMMe pacCTOSIHUS OT TOUKH M 7o lleHTpa OKPY:KHOCTH H pajuyca,
a BHEIIHSS 4aCcTh — Pa3HOCTH 3THX OTPE3KOB.

ChnenoBaresibHO, HCKOMas CTeNleEb PaBHA NPOH3BEACHHUIO

VTR +VET B VFTF - Va1 5)=
=t (@ bY),

YyTO W TpeboBajoCh JOKa3aTh.

MMELASFRIAM ITSAAE TTHN

D T ™ > ial
L lpTaAMipnum llyuplpan\.x DL nngnsnaiy

1 1

P1P3 u3 aByX yacreit: MP, = —w B MP, = o rayccoea KpH-
1 2

BH3HA, MJIH TIOJIHASI KPHBH3HA, — AEACTBHTENBHO CTeNeHb TOUKH M

OTHOCHTEJILHO OPTOONTHYECKOH OKPYMHOCTH — OTpe3ka Py Pj.
[TepexoguM K rayccoBOMY KPy4YeHHIO; HMeEM

[0304] 4 [wdwi] = 2ab [o'0?] (25.22)

2564



CnenosarenbHO, rayccoBO KpyueHHe pasHo 2ab. 3ameruM, uro,

ecyl MH NOJIOKHM a>0, To Jo/KHH paccMarpusark b > 0, ecan
3JIJIMIIC OITHCHIBAETCSA B IOJIOXKHUTEJIBbHOM HallpaBjeHHU NPH BO3pacTa-
auy 6 or 0 jo =,

160. O600ieHHe KAacCHYeCKHX NOHATHHA. Juruu Kpususmesl.
Mok HO paccMaTpHBaTh JHHHHM KpHBH3HEI KaK TaKHe, KOTOpble COOTBET-
CTBYIOT KOHIAM GoJIblIOH OCH 3JJIHIca. Yaiie roBopAT, 4To KpHBas
Ha NOBEepXHOCTH Oyner JHHHEH KDHBH3HB, ©CJH TaHICHLIHAVIbHAS
KOMIIOHEHTa a0COJIIOTHOTO CMeIleHHsI KaKoro-T0 HOpMaJbHOTO Bek-
Topa OyjeT KacareJbHOH K 3TOH JIMHHY,

Ciie10BaTeNbHO, A1l TAKON JIHHHH HMeeM

olod — 0ol =0,

1,4 o208
wlwy mml_—O.

HimeM ycoBUe CYILECTBOBAHMS JHHUH KPHBU3HH., BHocs ciopa sHa-
yegus (25.20), nosayyum

— 2a0le? =0,

b — (2] =0.

OTH ypaBHEHHS HECOBMECTHBI, €CJIM @ U b He PaBHEI HYJIO. Y CJIORHEM
CyIIeCTBOBaHHS JIMHUE KpUBU3HH Oyjer obpaileHHe B HyJb d HJH b,
T. €. ofpaileHue B HyJIb I'ayCcoBa KpyueHHs (25.22), u B 3TOM cayuae
6yAyT IBa ceMeHCTBA OPTOTOHAJNBHEIX JHHHI KPHBH3HEL.

Acumnmomuyeckue runuu., ACUMNTOTHYECKAS JIMHHS €cTh JIMHHS
HYJIeBOHl HOpMa/NbHOA KpuBH3HBI, UTOOB OHA CymecTBoBajda Ha Mo-
BEDXHOCTH, Hajo, YToObl JJIHNC HHIHKATPHCE HOPMAJBLHOH KpPHBH3-
HB npoxoaua uepe3 Touky M. Torpa Gymer cymecTBOBaTh OJHO Ce-
MeHcTBO acuMnToTHUYecKHX. Mx Oyler pBa ceMelCTBa, €CHH SJLIIMIIC
HHIAHKATPHCHl BHIPOJHTCS B CABOCHHYIO INPSMYIO.

Ecan cymecTByloT aCHMIOTOTHYECKHE, TO TayccOBa KpUBH3HA OTpH-
natespa (160 Touka M Oyaer BHyTpeHHEH TOYKOH OpTOONTHYECKOH
Opr}KHocrH) :

PaccMotpum caydail, KOrja /VIMIC MHAHKATPHCHl — CABOGHHAS
npsMasi, gexamas Ha ocH l. Tor,na pMa ¢, TOXJECTBEHHO paBHA

T.

Hymo. [ToBepxroCTh 6yAeT rHiepnJocKod, T. e, 3To OyAeT NoBepXx-
HOCTE 'l‘nPYMPanT‘ﬂ PRKTIHTIO'RF] nnnm‘nm-l TRA,

e --...-_..

IleﬁCTBnTeJleo, ,nmpq)epeﬁunpyﬂ BHEUIHUM o0pa3oM

4 4 __



pPaBeHCTBA, BHITEKAIOUIME H3 YC/A0BUA ¢! = (0, moJayuum

o} 0] =0, [ofuf] =

Orciona crnenyer, yro guHeiiHas dopMa o OJHOBpEMEHHO OyAeT

3
KPaTHOH JIMHEAHO He3aBUCHMEM @] H 3, CENOBATENbHO, OHA PABHA
HyJI0. 3HayHT,

HanpasJeHHne [, ¢uKCHpoBaHO; Touka M ONUCKIBAeT TUNEPIVIOCKOCTD,
KoTopast 6y11eT COflepKaTh Halilly NOBEPXHOCTD.
161. MunuMaabHble NOBEPXHOCTH. I1IpeanonoxuM, uTo cpeaHss

KpHBH3HA (25.16) paBua Hymo; caefoBaresbHO, B cHaty (25.18)
a=0, B=0;
rouka H coBnapaer ¢ Touko#t M, Torna, uz (25.19)
~ \ )

l'ayccoBa kpmBusHa (25.21), paphas Teneps
— g% — D, <

OTpHHaTeNIbHA.
310 CBOHCTBO XapaKTEpH3yeT MHHHMAJBHYIO MOBEPXHOCTL, T. €.

TTATAN I AAmY ITATIAIAIIL TITATI TIHAMITATIY ITNRIT AOTAITIINA IZPALIMTUhan
11 CANIIULLID Danivunblivil  lidudlair llpd Jg4ajananuvm huiil y .

efACTBHTEIbHO, TYCTh CUMBOJLI d U 8 COOTBETCTBYIOT: NEPBHIH —
CMEIIIEHMIO 110 MOBEPXHOCTH, BTOPOH — CMEIIEHHIO ¢ OfHOH MOBEpX-
HOCTH Ha JpPYTyl0 HHQHHHTE3UMANbHO GJAM3KYIO.

Ecan MB Npeinofo:XK¥M, UTO 3TO lOcjefHee CMEUleHHE OpTOo-
FOHA/JbHO K NOBEPXHOCTH, TO, OYEBHIHO, GOPMEI of (3) = ef GyayT
YIOBJIETBOPSATh COOTHOMIECHHUSIM:
e,= 0, e,= 0 Ha noBepxHocTH H e,= 0, ¢, = 0 HaA KOHType.

Tenepr BapHauus njomany NoBepXHOCTH

) 5‘ [0lw?] = y [8wlw?] — S[ml dw?};
HO M3 CTPYKTYPHOrO YpaBHEHHS
o' =folol] 4 [o*]],
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1o __pln2 . 1. poy!
dw! == e, 0" -1-e*wm

B aHaAOr'HYHO

2 1
Sw? = — elo! - e*w?,

CJIeOBATENBHO,

) 5. [0lw?] = Se“ ( (u)zu)‘;] — [0'wg] ) a = 3,4.

Takum o6pasoM, HeoOXopuMoe yC/JIOBHEe MUHHMyMa Jomagu (o6pa-
IeHHe B HYJb IepBOH BapuanuH) Oyaer

[ol0g] —[0? 0i] =0
Ecnu ke MNOJOXKMTH

¢ — g% ] o 22
0} = af, 0’ + aj,w

0} = aj,0! |- az,0?

TO TOJYYHM
ai, +a3 =0 (2 =3, 4),

HJ4 B obosHayenusx (25.18)

Ecau Oepopmuposame nOGEPXHOCHb HOPMAALHHIM CMEUEHUEM nep-
nenouxyrapro K npamoti MH, mo eapuayua niowadu 6ydem pasxa
HYA0.

162. OThiCKaHHe MHHHMaAbHbIX MOBepXHocTed. [oBopsaT, uTo
¢ynkuMss V — rapMoHHyeckas, ecJH BTOpofi JuddepeHiiHaNbHBIN
napamMeTp paBeH HYJIO:

A,V = 0.

B eBK/JHMAOBOM 71-MEpHOM MNpPOCTPAHCTBE HEKAPTOBBI KOOPAHHATH
TOYKH MHUHHMAJIbHOH MOBepXHOCTH O6yyT rapMOHHYECKHMH PyHKIH -
MH Ha NOREPXHOCTH.

I_[eﬁ(:'anTeJIbHo KoomeHa'rm TOYKH MOTyT OHITh NpeACTaBJEeHb

QLT O T'II'I’I\TIUM'II!\II mnnvnu M- MITNATALIITAMII T'MaTuwoairra “QQL‘I’DRM’I‘{"G
UGN L NITIVANATL AV InvI TRy KOMIIOHGHTAMH I POAfiviila NAUDIORIV LW

KoahdUIHeHTH NpH dopMax @ B Pa3IOKCHHH

dV = Vl(.l)l _{‘ Vzu)z -l_ . s —']— V',!(Dnl
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ChnenmoBare/nisHo, 1/
dM = U)‘Il “{" (02',

. —i —p
KOMNOHEHTaMH rpapueHTta OyAyT BekTopH I, m I,. B mpocrpancrse
TOCTOSIHHOH KPHBH3HBEI aHAJOTHYHO (opMysaaM (24.32) mnoayyaem

DM, = DI, = dI, + Lo} = 0%l — Ko!M = M;,0! + M,0?,
DM, = Dl, = dl, - L;o? = 0zl — KoM = My0! + Myo?.

CpaBHuBas [Ba NMOCJAENHHX CTOJOLA, TOJYYHM

-l

My=714541 ""KM,

i11%

M,, = 1,51, — KM

=~

AM =My, + Mg = (7 + -T«fg) I, —2KM.

i : §
Ecmu K = 0, To nojgyuaeM ypaBpenHe, XapakTepHCTHUECKOE I

MHHHMMAaJIbHHIX IIOBEpXHOCTEH
AM =0
ITyctb q)opMa
- . ds* = Edu® + 2Fdudv + Gdv®
npuBeneHa K BMAY

A2 (du? + dv?);
TOrAa
“ o' = Adu, »* = Adv,
\nuﬁnunwrnu aradV Bvavr
AYWNSAVALANF EANWAAR A ‘I.l' lll 5 R ¥ UJ HJ
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Vio? — Vol = X go — Y gy
du v

OyJeT 3JeMeHTapHLIM NMOTOKOM TPajMeHTa; 3TOT HOTOK Oyjer Toy-
HBIM auddepenunaiom, ecnad V — rapMonuueckas ¢yHKuusi, uGO

{. (V02 —Vao'!) = (. {. AV [ole?].

¢ iy
CJaeoBatensHO,
*V |, oW
ot a2 v

1 pynKuusa V 6yner takxke rapMOHHYHA 110 OTHOLICHHIO K KOOD/IHHAE-
TaM 4 H 0.

Ecau V 6yaer 0603Hauars PyHKIHIO KOMIJIEKCHOTO IIepEMEHHOT o,

CONPSKEHHYI0 PYHKIHMH [, TO MOXHO MOJIOXKMTH JJA ONPEHECHUS
MHHHMAaJbHO# TIOBEpXHOCTH

X, = (4 iv) + o, (u —iv).
D yHKUMH [; JOMKHBE! ObITh TAKHMH, YTQOHI
. ds®* = A? (du® - dv?).
Hmeem |

ds* = A* (du + idv) (du — idv) = A* (du? + dv?)

dx; = [ (du + idv) 4 o; (du -+ idv).

Heo6xoaumMo, C/eioBaTe/bHO, YTOGHI

Y (r=o0

£=1, 2] 3

370 pacipocTpaHeHHe KJacCHYeCKOro pesyJbTara Ha ciaydad uyeTh-
pex H3MepeHHH,

EcsH 3aMenuTs fi, Ha if,, T0 NOJy4HM MHHHMAJBHYIO IIOBEP XHOCTb,
npucoedurennyro K 3afanHoi., Teopusi NMpHCOCIMHEHHLIX TOBEPXHO-
CTell pacmpocTpaHsieTcsl Ha CJAyuai 7 M3MepeHHH; KacaTeiabHble MJO-
CKOCTH B COOTBETCTBEHHBIX ToukaX OyAyT MHapajJelbHBl H COOT-
BeTCTBYIOIME KacaTeJbHbIE NEePNeHAHKY/IAPHH.

18 3akas 533



E. CIIELMAJIbHBIE KJIACCbl PUMAHOBbLIX
[NPOCTPAHCTB

I'/TABA XXVI
. HOPMAJIbHBIE KOOPAHWHATDBI PUMAHA

163. Onpenejenue HOpMaAJbHLIX KOOpAHHAT. PaccMoTpuMm on-
PE/Ie/ICHHYI0 TOUKY O puMaHOBa NPOCTPAHCTRA H OpTOl"OI-IaJIbeIH
penep (Ro) B 3TOH TOYKe.

Besakaa Touka M B J0CTAaTOUHO Majiod OKPEeCTHOCTH TOYKH 0
JEKHMT Ha ONpENIe/IEHHON Teoie3HuecKol, BHIXonsmledl W3 Touku O;
MycTh Uy — HANPaBJSAIONIME KOCHHYCH ee KacaTeJbHOH B Hayaje
U § — piauHAa, 0yrd reopesvueckod OM. Torma nopmaireHoimu Koop-
Junamamy TodKH M Ha3HBAIOTCS n BEJHYHH x!, ONpejesIsieMbIX
YPpaBHEHUAMH '

X' = vis, | o (26.1)
IIpakTHYeck! Bcerpa MOXKHO, OTHPABJAAfACH OT NPOH3BOJIBLHOH CH-
cTeMul KoopiauHar (4, . . ., u"), NOJNXOAsIel JHHEeAHOH NOJCTAaHOR-
KOH C NOCTOSHHBIMH Ko3{xbuLHeHTaM¥, IIOJYYHTh APYTYIO TakK,

yToOhl B TOuKe O Bce KOOPJMHATHL PABHAJUCH HYJIO, 8 KOXphUIHeH-
TH g;; QyHnaMeHTaJbHOH (OPMEI B Hauaje NPHHHMAIHM 3HAYEHHS

g;‘j:‘-'aszjoy €CJIH l?&{, .
ll, eCJH l:].

BocrionbayeMcst ypaBHeHHSMH reofesdueckux (18.14)

31U q)opmy.m COXPAHSAIOT CHJIY W AJs HEOPTOrOHAJBHOro pemepa.
BKJIOYasl HaTypajbHBIH, Korga OyjaeM uMerb {12.12):

w! = dut,
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Cie0BaTeBHO,

H YypAaBHEHMS TeOfe3HYECKHX NPHMYT BHJ

dey! duk  duf
{ = 0:
ds? + Den ds ds ’

(26.2)

IpPH HavyaJbHBIX YCJIOBHAX

=0 paga s=0

Mbl IIOJYYHUM HOpMaJibHEIE KOOpAHHATH (26.1), TosbKO Tenepr HanO

NIOJIOXKHTD
. du?
a4,
ds 0

164. OTo6GpaxeHre pUMaHOBAa MPOCTPAHCTBA Ha €BKJHJOBO,
nepeBojdllee CBA3KY TeONe3HYECKHX B CBA3ZKY NPAMBIX.
®opmyant (26.1) onpegessiior, ecad YTOLHO, OTOOpaKenue pHMaHOB
NIPOCTPAHCTBA HA €BKJHOBO, I'le X! GYAYT CIYyKHTb OﬁbIKHOBEHHbIMH
NPSMOYTONBHEIMH KOOPAHHATAMH.

HenocpeicTBeHHO BHAHO, YTO Ie0fie3HUeCKHE JHHHH, IPOXO/sInue
yepe3 Touky O, oTo6paxaworcsi B NpsiMble JIHHHH eBKJAHAOBA Ipo-
CTPAHCTBA, YTO BCAKOE reojesnyeckoe B Touke 0 MHoroofpasue oTo-
Opaxaercsi B NJAOCKOe MHOTooOGpasue.

EBK/IHIOBO IPOCTPAHCTBO, 'HA KOTOpPOe IMPOH3BOZHTCS 5TO 0TOOpa-
WMeHUe HARLIRAOTCH unnmn AbHBIM PRK'HUB(]RBIM nnocm ﬂﬂﬂf‘mﬂn‘% RDULO=

AL AL AA Ny ARCAF LN AL AN L ST ¥ YRS b S T AL R RV LR T o L cdhaid

edunetirom & modxe 0. HeTpyaHso 3aMeTHTD, YTO HOPMaJibHOE €BKJIH-
IOBO NIPOCTPAHCTBO SIBJISIETCS CONPHKACAOMHAMCS K pUMAHOBY [POCT-
PaHCTBY B TOUKe

HekctuTenbHO, cHcTeMa (26.2) B HOpMaJbHBIX KOOpJLHHAE-
Tax x*
d2x! dx® dx® ‘

O6yner cucTeMoll fuddepeHIHaNLEHX ypaBHeRuHd Jns reo,r_r,esm'ecxnx
H 6y)1e'r YAOBJIETBOPSATHLCS, €CJHH BMECTO X NMOACTaBHTbL U,'s, THe
Uy’ — NPOHSBOJIbHLIE NIOCTOSIHHLIE; CIEJOBATENBLHO, BO BCAKOK TOUKe
reoneanqecxoﬁ

I, vhot = 0. (26.3)
18* 261. .



a 3TO 03HAYaeT, yTO HOPMAJbHOE EBKJHJOBO NPOCTPAHCTBO COIPH-
Kacaercsi B Touke O K PHMaHOBY NpPOCTPancTBY (m. 62).

165. NocTpoeHue cemeficTBa penepoB, NPHCBOECHHBLIX HOP-
MaJdbHbIM Koopaunaram. Penep (R,), npucoenunennniii K Touxe O,
6LL1 BEIOpAH OPTOrOHAJNbHBIM. MBI MOMKEM HPHCOEIHHHTL K KaXKIOH
Touke M B 10CTatoqHO MaJoll OKPECTHOCTH TouKH O OpTOroHaMbLHbI
penep (R), nonyuaeMmblii Napan/enbHBIM INepeHocoM perepa (R,)
BJIOJIb AYTH reopesnyeckoii OM. DyjeM rosopurb, 4To 3TO ceMelicTBO

perniepoB (R) NPHCBOEHO HOPMAJLHBIM KOOPAHHATAM, KOTOPHiE Olpe-
JeNeHbl HauyajabHEIM pernepoM (R,).

Ceilyac Mbl nojicuntaeM GopMble! = o, of = 0, = —w;;, onpe-

Aengiomue HHPHHHTE3UMANIbHBIE TIEPEHOC H BpailleHHe NPH mepexofe
OT pernepa, NpHCBOEHHOrO Touke M, K pemnepy, MpHUCBOGHHOMY HH(H-
HHTe3UMaJIbHO Gsin3Ko# Touke M'. ITpu 310M BaM yao6HEe Gy AT Hob-
30BaThCsl KOODAUHATAMH @ = vh, { B wW3sjuumMeM ducie n -+ 1 Ta-
KHMH, 4TO

xt = qaif.

UTto6bl BepHYTHCS K HOPMAJBLHEIM KOOPAHHATaM x!, JOCTATOYHO 110J10-
XuTb { = 1, @' = xi.

Ecnn nonoxute af = const 1 MensTh £, To penep (R) Gyner nepe-
HOCHTBLCSI NapajjieAbH0 H JJIs OJHOTO H TOrO Ke SHaueHHs df Bek-

ﬂ -
Topbl MM’ GyAyT OCTaBaThCsi SKBHMOJIEHTHBIMH H COXPaHSThH Te XKe
KOMIIOHEHTHI; OUeBHJHO, NpH 3TOM

of = qldf.

a Bce o GyRyT paBHBl HYJIO.

Ecain 0603HauHTh yepes o, o/ 3nayeHus GopM &, o/ npHu df =0
¥ fepeMeHHHX a4, TO INOJY4YHM

ot (t, a; dt, da') = aldt 4 o' (¢, a; da),

- 26.4
of (¢, a; dt, da) = o ol (¢, a; da). (20.4)

" 166. dyHjpamenTanblbie ypasHenus. Teneps Mu GyzeM onpefe-

nats GopMe o, ©) Kax Pyskyuu om ¢, paccMatpHBas @, dof KaK na-
paMeTpHI,

262



nﬁhan‘tﬁnhr_ ¥ UNODIAmTIX gl OOTNAUIZTYI NI MM ATTATIA TTL ATV ATTAMT O
\.IUIJ(.I.I.-I-.I.(-IJ'I\.D I P(-I.Dﬂcﬂ.ﬂ.ﬂl\'l wi yl\l‘yPDl Pl’ln’lﬂnUDa lllJ'U ll}an 1 D34
(16.8), (16.9), umeeM
do! = [0*wi], !
dtﬁ! = rtﬁk o]+ R H wkw i (26.5)
i T IOl T Ry L | L

3amenss @', @} BhlpameHHsaMu (26.4) M BLEIAS YIeHH, COfepIKaLIHe
dt, mnojgyyuMm

(daidt] +[ 0u? 1 - d ol = [atdf + o, o],

- | - (26.6)
r . w. . — —_— . ) —_ ) —
ldt 6tb J + dyol = [ofel] + R, [a*dt + oF, atdt 4 o*). ,

CumBoa ju¢ddepennrpoBanus d, o3navaer audpepesnypoBanue Io
BceM a'(i = 1,...,n) npu { = const.

CpaBnuBas vuJieHHl, COJepaile MHOXHTeNL df, IIOJIYT-IaEM
HCKOMBble YpaBHeHHs, KoTophle 6y/ieM Has3biBaThb (,bynaameﬂmaﬂbnbmu

Aol . —. ]
5 = da' + atoy,

L (26.7)

"/
awi

3 R {uny (@Fe" — aPob) = R ], akoh,

3nech xBajparHas cko6ka [kh] B R/ npeanonaraer cyMMHpo-

BdHHEe II0 COYETAHHSAM.

Dyzem nuTerpupoBarh sTH ypapHenHa., Hayanbnbie yciioBHs

OquHJJ,Hbl ana ¢ = 0 noJsyuaeM HauaJbHBIE perep (Ro) U AJs Beex
, da

a, da) = 0. (26.8)

~
u

Hckmouas o), MosyyaeM 145 ¢opM @ CHCTEMY YpaBHEHH

020! '
Py = R, hfakahwf (26.9)
C HauyaJbHBIMH YCJIOBHAMH
wt Jo’ i
wt =0, o =da' gasa = 0. (26.10)

167. OIHO3HAYHOCTDH JHUHEHHOro 3JeMeHTa NpPH 3afaHHOM
TeH30ope Pumana—Kpucroddensn. K3 ypasnenni (26.9) cuenyer
TeopeMa.

Teopema 1.Eciu ussecmno. — 8 QYRKYUAX OMHOPMANIbHBLX
KoopOuHam OMHOCUMENsHO Hawaabrozo penepa (R,) — xomnonernmo
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P Y. Y, ey D)osanmsir marvsrrmdidhaney A nz AALEAM AN s A ‘nc

MEeH30pa ruMang — I\puwlwa(,uwm 04 Cemeuciieq penepos, npucso
eHHbIX dmum Koopdunamam, mo PYHOAMERMAAbHAA GopMa 8 3mux
HOpMaAbHbIX KoOpOuHamax onpedeanemcs OOHOSHAYKO.
JleACTBHTENILHO, TIPH 3aKAHHWIX Rpp; B yHKIHAX OT £, Q1,..., Q"
ypaBHenHs (26.9) monycKaioT eHHECTBEHHOe pellieHHe NPH HagaJbHbIX
yenoBusix (26.10). C apyroit croponsl, GopMel o B cHay (26.4) moay-

gajores: u3 gopM e’ nipu § = 1, @ = xf . CefjoBare/ibHO, JHHERHHI
3JIeMeHT 4s® BNOJIHE ONpeneneH. :

S EaTesy e aalld L a2 % WAL =T A2R e

Orcioga caeayer BTOpast Teopema.

Teopema 2. ITycme dans dea PUMAHO0BQ NPOCMPAKCINED E,
E’ 00n020 u mozo gice wucaa n usmeperull u 8 Hux 0se cucmemst Hop-
MANBHBIX KOOPOUNAM OMHOCUMEAbHO HAYOQALHLIX OPMOZOHANbHLIX pe-

nepos (R,), (Ro); ecau Komnorenmst mensopa Pumana — Kpucmop-
geas, ommeCertbie ¢ KANCOOM NpOCMpPAHcMBe K Cemelicmey penepos,
NPUCBOEHKbIX €20 cucmeme KoopOunam, 6ydym oOHUMU U memu oce
PYRKYUAMU COOMBEMCMBYIOUUX HOPMALbHLIX KoopOunam, mo Osa
NPOCMPAHCMBA HAM0KCUMbL. Opye HA dpyea.

JefcTBHTENIbHO, IBe OCHOBHEE MeTpHueckHe (OpMEl OYIYT HMETh
KoabduIHEeHTaMH OIHH H Te XKe PYHKUHH HOPMaJbHBIX KOOpJHHAT.

HanoxeHnne 6yaer TOAbKO A0KAAbHLIM, HOO TEOpeMa HMEET CMBICI
TOJNILKO B TaKOoH OKPEeCTHOCTH HayaJbHOH TOYKH, YTO uepe3 KaKAyio
TOYKY OKDPECTHOCTH TIPOXOTHT OfHa M TOJBKO OJiHa reojesuye-

a
CKaf, BLIXO[#dAlllasa H3 HauyadJid H He IIOKHAAKIIaAa 5ToOH ORKPCCTHOCTH.

168. AHaAuTHYEeCKOe PHMAHOBO. NPOCTPAHCTBO. [lomycThM Te-
nepb, B YaCTHOCTH, YTO PHMAHOBO NPOCTPAHCTBO QHAAUMUHECKOE, DTO
3HAYHT, YTO MOKHO BHIGpATH CHCTEMY KOOpAMHAT ! TaK, YTO KOMIIO-
HEHTH g;; QyHAAMeHTaJIbHOTO TeH30pa OyLYT aHasumuiecKumu pysK-
IHAMH KoopAuHat u‘. B 3TOM ciryuae HopMaJsibHbie KOOpJHHATH X¢ OT-
HOCHTEJIbHO IIPOH3BOJILHOTO HayaJabHOro penepa (R o) 6YAyT anaiHTH-
YeCKHMH -QYHKIUHAMH OT i H KOMIOHEHTH R;jxn PHMAHOBOH KPHBH3-
HBl, OTHECEHHbIE K CeMelCTBY pelnepoB, MPHCBOEHHBIX 3THM HOPMAJb-
HBIM KopAHHATaM x!, Taxxe GyAyT aHaNUTHYECKHMH (DyHKHHAMH
oT x! M, CIefoBaTeNIbHO, OT KoopAHHAT { H ¢. OHH, C/el0BaTeNbHO,
BIIOJIHE OllpefiesieHbl, ec/TH H3BeCTHH A { = ( UX yHCIOBbIe 3HAye-
HHS TaK e, KaK 3HaueHHT HX MOCJEN0BATENbHHX MPOH3BOJHHIX IO
napame'rpyt HO, eCJId BapbHpoBarb f, coxpaHsis GHKCHPOBAHHLIMH
at, a2, .., a", TaK, uro6n penep (R) nepememiancs, oCTaBaschb na-
pasiesbHBIM camoMy cefe, TO OOLIKHOBeHHBIH AHpbheperunan dR;m
0 TepeMeHHOMY ! GyJer COBNazarh ¢ aGCOMIOTHHIM; CJIeJOBATENbHO,
B KaXKJ0# Touke GyneM MMeTh

ORijen Roven 1 1t O®R;pn
ot = Rijkh | 14" Py

rje BepPTHKAJbHOH YepToH OTAeNSIOTCS HHIEKCH KOBapHaHTHOI'O
AHpdepeniiHpOBaHHS.
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[TonyaaeM TeopemMy.

Junelitoii saemenm ds® anasumuueckozo pumMarosad npocmpancm-
8Q, BLIPAJNCEHNBUL NOCPEOCMBOM HOPMAAbHLIX Koopdunam & mouke O,
8N0AHe onpedeset, ecAu UBGECTIHBL HUCA08bIe 3HAYEH U 8 mouke O Kom-
norenmos mensopa Pumana — Kpucmoggera u ecex e2o nocaedosa-
MeabHbIX KOBAPUGHIMHBIX NPOUIBO0HbIX.

D10l TeopeMe COOTBETCTBYeT TAKKe AOCTATOYHOEe YCJOBHE HaJjo-
MKHMOCTH JBYX A4HAJHTHYECKHX PHMAHOBHIX IPOCTPAHCTB OJHOro
M TOTO K€ YHC/Ia H3MepeHHH.

169. CpoiicTBa OCHOBHOH MeTpuuecKO# ¢dOpMbI B HOPMAJb-
HBIX KOopauHaTaX. JloKaxeM JBe TeopeMbl: ¢

annoxmMa 1 Doy
& \.Ul.lbluu e ""VFM

akda* — a"da®.

Teopema 2. Popma

ds® — ds2?

0
q6090M0e8  KeAODAMUUHOR hopMOLL OMHOCUMEABHO BbiDANCLHILL
AT N F T oW Iwwvrw La " utvvw‘ ‘flvrl"ww wr YERLUIW ML TR VWIS UU"FWV'VV"WW

xkdxh — xtdx*.

Ileppoe ypaBHenye (26.7), NOCKONILKY @f M [ — He3aBHCHMEIE lepe-
MeHHEIe, MOXKeT OhIThb 3alHCAHO B BHJE:

.% (0! — tda) = abol;
(26.9) npu 3TOM Jj@er
_gtiz' (of —tda) = R, , akalio, ~(26. 1-1)
MOJIOXKHUM @ priori
ol —tdat = A akdat (A, = — AL). (26.12)

Ypasuennsi (26.9) 6yAyT YAOBIETBODPEHH!, €CJIM HEH3BECTHBIE (YHK-
[H¥ Aih YIOBJIETBOPSIOT CHCTEMe
»AL, - ; —, : . ;
—af—h-_ak da® = R'wmiakat o/ = R’ yjata® (tda/ 4 Al dos).
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.LMeHHH cnf\ i B s o | TATY T OTIHLT AR TR TTI N AN ATTIIT Y - ﬁr\r\ﬂ(\'l."r TTRER A {] h\
¥ P(-l.Da. Mrjgonuent o anyunannn D llCIJ'DUl’l LyMlVI.C \h r/’
o kR
H BO BTOpOH (), MONMy4YHM
[ A \
B —taR:, —aaRI Al | akdat =0
\ afe rkh rsji‘ Tk / !

OTKy/i@ B CHJIy JHHEeHHOH HE3aBHCUMOCTH a*da’ HMeeM CHCTEMY

amé"——t’R‘ -araR Al 26.13
o3 =Ry + 4 rsi‘kh g (26.13)
C HAYajAbHBIMA YCJAOBHSMH

: dAL,

A, =0, P =0 pgaa t=0.

]

DTH ypaBHeHHS JONYCKAOT ONpejiesieHHOe pelleHHe; HAJ0 TOJBKO

ipOBePHTb, YTO MNoJyueHHHE GYHKIHM OYAyT KOCOCHMMETpPHUYHEI
0 HIDKHHM HMHJEKcaM. 310 o4eBHJHO, HOO cyMMa

A:i&h + A;zk

H ee MepBble [IPOU3BOAHLIE PABHEI HYJIO 1 { = 0 U yAOBJIETBOPSAIOT

CHCTeMe auHeliHbix 00HOPOOHbIX  Jughpeperyuarbrivlx YpasHeruil.
ITepBasi TeopeMa poKasasa.

170. RokazareabcTBO Te0pemul 2 n. 169. OGpamtaeMcsa Ko Bro-
poll TeopeMe.

JIuHeAHLIH 3/1eMEHT NpocTpaHCTBa ds® ecTb CyMMa KBajparoB
¢dopM o mocse 3aMeHH ¢ Ha efHHHWLY H o' Ha x; dopMyna (26.12)

! = tda' + Al a*da” (26.14)

YKasbIBA€eT, 4TO JIOKA3aTeabCTBO TeOPEMEl 2 CBOJHUTCH K TOMY, YTOGH!
noKasarh, 4TO CyMMa

i k
A da
SIB/sieTcsi JHHefiHoH KoMOHHanuel BhpameHui
a’da’ — asda’.
Urak, moJoxum

Aikhdai = Bkhrsardas (Bkhrs = = Bkhsr = Bhkrs)'

ATH cooTHomeHUsi GyayT COBMecTHH C ypaBHeHHsMH (26.13), ecan
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bYHKUMH By, KOTOPHIE BMECTE CO CBOMMH NEpPBLIMH IIPOH3BOJHLIMH
obpamatorcs B HyJb ais ¢ = 0, yaoBJeTBOPSAIOT CHCTeMe

2R

_a khrs  _ 4R gl

' — Ay [
o2 rskh

(96 15)

(26.15)

Sleceo, uTo pelueHue 3ToH cHcTeMbl ypaBuenuil (26.14), (26.15) BMecre

C HAYaNBHEIMH YCIOBHAMH Gyner KOCOCHMMETPHUHO OJHOBPEMEHHO
¥ OTHOCHTE/IbHO yKasaTesell r H S, K OTHOCUTEJIbHO £ H A.

Mul 6yzeMm Tellepb HCKATh [epBHIE 4JI€HBl PasJoXeHHs (opM o

H OCHOBHOH MeTpHyecko# ¢opMal. st 3TOr0 MBI onpege M pasJo-

JKeHEne 'hyHKH,HH A’IU_ U Bkhfs ¢ TQUHOCTEK) IO UYJEHOB IODSINIKA f4

A SF AERNS %k AFLINS AVASrALNFAr ALws Apaanis @

npeanoaarast, KOHe4YHoO, 4yTO KOMIIOHEHTEI QYHﬂaMEHTa.HbHOFO Teusopa

JONYCKAIOT HelpephIBHBIE YACTHHIE [IPOM3BOAHEIE JOCTATOYHO BbI-
COKOro MnopspkKa.

C nomompio ypaBHeHH

SF
o

26.13) u (26.15) moayuaem
{ 1 i 1 4 H
"kh - ?tgarRr kh + Tz— 4 acaerkh; g?
By = — R, + —— tha“R
khrs — _6— rskh + 12 A Krskh | u

KoneyHo, B NpaBoif- 4acTH KOMIIOHEHTHl TeH3opa Pumana — Kpu-

crodxbesisi H HX KOBapHAaHTHBIE IIPOH3BOJHLIE IPHHEMAIOT TE Ke YHC-
JEHHBIE 3HAUeHHs, KOTOPble OHHM HMesJH B Hauale.

Orcioga ¢ nomompio (26.14) umeeM
— i 1
w! = tdat-} 3 3a’ (Rr"kh Ty 1R %\ s )-akda”,
OTKyja 3aMeHoH f = 1, al = xt nonyqaeM

w! = dx* —1— — X7 (Rr ” —|— strkh ] s) xk dxt. (26.16)

JInHelHEI 3/1eMenT ds? OJy4aercsi, ec/M B CyMMe KBajgparoB GopM
of 3ameHuTs ¢ = |, @t = x':

ds® = ds? + Gy, X*x dxtdxs,
rje

Gkhr.s' - [Bkhrs + Brskh + AéhAifS]t=I =

af =yt

1 1
——(R,Skh + X“Rystn | u) ;

I

3
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orciofa (PHuman) .
ds? = ds? + -;—( R,y + --‘2— R st | o ) xxkdxsdxt, (26.17)

HJTH
1

] 1 '
ds® = ng —+- T2_( Rrskh + ‘?qurskh ! u) :

- (x7dxs — x5dx”) (xkdxh — xhdxk®). (26.18)




T/TABA XXVII

CHUMMETPHUSA U NAPAJUJIEJIbHBIA NEPEHOC

171. I[lepenoc nocpeacTBOM cHMMeTpHH. [loab3yscey nonatTHeM
HOPMAJIbHEIX KOODAHHAT, MBI MOXKeM MpOIle Olpe/ie/IHTh CHMMETPHIO
TOYeK ¥ BEKTOPOB OTHOCHTENIbHO TOYKH O pHMaHOBA NPOCTPAHCTBA.
- Cummerpuussle ToykH M 1 M’ B HOpMaJabHHIX KoopjHHATax x! or-

OAATTITOAONTLITNA LIA1ITAmnTa n NATIMNOAOTATNTOWYNN T LWranniTirmramanssry
LIV LA VLIV QIRATLALAYIGL W W IP\'AWLII.LUI.\-II. l\UUlJH AL I.GI- SLIVA X

(1) = —x,

Ui BEKTOPOB, OTHECEHHHIX K HaTypaJbHBIM peliepaM, NpHCBOEHHBIM
HOPMAJIbHBIM KOOpJHHATaM, CHMMETpHS onpejiensieTcsi ypaBHeHHsIMH

Xy =—x"
Pacemorpum mmapy cuMMerpuusLIX ToueK M u M’ B Manoii oxpect-
ol ryrJs > | o —_ o
HOCTH TOYKH O M (B4 CHMMETPHUHHIX BeKTopa X H X' B TouKax M
e o

HM'. BeKTop X" ¢ HavajoM M’, paBHblll H npomBononomnua BeK-
-Topy X’ HMEeT Te e KOMIIOHEHTHI, trro H BeKTop X: MOCKOJBKY

I'sn paBHB Hymo B Touke O, BeKTOp X" CJIeLyeT PacCMaTpHBATh Kak
—

nepeHeceHHb 110 NPHHUHMIIY napajenusma u3 M B M’ Bekrop X.
OTciofia CHOBA TIoJiydaeM M p e JO ¥ € H H €:

—»
umobol neperecnu napartesvho eexmop X ¢ Hawarom 6 M e ungu-
Hume3umarsHo 6auskyio mouxy M’, Oocmamouro nocmpoums Gekmop

—»> —
X', cummempuunoul sexmopy X omuocumensro cepedurot O Oyeu 2e0-
—»
Oesuueckoll MM’ u 3amem— eexmop X", pasHsili u npomusonosoNHoLi
-—

eexmopy X'.

Mnul GyneM Ha3biBATh 3T0 INIOCTPOEHHE NEPEHOCOM NOCPEOCmBOM
cummempuu.

172. [MopsaaOK TOYHOCTH nocTpoeHus. [Ipenrinymee nocrpoenue
JaeT pe3yJabTaT C TOYHOCTBIO TOJIbKO JO 6eCKOHEYHO MajbiX Mopsifika
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BhILIE IIePBOro, ecJu MPUHUMATh 33 OCHOBHYIO OECKOHEYHO MAanyio
paccrosinie MM’'. Mul mokaxeM uTO npu nApasiesbHOM neperoce
80046 Oyeu 2eodesuteckoli MM’ neperoc nocpedcmeom cummempuu Oaern
pesysrsmam ¢ mo4HOCbI0 00 OECKOHEYHO MAAbIX Mpemeeeo nopaoka.
3aMeruMm, uTO MPH HCIOJL30BAHHH OPTOrOHAJbHOro penepa (R),
NPHCBOEHHOr0 HOPMAJIbHEIM KOOPJMHATaM, MapajnejbHBl IepeHoc
BJIOJIb Teofe3nyecKoit, npoxoasmel yepes Touky O, He 6yAeT MeHATH
KOMIIOHEHTHl BEKTOPAa OTHOCHTE/ILHO 3THX pelepoB (R) HO KOMIIOHEH-
Tl BEKTOPA — HE 4TO HHOe, Kak opMul o (x, dx), rie Halo AaTh JUd-
¢depenlnanaM dx’ YHC/IOBbIE 3HAYEHHS KOMIIOHEHTOB X! BekTOpa,
OTHECEHHOTO K HAMypaibHOMY Perepy C TeM jKe HauaJoM, NPUCBOEH-
HOMY HOpPMaJbHHEIM KOOpAWHATAM,
Torzna cosepluuThL NepeHOC NOCPEACTBOM CHMMETPHH OTHOCHTEb-
HO ToukH O — 3HAYHT NepeHTH OT BeJHYHH w{x; dx) K BenHUYHHaM
o'(—x; dx); TOCKOJBKY NapajiejbHblfl [1lepeHoC BOJb reoje3uue-
ckoli MM’ coxpansier uuc/IOBble 3HAYEHHS GOPM &, MBI TIPHXOAHM
K HeoOXOJHMOCTH CpaBHHBATH BeJHUHHH ¥(x; dx) H of (—x, dx).
IMosbaysick pasnoxenueM (26.16), MB nosydum
! (x, dx) — o' (—x, dx) = —é— Ri. x'xkxSdxt, (27.1)

/) <
ME S

TTockonapKy dx" nMeroT KoHeuHble 3HaueHHs (KOMIOHEHTHI BEKTGPA
—_—

X), NOPSA0OK MAaJIOCTH 1paBoH 4acTH olpejiesnsieTcs TpeMsa 6eCKOHEYHO
MaJgbiMH MHOXKHTEMAMM X7, x*, x5,

Kakyum yCcnoBHSIM JIOJIKHO Y/I0BJIETBOPSATh pHUMAHOBO [1POCTPaHCT-
BO, YTOOH NEepeHoC NMOCPEeICTBOM CHMMETPUH JaBan IOCTPOEHHe Iia-

pajlJIeJibHOrO NepeHoca BAOJAL Teofie3HYEeCKOH ¢ TOYHOCTHIO JO ﬁec-
KOHEYHO MAaJIbX 4YeTBepTOro MopsaKa?

Ham nago HOTpeﬁoBaTb uTo0Hl KyOHuecKas ¢opMa
z] = Rrikj ! sxrxkxs (27 2)

Gbl1a TOXJECTBEHHO PABHA HYJ/IO. 2TO BLIPA3HTCS tlepea HeKoTopoe
YHCJIO JIHHEHHBIX C TOCTOSIHHBIMH KOS(OpHI{HEHTaMH COOTHOIHEHHH
MeXJy KOMIOHEHTAMH JIPOH3BOJHOTO T€H30pa OT TeH3opa Pumana —
Kpucrodpdensi. fcHo, uro IpHu 3ajaBHOM reOMeTpHYECKOM 3HAYEHHH
3THX COOTHOINEHHH OHH He 3aBHCSIT OT Bhiopa pernepoB. Mul BoC-
MOJIb3YEMCS 3THM 3aMeuaHMeM, a TaKxke TOXKAecTBaMH DHanku

RuaB | ¥ + R}.iﬁ*g | o + Riﬁa |8 = 0.

3aMeTHM, yTO KOMIIOHEeHTHI R;jpn [; TIpeobpasyroTcs IpU 3aMene pere-
pOB, KakxK IIpOH3BEICHYE

KOMIIOHEHTOBR ISITH IPOM3BOJBHBIX BEKTOpOB. PaccMOTpHM Teneph
npoctoe HHGHHHTE3UMANBHOE BpalleHHe pelnepa MnapauenbHo IJO0-
. e R

CKOCTH JBYX Ga3HCHBIX BEKTODOB €,, €.
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Ecnu = — HBQHHHTEe3UMAJBLHBLIH YroJl MOBOPOTA, KOMIIOHEHT
X, BEKTOpa HUCNHITAET 3/leMeHTapHOe Npupailesye ¢ X, a KOMIOHeHT
X, — npupaiense — ¢X,, OCTAJbHEIE KOMIIOHEHTHl OCTaHyTcA G6e3
n3Menenus. OTciofia clenyer, YyTo JeMeHTapHoe [IpHpAlleHHe, HCIH-
ThIBAEMOE€ KOMIOHEHTOM R;jrn 1, OYAET, C TOYHOCTHIO IO MHOKHTES €,
CyMMOH KOMIIOHEHTOB, NOJy4aeMbIX 3aMeHOH yKasarendr HA § 0O-
"BCIOAlY, T/J€ TOJBKO OH BCTPEYaeTcs, H B3SATHIX C MPOTHBONOJIOKHEM
3HAKOM KOMIIQHEHTOB, COJEPIKANIHX YyKasareJb S, KOTOPHIY 3ame-
HseTca HA 7.

Bynem o6osHauare 3T0 BpameHHe CHMBOJIOM {rs}.

173. CoxpaHeHHe pUMAHOBOH KPUBH3HLI NPH NMapaijebHoM
nepenoce. [IpunoxkHuM 3TH coobpaxkenuss K Kosddunuenty rnpH (x)?

<popMer F;; NOCKOAbKY OH PaBEH HYJIO, HMeeM o .
Rijij 1 =0. ; (27.3)

Bpawenue {jk} no3BOSHT MONYYUTH OTCIOAA
Rijir 11 =0, (27.4)
a BpauieHHe {ik}, npuioxkeHHoe K KoMioHeHTY (27.3), aaer
2Rijkj 11+ Rijijy e = 0. | (27.5)
Toxpecrso Buanku
Rijij 2 + Rijje )i — Rijie ) =0 (27.6)

£103BOJIsIeT HANHCATh PaBeHCTBO (27.5) B BHIe
Rijr 1; — 3Rijjr 11 = -

OTKYJa NepecTaHOBKON HHJEKCOB i H j MoayuyaeMm
Rijie i — 3Rijie, j = 0.

W3 pByx nocnepuHux cooTHomenH# H paBencTBa (27.5) crmenpyior pa-
BEHCTBA '

Riji1i =0, Rijire, Rijjri =.0. (27.7)

Haxonen, spamensne {jl}, npHaoxeHHOE K NlepBOMY paBeHCTBY (27.7)
JAaert _

Ruir | j + Rijie 1 = 0, .

OTKyJAa KPYroBoH IOACTaHOBKOH HHAEKCOB j, k, I, mosyuaiorcs aBa
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HOBBIX COOTHOLIEHHA, KOTOPHE II0Ka3biBAIOT, YTO cmea JIOOBIX ABY X
H3 TpeX KOMIIOHCHTOB

Rijin11, Ruiryjs Ruje
paBHa nymo. CiefoBaTesqbHO, BCe OHH PAaBHBL HYJIO:

Riji 1= 0. (27.8)
nﬂ\nlf\ﬂd ~ THEMARATIMAATTITYT T MAYTF TFOAMTD RT]’O!""’ {07 R\ TTM TTYrITAARLL
NiILUgdad U JluMuLDG 1umaLLil D rxridnnn \‘l f U" I.I.Ul”.y AN I¥L

Rijur )i = 0. - (27.9)

-PaBenctBa (27.3) u (27.9) nokasniBaloT, YTO eJHHCTBEHHEIMH KOMITO-
HeHTaMH, KOTOpEIe MOrJIH OBl He paBHATLCA HYJI0, OYAYT KOMIIOHEHTEE
C NMATHIO PA3JIHYHBIMH HHIEKCaMH.

Opnako BpamenHe {{m}, MIpHIOKEHHOe K paBeHCTBY (27.9), xaer

Ratmj 11 + Ruijym = 0,
OTKy/a

Rusijm = Rutjm) i = Rutmi ) 3

HO CYMMa 3THX TpeX KOMIIOHEHTOB PaBHA HYJIO B CHJAY TOXJECTBA
buanku. CnefoparenbHo, KaKoBH Obl HY GRUTH HHIEKCH £, f, B, I,m,

Rijerym = 0. (27.10)

Bce KOMIIOHEHTH MNpoH3BojHOro TeHsopa Pumana — Kpucrogpdens
paBHBI- HYJIIO.

Teopewma HYmobot nepernoc nocpedcmsom cummempuu ocyuie-
CMBASAL NAPANNEALHOLL NEPEHOC 8004b OecKoHedro masoll Oyeu eeode-
3udecKkoll ¢ mo4Hocmei0 00 beCKOHEURO MAAbIX NOPAGKA abillle mpex, He-
00x00umo u Oocmamouro, 4mobb. NPOUBOOHLIL MEH30p oM MeH30pQa
Pumana — Kpucmoghghean Ooin pasen HYmo.

3aMeTHM, uTo ofpainesye B HyJb IPOH3BO/IHOTO TEH30pa pHMAaHO-
BOH KPHBH3HBI 03HAYaeT reoMeTpHYecKH, UTo nanamﬂbnbzd nepexoc
COXPAHAeM pUMANOBY KPUBU3HY.

[TpuBenenHoe JOKAa3aTeabCTBO NOKA3bIBAET, YTO 3TO CBOHCTBO SiB-
JISIETCS CJEACTBHEM TOJILKO ypaBHeHHH (27.3), KOTOpHE I0Ka3bBAIOT,

I NI A1 LIN00T e NI DY PI NN NDLINIOrY O LINM NTOD ADLItIII 9 ANQrIrNYN 9 no
LA ’JWJ"I“'PW“ lw’.luuu:ntw uyuuubyulvuumw o nwnywo.rwnuu T VNI Ve

MEHmQ umeem aBGCOMOMAYI0 NPOU3BOORYIO, PABHYIO KYAl0 8 NpPOUS-
B0ALHOM HANPABAEHUU 3MO20 NAOCKO20 3INEMEHmA.

174. Heo6xonHMoe H JOCTaTOYHGE YCAOBHE oﬁpamennﬂ B
HyJab NPOH3IBOAHOrO TeH30pa OT TeH30pa Pumana—Kpucrod-
denst. Ml JoKakeM Temepr TeOpeEMYy:

ecau npoussoOubil mensop om mensopa Pumana — Kpucmoggesn
pasen HYmo, mo neperoc nocpeocmeoM CUMMEMPUL OCYUECMBARem
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MO4HO napasirevhsiil nepenoc 600ab Oyeu eeode3uneckodl, 6oage moeo,
o6paujerue 8 RYab SMoeo MEN30pA Heo0xo0uUMo u Bocmamouro, wmobo:
CuMMempUus OMHOCUMEAbHO HeKomopoll modxku Oviaa usomempuell.
Jle#CTBHTENBHO, €CH Napasie/IbHbIH IepeHoC COXpaHsieT pHMa-
HOBY KDHBH3HY, TO KOMMOHEHTH R, TeH30pa Pumana— KpHcrod-
¢ensi, OTHECEHHEIE K CHCTEMe OPTOrOHAALHEIX penepoB (R), npHcBo-
eHHBIX CHCTeMeé HOpPMaJbHHX KoopAHHAT ¢ HavajsoM O, GyayTr a6b-
comomroinu Koncmarnmamu. O6paTHMCH TOTZA K CHCTEME OCHOBHEIX
AudpepesnHaNbERIX yYPaBHEHHH, KOTOPHIE ONpPEReqasioT (OPMEI:

ol (t, a; da), i (¢, a; da);
B cHary (26.7) OHH HMEIOT BHI:
dut
ot
dw
at

Orciofa MH HOAYYHM COOTHOIIEHHSI
ot (¢, a; da) = @l (t, —a; da). (27.12)

= da’ 4 a*oi, ll |
(27.11)

— Di nakmh
_&%am.

&l (t, a; da) — o'(t, —a; da) = o,

ol (¢, a; da) + o] (t, — a; da) = ol

HemocpeacTeennulll Toacuer Jaer

~ - i
a&) i — ak(’)i , ami
ot k ot

STo cHCTeMa JIMHeHHBIX OAHOPOJAHBIX C IOCTOSIHHBIMH Kod(dHuren-
TaMH JH(dpepeHIHANBLHLX YPABHEHHH; IOCKOJbLKY HavyaJbHHe 3Ha-
YeHHS HeM3BeCTHHIX (YHKUMH paBHB HyJiO NpH { = 0, 3aKmouaeM,
YTO 3TH (PYHKLHH BCE PABHLL HYJIO, OTKYAA CJEAYeT NOKa3aTeabCTBO
(27.12).

3aMensisl Tenepb f Ha 1, a* Ha x* U da* Ha dx*, nosyuHM ToXKJECTBA

_Di akah
= R, aFoh.

i (x, dx) = ol (—x, dx). (27.13)

el Uil ] v ] o/ v

OnH noxassiBaioT: _
1) uro mepenoc NMOCPENCTBOM CHMMETPHH BJOJb AYTH reofesunye-
CKOH OCYINECTBJISIET TOYHO NapaJJIesibHBI NepeHOC BAOJbL 3TOR AYTH;

273



2) yTO CHMMETpHUs OTHOCHTEJbHO TOUKH O OCTaB/isieT HHBApHaHT-
HOH OCHOBHYIO (pOpMYy; HHAue TOBOpS, ABJSETCS H3oMeTpued.

Ham ocTtaercssi jg0Ka3arb, uTO €CJAH CHMMETPHSI OTHOCHTEJIbHO
TOYKH €CTh H3OMETPHS, TO NapajieIbHEIH [epeHoC coXpaHsieT pHMa-
HOBY KPHBH3Hy. 3TO OUeBUAHO reoMerpHueckH. JleficTBHTENbHO,
OTIPAaBHMCH OT IJIOCKOTO 3JeMeHTd ¢ HagajsoM M, omnpejpenseMoro

- >

6GHBEKTOpOM H3 JBYX BeKTOpoB X, Y; CHMMETPHSI OTHOCHTEIbHO TOYKH
e o <

O npeoGpasyer HxX B BekTopsl X', Y’ ¢ BepmuHoit B M'. Tlockosbky
CHMMETpHsl MpeaNiosiaraercss H3oMeTpHYeCKOH, OHA coXpaHser pH-
MaHOBY KPHBH3HYy, KOTOpasi IOJIyuaeTcsl OJiHO3HAYHO M3 (pyHAAMEH-
TaNbHOK ¢GopMel. PHMaHOBa KpHBH3HA BJOJb IJIOCKOTO 3JIEMEHTA
—-—

— -l e
IXY] Gyzer Ta e camasi, yTo H BJoJb IJIOCKOrO saeMenta [X'Y'];
Me)KJIy TeéM 3TH ABa INJOCKHX 3JIEMEHTa nonyqamcsx O4HH H3 ,U.pYI‘Ol"O

napajyiesbHEIM [1EPEHOCOM C TOYHOCTEIO 0 HECKOHEUHO MAJEHIX TPEeTh-

O4HOCTBIO JO GECKOHEYHO MaJIHIX
ero nopsijgka. CneloBaTesibHO, NAapaJLIebHBI NEpeHoC COXpaHﬂET
PHMAHOBY KPHBH3HY C TOYHOCTBIO JO GECKOHEYHO MAJLIX TPeThero
NOPSJIKa; CJIe,IlOBaTe.JIbHO abco/moTHAs [IPOM3BOLHAS PHMAHOBOH
KPHBHSHBI PAaBH& HYJIO H Napaie/ibHbiH NepeHoc COXpansaeT TOYHO
pPYMAaHOBY KpHBM3HY.

TeopeMa nonHOCTBIO AOKA3aHA.




I'JIABA XXVIII
CUMMETPHYECKHE PHMAHOBbLI MMPOCTPAHCTBA

175. [1Ba onpepefeHHs CHMMETpPHYECKHX PHMAHOBBIX NPO-
CTPaHCTB. PUMaHOBEI IPOCTP aHCTBA, HA3BIBAEMEIE CUMMEMPULECKUMU,

UNMIM ARtk NN NOAD ADLELI ' NAMNOLLILIN ARty ranfinrme woTnnLIa Waw ML
ﬂl‘wyllv LIV T WS UIUVUVU'WIWI' L= IPUJFUU%VIU val\t VUUW"W’ FRLW g \.Il-’ul‘-', 43044 N LTI LMK

,uoxax(eM 9KBHBAJ/ICHTHBI:
1°) cummempuss no ommowenuo k npPou3BOAbROL moUKe
ecms u3zomempus,

2°) napassesbHoLll. NEPEHOC COXPAHACM PUMAHOSY KpU-
8U3H |

Lnga)KeM YTO H3BICKAHHE CHMMETPHUECKHX JIIPOCTPAHCTB CBO-
JMTCA K aareGpanyeckoil npobueme.

Beenem B Touke O npocTpancTBa HOPMAJbHEIE KOOPJAHHATHI, cooT-
BeTCTBYIOIIHe OpPTOroHaJsHOMY pernepy (Ro) ¢ Bepunnoit 0. Komno-
HeHTH R, Tensopa Pumana — Kpuctodxbessi, oTHeceHHbie K peme-
paM, IPHCBOEHHBIM 5ToHl CHcTeMe KoopjHuHAar, 6yAyT aGCoMOTHBHIMU
KOHCTAHTaMH, VJIOBJETBOPAIONUMH KJAacCHUECKHM YCJOBHAM CHM-
MeTpHH

Rijen = — Ryips = — Ry (28.1)
Rijen + Rignj + Rings = 0.

ODOHEL. TDeOVs. UTobs abCOIOTHRIHN nmhrhenemm KA ~

~ A 7o lupunnl, "I"""J 2, 210U QUL RDhi l""“_""‘ Kaw

AOro KOMIIOHEHTA. paBHAJCHA HYJO, MBI no.nyqaeM COOTHOII.IBHHH

R, jpnof + Rtrkh‘”,'- + Ryjrnop + R:jkr‘”f; =0,

OTKYZA, npe}monaraﬂ BBe,ueHHblMH KOOPJHHATHl B H3JIHILIHEM e

t, @ ¥ 3ameuasn, yTo®] = &b}, UMeeM ¢ MOMOIIBIO OCHOBHOI nﬂqipepeﬂ-

UMaNbHON CHCTEMH ypaBHenwuil (27.11)
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Gj,kohl,m=1,2 .., n)

176. Teopema cyiecTBoBaHHs . MLl Terlepb NOKaKeM 06patHo,.
UTO GCSKOU Cucmeme KOHCMAHM, YOCEremBOPRIOUUX AUHELHLIM U
Keadpamuursim ypasHeruam (28. 1) L (28.2), coomsemcmsyem cummem-
pUMecKoe PUMAH080 NPOCMPAHCMEBO, U MO NPOCMPAHCIEO AOKANLHO-
Kaaazaemcess camo Ha ce0st GecKOHetHBM HUCAOM cnoco6os.

JleHcTBUTEIBHO, IPOHHTErpHpyeM CHCTEMY OCHOBHBHIX AH(depen-
NHaNBHBIX ypaBHewu# (27.11)

9o . dat + akat. |

o o8 T a0

i (27.11)
f _

T ot ”"Rijkhakwk

C HaYaMbHBIMH YCJIOBUAMH 0f = 0, o} = 0.3ra cucrema auddepen-
HHANLHBIX YPABHEHHH JIMHEHHHIX C MIOCTOSHHBIMH KO3(dHIHEHTaMH,
KOTOpBIe JAI0T st GOpM @, ©f JHHEeRHbIE BHpa:KeHHs: OTHOCHTEJBHO-
dal, da?, . . ., da” cxostbcpnunemamn B BUZAE lEJEIX GYHKIHI OTHO-
cureabno ¢, at, .. ., a’.

Ecan 3;1er MONOXKHUTEL ! = | ¥ 3aMeHHTh & HA X', 0Ny 4HUM HOPMbE
ol (x, dx), o} (x, dx); onpenenurenn u3 KosdpuHenToB npu dxt, dx?,
dx® B GopMax o! u)z ., ©" OTJIHYeH OT HyJfA s AOCTATOUHO Ma-
JHX 3HaueHHH x¢ (ou paBEH 1 B Touke O).

Ocraercsi NOKasaTh, YTO TOJNydyeHHbie TAKUM 00pasoM (opMEbE

of, ®] yJIOBJIETBOPSAIOT YPABHEHUSM CMPYKMYPoL
do’ = [ef wt],
duﬂ [mk uv’] + Ryj [kh) [mkmh], J

AOCTATOYHO, BIpOYEM, TMOKA3aTh, YTO 3TH COOTHOWIEHHS GYAYT YIO-
neTBopAThCH GopMaMu Wi (¢, a; da), mJ{f a; dn'\ ecJI¥ BHeIIHHEe NH-

udl\-l. UUIJ £ 1 LN Td

$epeHIHATLI d(n , do! 6y;1y'r NOACYHTHIBATLCH MPH NOCTOAHHOM .
[TosoxxuM

(28.3)

wf = [(Dk-(;)’i] -+ &,

. o (28.4)
dof = [0ke} ] + Rijpen) [0Peh] 4 &, :

o6osnauas uepes &, ¢} BHemmHue KBaI[paTHlIHbfe nuddepernHaabEbe
dopMsl oTHOCHTEBHO Auddepennnanos dat, da?, . . ., da*, OueBHAHO

paBHEIX Hymo fas ! = 0, H6o ana t = 0 camu (Z])OprI o!, of Toxae-
CTBEHHO PABHH HY.JIO.
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Mut BHIBegeMm CHCTEMY .HHHEHHbIX OJJHOPOJHBIX ,H.I«Iq)cpepenuu-
aJI.beIX ypaBHEHHH, KOTOPHLIM “AOJIKHEI ynos.ne'mopa'rb ¢opMel
i ef Pas 310 6yaer cpenawo, cTaner OYeBHJIHO, YTO 3TH dop-

, paBHble Hymo npu t=70, OyayT TO}KneCTBeHHO paBHBEl HY-

.mo YTO M JIOKaxer cootHoweHne (28.3),
Mt NPHIEM K HCKOMOH cHcTeMe JH(pepeHUHANbHEHX ypaBHEHHH,
nrdpepeHupys 10 napamerpy ¢ ypaBxerud (28.4). Hocratouto 3a-

MeTHTb, UTO €CJIH @ ecTh JMdxpepeHuHuanpuas popMma ¢ KoadduiHeH-
TAMH, 3aBHCAILUMH OT #, TO onepanus xU(PepeHUHPOBARHA 1O
i Olepaudsi BHEUIHEro nu@@epenunpoaanna nepeMeCTHTENbHAL:

()__ do

ot
JIeHCTBUTENIBHO, ecyM, Hanp mvlep, | “

(28.5)

— 1

gl 12 a [dufdufduk]
Jt 2

O(dw) _ 0 (5 S e} =
ot ot L2 guf \

= L %y U (dudu/du?)
"2 ofad
OYEBHIHO COBMAJAIOT. _ _
IIpunoxuM cootHourenue (28.5) K popMe w!; Mui NOSyuHM, TIPHHH-
Maa BO BHHUMaHHe (28.1), '

0t _ g0t T ok~ o 99k ]
ot o Lo ¢l |7 e |’
uix B cuay (26.7)
det

= [dakmr. ] + a* [wfiol] + @R [070P] +-

+ afel —[da* 4 a"e}, wi] —[w*, Rylparef],
HJH 10 TIpHBEJEHHH MNOZOOHBIX YJIEHOB
—— = ake, (28.6)
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Ioxcyer d (do)) paer
d ,a‘”i —d(R! ate™ = RI tdaket 1 2
y QAN ] = Ky lUle 13

© + R/,at[0lo?] + R, aet,
_._( J) P ._?__{ [mkm,;e] _I_R‘ kh] mkwh] + ef] —

=R, hzah [of0f] — R/, a" [ofef] +-

Oc J
+R [dak+a‘m
CpaBHenHe 3THX JABYX (opMyJa xaer
O] =R gket L ghiw!, R. ot + R/
5 = Nmaeta [of, R;y07 + Ry 0 —
— R} o} + R0,
Ho ¢opma
- i T k
thk §t Rynf — Ry o} + R/ 11 (28.7)

paBuas Hymo s { = 0, JonycKaeT NPOH3BOLHYIO 10 £, PABHYIO
P ] k i k
'’ ( ijhkRI rs + Rk thi 7s Ri htRk rs + R: kth rs)

B cunry (28.2) sTa npoH3BojAHasi,a iotoMy H ¢opMa (28.7) paBHH HYJIIO.
HmeeM, ciemosarenbHO,

— = R/ aket (28.8)

YpaBhenus (28.6) u (28.8) snuHefiHK M OJHOPOXHH, UTO H JO«
Ka3LIBaeT, YTO YpaBHEHHs CTPYKTypul (28.3) OyAyT yAoBaerBope-
HHI, - o
[losryyenHoe npocTpancrso Oyaer cHMMeTpHuecKHM, H6o ofparue-
HHe B HYJb (opMul (28.7) noKa3biBaeT obpaiieHHe B HYJb aGCOIOT-
HOro AHMdxpepeHnMana KoMnoHeHTa R;/y Tensopa Pumana—Kpucrog-
ensa. : ' :

177. BRBeHMe CHMMETPHYECKOro NpoCTpaHcTBa KakK TBep-
3oro Tteaa. IlpocTpanHcTBa NMOCTOSAHHOH PHMAHOBON KpHBH3HBI, OUe-
BUIHO, CHMMeTpHUuecKHe H 6y yT HaHGosiee NPOCTHIMH ITpOCTpaHCTBaMH

278



atoro pojpa. PaccyKpeHusi, KOTOphrle MHl NPOBEJH, N€NaloT O4YEBHI-
HBIMH psiJ, CBOMACTB, OOIMIHX Y CHMMETpHUYECKHX NPOCTPAHCTB H Y Npo-
CTpAHCTB IIOCTOSIHHOH KpHBH3HHI,

DTH CBOHCTBA BHITEKAIOT H3 OYEeHb MPOCTOro 3aMeuaHHsl, YTO BHI-
paxKenHe pyHAaMeHTaNbHOR GOpMH B QYHKUHSAX HOPMAJILHBIX KOOP-
AHHAT OTHOCHTEHHO TOUKH O GyaeT TOXKAECTBEeHHO CaMoMy cefe BCs-
KM pas, Korja Mbl BO3bMeM npamoyronbnblﬁ HayalbHHA pernep
(Ro), 110 OTHOWIEHHIO K KOTOPOMY KOMIOHEHTH R4, Tensopa Pumana—

na COYNIBIIAT TV Ke TIOCTOITHVI) REMUUHHY . ~ITn MOWeT

A\t’ H\d‘ Uw“lll \,v‘xt} SRALSAING A a J AR N l‘-v\'lvllllllJ A%WF AFWWAAA llllIJ 8 o AW AVALIBRYW A

OCYLIECTBUTLCS ABYMS CHoCO6aMH.,

1°, Ecau sameHATH NpsAMOYToJibHEIH penep (R,) OLHHM H3 pene-
POB, KOTODHIE MOJIyJAIOTCS! M3 HEro MapaJiieNIbHbIM NepesocoM BIOIh
reoJe3nueckol, Beixojsimet H3 Toukn 0.

2°, Coxpanssa sauano O-pernepa (R,), COOOIHTL eMy MOAXOAMIee
BpamieHHe 0KoJ0 Toukd (; HO MHQHHHTE3UMAaJsbHAsS BapHanus, Ko-

TOPYI0 HCIEHITBIBA€T KOMIIOHEHT R,fkh B CHJY HH(QHUHHTE3IHMAaJbHOrG

—» =

HOBOPOTA HA YroJ e NapajielbHO IUIOCKOCTH GuBekTopa [e, e
6win1a noJsryvena B . 172,173. Orcioga caenyer, yro HHQ)HHHTeaHMaer-
Has BapHauMs, KoTopas IMOJY4aerTcs B CHJY HHPHHUTE3HMAaJILHOTO
BpalIeHHts, ONpeesieHHOro GHBEKTOpOM ¢ KOMIOHEHTaMH 4,;, Gyaer

RAwaf — R/ wdl + R paly + R /prathe (28.9)

Caenosatenbio, HaHubojqee ofillee HH(QHHHTE3HMAJIbHOE BpalleHHe,
(@), KOTOpOE MOXeT HCMBITHBAThL penep (R,) 663 HaMeHeHHs KOMHO-
HEHTOB PHMAaHOBOH KpHBH3HHI, JlaeTcs CHCTeMOH ypaBHEHHH:

. nn—1)

CKOe MPOCTPAHCTBO AONYCKaeT CBA3HYIO TPYNNY BpamieHH# O0KOJo
TOYKH (), 34BHCSILYIO OT p NapameTpoB. Jra Ipylna HA3HIBAeTCs
epynnoii usomponuu B Touke O,

Orciofa cliefyer, 4To MPsIMOYTOJILHEIE Perephl, KOTophle MOMKHO
BLIOHpATh B KAuecTBe HAYANbHHIX peilepoB CHCTEeMhl HOPMAJbHEIX
KOOpJHHAT C OZHOH. U TOH XKe ¢nyH,nameHTanbaon ¢dopMoHt,. 3aBHCAT
oT n -} p mMapaMmeTpoB.

C/1eIOBaTENLHO, NPOCMPAHCMBO OONnYycKaem CeAHYO epynny ¢
n + p napamempamu msepOstx nepemeujeruil. Ecnn nmpocrpasnctso
TIOCTOSIHHON KpDHBH3HBl, TO ypaBHeHuH (28. 10) He O6yzer, YHCJIO

— n(n2 1) , HIIPOCTPaHCTBO 06/1a/jaeT NoJHOH cBOGORHOM NOABHK-

HOCTBIO.
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1/6, 1 pPAHCBCKLIHH 3. de'l'uri'a. Cp"ﬂﬁ
CHMMETDHYECKOrO IIPOCTPAHCTBA OTMETHM Te, KOTOPhle NPOHCXOAAT
OT ABYX TNOCJNEOBaTENbHBIX CHMMETPHH OTHOCHTENLHO ABYX TOUEK
A u B; 310 — mpanceekyuud. Kaprana; B TAKOM IepeMelleHHH KaxX-
nas TodKa reofesnyecKoil AB HCHHITHIBAET CMEIIEHHe BOJbL 3TOH
reojieanyeckol, paBHOe YIBOeHHOMY 'paccTosHHio AB. IeonesHue-
ckas AB naswiBaercs 2eo0e3ueckol Qasuca TpaHcBekUud. B cayuae
€BKJIMIOBA IIPOCTPAHCTBA TPAHCBEKIHH-—HE UTQ HHOE, KaK INepeHo+
Chl; OHH JIOFYCKaT GeCKOHeYHOe MHOXKECTBO reojesHuyecKHX 6ashl,
napajJenbHbiX MeXay coboil, »

‘B npocTpancTBe NOCTOSIHHOM, HEHYJAECBOH KPHBH3HEI TP AHCBEKIHSA
JONYCK3eT TOJbKO OAHY reojesnuecKyio 6aswl,

179. Tonosornyeckoe nNpon3seleHde ABYX MPOH3BOAbHBIX

PHMaHOBLIX TPOCTPAHCTB. [ToHATHe HENmPHBOAHMOrO CHMMETpHYeE-
CKOrp IIPOCTPAHCTBA OCHOBHIBAETCSI HA HOHATHH MON0.A02U4ECK020 NP0~
u36e0enus ABYX TIPOCTPAHCTB, :
. Ecap 3apanml nBa mpoctpancta E,, E: pasMepHOcTeH COOTBET-
CTBEHHO N, H Ny, TO MONOAcSUMECKUM npoussederuem E 3Tux mpo-
CTPAaBCTBE HasblBaeTCs MNPOCTPAHCTBO 1,--n, H3MepeHHH, Kaxpas
TOYKa KOTOpOro omnpejensiercs KaK YIOpsi/ICHEHHOE MHOMKECTBO
(M,, M,) Touku E, H ToukH E,. ‘

.Ecan npocrpancrea E;, W E,— pHMaHOBH, TO MPOCTPAHCTBO
E — no onpedeaeruro PHMaHOBO IPOCTPAHCTBO, (yHIaMeHTaJbHAs
dopMa KoToporo 6yaer cyMMoli ¢pyHaaMenTanbHBIX Gopm E; U E,.
Hiaue rosops, €CIH paccMaTpHBaTh JBe GeCKOHEYHO GJAH3KHE TOYKH

(M,, M,), (M;, M,) npoctparctBa E, To KBaJpar paccCTOSHHsA ITHX
JABYX TOUEK 110 QIpeAe/ieHHIO paBeH CyMMe KBajApaTa pacCTOAHHSA TO-
yex M,, M, npoctpancTBa E; H KBajpara paccrosiHdsi Touex M,,
M, npocrpanctea E,. | - -
Ecau Bei6pats B E, cHcremy koopiunar u! (i =1,2,..., n,)

10 Maevnmsgmvmyr oy N am Py ®

Y a=n 41 y

u B E, cucreMy koopiusar v*(a= 1, 2; ..., n%), To BCsiKas TOYKa
npocrpascTsa E onpenensercsa n,~+n, KoopauHaraMu uf, v*. Tou-
Ky M, us E, MOXKHO Ha3BaThb IIPOEKLHEHd TOUYKH (Ml,Mz) u3 E.
Ha NpOCTPaHCIBO £, H Touky M; H3 E, — ee mpoeknHen Ha Mpo-
ctpaHcTBo E,. Ecal dynjamentanbabe QOPMbl IPOCTPAHCTE E, nE,

6YAYT COOTBETCTBEHHO |
S gy dddw, 1 (o) dodih,

To (yHnaMeHTanbHas ¢opma npoeTpancrsa E' Gyaer CYMMOHR

' ' gy; (4) dutdi + yep (v) dvedeP.

1

180. IpupoaHMbIe H HENPHBOAHMbIE CHMMETpHYECKHE pPH-
MaHOBb MpocTpaHCcTBa. Eci paccMoTperh CONPHKACAIOMIEECS €BK-
JIMIOBO TIPOCTPAHCTBO B TodyKe M1 mpocrpancrsa E1H conpHKacaio
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tieecsi eBKJIHA0BO MpocTpancTBo B Touke M, u3 E,, To eBK/IHA0BO npo-

CTPAHCTBO, SABJSIOLULEECS TOMNOJIOTHYECKHM NPOU3BeeHHEM STHX IBVX
€BKJIMJIOBBIX NPOCTPAHCTB, OyieT CONPHKACAIOMUMCH K IIPOCTP aHCTBY
E B rouke (M;, M,), rne M; u M, — ee npoekuuu Ha E; u E,. Or-
Clofa caeayer, yro aﬁcomo'mmn ,nnq)q)epenunan NepeMeHHoro0 Bek-
TOpa npocrpancrsa E jonyckaer npoekuusMmu Ha E; u Ha E, abcomot-
Hble JUqxpepeHIHANB COOTBETCTBYIOUIHX IPOEKLUMH 3TOro BeKTopa.

Ecmu eponb JsuuuMM (C) npocrpancrBa E  a6conoTHBIE  aud-
¢epeHnMaN eIHHHYHOrO KacaTeJbHOTO BEKTOpa paBeH HYJIO, T. €.
aunMs (C) — reomesuueckasi, T0 npoekuus (C,) auuuu (C) ma E,
Oyzer reoje3uyecKoi npocrpanctTBa E, u npoekuus (C,) Ha E, Gy-
net reojesuueckoit ans E,. Bonee toro, nre parnbie ayru gunuu (C)
NPOeKTUPYIOTCS paBHBIMH Jyramd JjuuHHM (C;). Orciona nerko nony-
Yaercsi, YTO ecJiM CHMMeTPHsi OTHOCHTeNbHO ToukH (0,, 0,) npocTpas-
cTBa E sipsisieTcst H3OMeTpHeil, TO TO e OyieT B IPOCTPancTBe E, ¢ CHM-
MeTpuelt OTHOCHTeJIbHO ToUKH () H B npoctpauctse E, ¢ cmme’rpnen
OTHOCUTENIbHO TOYKH O, U Hao00poT.

Teopewma. ‘Imo6bz monoao2udeck oe npouseederue 08Yx puma-
HOBbLX NPOCMPAHCME ObiA0 CUMMEMPU1ECKUM, HeOOX00UMO u Jdocmamoy-
HO, umobbr Kaxcdoe u3 Imux 08Yx npocmpancms Oviae cummempu-
YECKUM. .

On p e nenen ¥ e Cummenpuueckoe npocmpancmso Hasvieaem-
cA npueoauMbm UL HENRPUBOOUMBIM & 3ABUCUMOCTIL OM. IMO20, MOXCHO
UL HEAb3S PACCMAMPUEAMb €20 KaK Mmonoao2udeckoe npoussedenue
Jsyx Opyeux pUMAHOBLIX NPOCMPAHCMS.

IIpocTpancTBo nocTOSiHHOR HEHYJICBOM KPHBH3HHI — HENPHBOAH-
MOe (‘HMMP’I‘““UPPROP nnnn'rnanp'rnn npﬁr"rnwrp NTRHO., TINeNnrO HOWHM

A LA AR A AR ML g el Smaa N, s AN AR L APRSANWAIDIANSy A LR ivalsERRRATE

4TO OHO TP nBo;mMo 4 BﬂdepeM B KaXKJIOM H3 CJiaraeMbiX l'IpOCTpaHCTB
CHCTEMY HOPMaJIbHBIX KOOPJAMHAT, HUMEHHO:

nepeble n, KoopaMHar x!' (i =1, ..., ni),

BOpHe 7, KOOpAuHAT X* (@=n-+1,... n+ n).

SlcHo, uTO GOPMBEI ®; paBHBI HYJIO H, CJ€A0OBaTebHO, TaKiKe

B cuay (27.11) popMel QF, Mexkay TeM 3TO HEBO3MOXHO, HOO B CHAY
(17.1)

Qf = — K [wlw®] (K # 0).

181. [lgcToAnHad KPHBH3HA BTOPOTO POJA HENPHBOIMMBIX
CHMMETPHYECKHX NpocTpaHcTB. [lokaxkeM Tenepb TeopeMmy, KOTO-
pas CBOAHT OTHICKAHME CHMMeTPHYECKHX MPOCTPAHCTB K H3LICKAHHIO
CHMMETPH'ECKHX NIPOCTPAHCTB C TIOCTOSTHHOR pmanonoﬁ KpHBH3HOH
BTOPOro poaa.

T e o p e M a. Beakoe HenpusoOumoe CUMMEmMpPU4ECKoe npocmpar-
CMBO UMeEMm NOCMOSHKY KPUsu3Ky emopozo poda.

Hanomuum (n. 102), uto npocTpaHCTBO NMOCTOSIHHOH KpHBH3HEL
m'oporo pona sBASETCA NPOCTPAHCTBOM, KPHBM3HA KOTOpOT'O- OAHA
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H Ta Xe Bo Bcex Hanpasnenusix (n — l)-mepuoit pasmepuocrtH, Hiau
ellle, y KOTOpOH CBEepHYTHIH TeH30p PHY4H paBeH IIpOM3BELEHHIO NO-
CTOSIHHOK Ha (yHJaMeHTaJbHBIR TeH30p.

[MpucoenunuM K Touke O NPOCTPAHCTBA NPSMOYTOJILHEINA penep
(R o), Tak yTOGH BCEe KOMIOHEHTH TeH30pa PHu4H paBHS/MCH HYJIO,
KpoMe Rii, Roes, ..., R,,.

ITorpe6byem, wTo6nl abcomoTHbE AHGbepeHIHANB KOMIIOHEHTOB

TeH30pa ObUIH paBHH HYJIO; MBl MOJNIYYHM, HanpuMmep, ansA Rie:
R0} + Ry =0,

(_R_;.Q Ru) ? =

CaepoBarenbno, dopma @7 paBHa HyJIO, ecsid Ri1 = Rae, Ipex-
110JIOKHM, YTO 11 KOMNIOHEHT R;;, Ry, . . ., R,, He paBHBl Bce MEXIY
coGolt, HanpuMep, Ry = Rp= .. .= R,,, Nocaexyiomne R 1, iy
coos R He paBHH nepsbuiM. O603Hauast JaTHHCKUMH OyKBaMH i, §,...
TepBhLie pyxasa'reneﬂ arpeueckumH o, f, . . . —BCe n — p ocTanb-
HBIX, TOJYYHM

o@=00=1L1...,p;  a=p+1,...,n).

 PaccmoTpuM Telleph cHCTeMy HOPMAaJsIbHBIX KOODIMHAT, ONpeje-
JIEHHBIX Haua/IbHLIM PerepoM (Ro). OcaoBHBIE ,unqxpepennuanbnme
ypdﬂﬂﬁl‘ll’l}i {4! 11} llU!‘lddbletUl, qTO KOMIIOHEHTHI I(w pq lt:l'ldUpd I’l’l-
mana — Kpucroddenss Bce paBHbl HyJ0, OYAYT JIH HHAEKCH p, ¢
JIGTHHCKMMM MJIH IPeyecKHMH; OTCIOAA JIETKO M0Jydaercs, YTo TOJbKO
Te KOMIIOHEHTH! 3TOI'0 TEH30pa He PaBHB! HYJIO, Y KOTOPHIX BCe HH-
JIEKCHl TOJILKO IATHHCKHE HJTH TOJILKO PPeuecKHe; HO TOra ypaBHEHHS
(27.11) MoxHO pasGuThL Ha JBe TPYNNBL NepBas, B YPaBHEHHAX KO-
TOPO# BCTPEUAIOTCs TOJILKO JIaTHHCKHE MHAEKCH, H BTOpas, B ypas-
HEHMAX KOTOpo# GYyIyT TOJIbKO IpeyeckdHe HHAeKCH. KBajpaTHynas

dopma
' (@) + (@ + - . + (o)
COIEP2KHT TOJIbKO IlepeMenHbe x1, x2, . . ., X7 ¥ ux AuddepeHHaNs,
a KBajparuuHasi ¢opma
(mp+l)2 4.+ ((D")2

TOJBKO IepeMeHHBle xP+1,,, ., x® ¥ uXx jaudPepeHuHabL,

[TpocTpaHcTBO NMpHBOAMMO, YTO NMPOTHBOPEYUT Aonyenuio. Cie-
JIOBATEJIBHO, HAJ0 TIOJIOXKHTH Bee Rii, Res,..., R,, PaBHEIMH MEXKRY
coGoH, A B TAKOM C/y4yae NpOCTpaHCTBO OyzeT nocq'ommon KPMBHSHb
BTOPOTO POAa.

3ameyanue. Ob6paTHas TeopeMma, BooOlle roBOps, He HMeeT
MecTa: CHMMETPHYEeCKOe pPHMAaHOBO NPOCTPAHCTBO NOCTOSHHOH
KpPHBH3HH BTOPOrO poja He 0053aTesibHO INpPHBOJHMO, 4TO MO-
KasblBaeT NMpOCTOR IpuMep eBKJHAOBA MPOCTPAHCTBA.
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I'/1ABA XXIX

rPY1MNbl TBEPOBIX NEPEMEMIEHHHA B PUHMAHOBOM
NMPOCTPAHCTBE

182. O6mue coob6paenns. Mu yike roBopHJIH O ABHIKEHHAX TIPO-
CTPAHCTBA NOCTOSIHHOM KPHUBHM3HBl M CHMMETPHUECKHMX INPOCTPAHCTB.
HaromuuM, 9To TBepjioe TepeMeilieHHe, HJH, Kopode, mnepeMelieHHe
B PHMAHOBOM NPOCTPAHCTBE, SIBASIETCS] TOYEUHLIM NpeoGpa3oBaHueM,
KOTOpOoe COXpaHsAeT paccTOsiHhe JABYX NPOM3BOJIbHBIX HHPHHHTE3H-
ManbHO G/IM3KHX TOYEK MJIH KOTOPOE OCTaBJIsleT HHBAPHMAHTHOH (yH-
JaMeHTaNdbHYI0 (OpMYy M[POCTPaAHCTBA.

[lepemeiienve coxpanseT AJHMHY Xyr¥ TNPOM3BOJILHOH KpPHBOH,
OJ0MAAb YacTH NOBEPXHOCTH U T. 4. Mbl 3HaeM Takxke, 4To OHO CO-
XpaHsieT PMMaHOBY KDHBH3HY B TOUKe MO 3aiaHHOMY IJIOCKOMY Ha-
TIPABJEHHIO ¥ T. A. :

Mui 3afiMeMcsl, B 4aCTHOCTH, HENPEPLIBHEIME IPYNNaMH JIBHKEHHUH,
HenpepriBHoe ceMeiicTBo (CBSI3HOe) nepeMellleHHl ofpasyer rpynny,

AT NMANTA M ANITUMW TIANAMAITIAaTUAM AN AATANITUT TTanauMantauila Al
MANIEL AIENL LN W VALK LUV PUIMUCLAL LI RATL VI WL L LU T VY

paTHoe H ecJIH BMeCTe C ABYMS NepeMelleHHSMH OHO COREPIKHUT Tie-
PeMellleHHE Pesy IbTHpYIolliee, B KaKOM Ob! NOpsIjiKe HY BLINOJHSAJIMCH
TH nepeMmemends *. Bcesikas HellpepbiBHas rpynmna nepeMenieHHR
3aBHCHT OT Hexo'roporo yHcna TapaMeTpoB (MOPSAOK TpYNILL).
Mu Bupenu (m. 177), KaK MOxKHO OnpefiesuTh NOPSAOK HAHGOIbILEH
FPYNNsl ABHXKEHHH B CHMMETPHYECKOM NpPOCTPaHCTBe.

MoHO NOCTaBHTb OTHOCHTE/IBHO TPYNN JBHKEHHH jBe I/iaBHble
npoﬁneuu HMEHHO:

I1po6newma l. Onpedeaums 2pynnst npeobpasosanuii, cnocob-
Hble npedcmagismb QRAALMU4ecKW 2pynny OsusCeHuUll pumanosa
npocMpancmea u onpedeaums 04 Kaxc0oil u3 smux epynn coomseem-
cmeyrouue puUMaNoBst npocmpancmea.

* Besikoe HenpepeiBHOE ceMefCTBO nepememennﬁ o6pasyeT rpynny, €c/iH OHO
He CONEPXKHTCA B HENPEPHBHOM ceMeficTe, Gojee OGIMHPHOM, '
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[Ipo6anewma 1l. IIpu 3adanHom pumarosom npocmparcmse
onpedeaums 6éce e20 meeplole nepemeuerust.

Mbt 6yneM 3aHMMaTbCsl cefiuac TONBKO TepBoi NpoOaeMOoH; BTO-
pasi, HHTHMHO CBsfi3aHHAs1 C TeopHeli HANOXKEHHUS -ABYX PHUMAHOBHLIX
NPOCTPAHCTB, OVAET paccMOTPEHa HHXKe.

183. O6wue TpeGoBaHUA PeryaASpPHOCTH. [ pPynnsl, KOTOpLHE MBI
6yAEM paccMaTpHBaTh, OYAYT NOAYHHEHB HEKOTOPHIM aHAJHTHYECKHM
YCJIOBHSIM, KOTOpbie XapakTepH3yIoT rpynis JIu. ItH ycnoBua che-
Ayomxe:

koopduramst (4') mouku, noaysennol us mouxu (u') npeobpasosa-
Huem 2pynnst, JONYCKAOM. HenpepviéHbie: 4ACMHbe NPOU3BO0HbIE 08YX
nepeolx nOpﬂarcoe no omuouleAulo K Koopduxamam u* u napamenipam
ak (B;:e (4)’ cyTb byHKIEE Kaacca C? OTHOCHTEJIbHO aPIyMEHTOB ut
H at

Mul orpanMyuMcs B )J,a.nbnenmeM TOLKO TEMH 3aMeHaMHK Koop-
AMHAT, AJist KOTOPBIX HOBbIE KOOPAMHATEI 6y YT QYHKUHsIMH Kaacca C?
OTHOCHTEJIBHO CTaphIX. '

Komnonentbl g;; dyHnaMeHTanbHOrO TeH3opa ToXe IpennoJa-
raworcs Kjacca C " moxer CAY9MTBCS, uTO cHMBojiBl Kpucroddens
H KOMIIOHEHTH pnmanonoﬁ KPUBH3HB OYAYT NpeAnoJiaratecsl KJac-
ca C?, rue p > 2.

3to mNoBJeYeT JONOJIHHTENbHbLIE OIPAHHYEHHS Lifl gj;.

184. Tnan'-un'nnnmp H HHTPAH3HTHBHbIE rpynnbl. TpaekTOpHH.

I IR R AN DAL, 22 2222 2 Sl 2L L3RI 25222 = S5 2 r—-.——.

'pynna G TBepABIX nepememenuﬁ Ha3bIBaeTcs mpauaumueuou,
eCJIH CYILIECTBYeT, N0 KpajiHeH Mepe, OJ{HO IiepeMellieHHe, NepeBoAs-
iiee MPOH3BOJILHO 3aJAHHYIO Toqu M B coBnapense c Apyroi npoHs-
BOJIBHO .:m,u,annun TOYKOH M.B NpoTHBHOM CJiydac xpyuua Ha3bi-
BaeTcs URMPAN3UMUBHOLU.

I'pynna HasniBaercs npocmo mpan3umusHotl, eciy nepeMemenHe,
KOTOpoe NepeBOJHT Touky M B TouKy M’, epMHCTBeHHOe, B NPOTHB-
HOM CJAyude — KpPamxo mpaH3umusHoll.

Tpaexmopueti rpynnsl G JBMKeHHHA Ma3niBaeTcss MHoOrooGpasue,
SIBJIAIOLIEECS reOMeTPHYECKHM MEeCTOM ToueK, NpeolpasoBaHHLIX ABH-
EHUSMH TPYNNBl H3 OJHOH JlaHHOH TOYKH. Bceskas TpaekTopus X
IPYNNBl MOXKET paccMaTpUBaTbhcsi KAK NMPOHCXOAAmias H3 mepeme-
IeHUH rpyMsl, NPHAOKEHHBIX K KakoH-HUOYAb ONHOR H3 €e TOYEK.

Besikast TpaeKTopHss X, ec/iM ee paccMaTpHBarTh Kak pHMaHoBO
NPOCTPAHCTBO, Q)yu,nameﬂ'ranbnaﬂ ¢opma KoTOporo HHAyLUHpOBaHa
Ha/IHqAeM 5ToM (OPMbI B 3aaHHOM TIPOCTPAHCTBE, AONYCKACT JUI5 Ca-
Mo#t ceGa rpynny ABHKeHHH (7, KOTOpasi C 3TOH TOUKH 3peHHst OyAeT
TpansuTHBHOf. IlycTe p < n — pasMepHOCThb tpaexropuii. Ecum
rpynmna G nopsiaika p, TO oHa& ONepHpyeT HAa X KakK NPOCTO TPAH3H-
THBHA5; eca¥ TOPHAJIOK rpynns OoJsblle p, Kaxk rpynna KparhHo
TPaH3uTUBHas. B vactrocTH, pist p=1 TpaeKropuH GyAyT THHUAMHY,
rpynna G HEOQXOAMMO OfHONmApaMeTpHuecKasi, U60- HanGonknas
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CBSI3HAS TPYINA TBEePABIX NepeMeneHHH JHUKK NaeTcs ypaBHEHHEM
u =u-aq,

rI€ & — KPUBOJHHeiHas aGCiHcca, OTCUHTEIBaEMasi OT QUKCHPOBaH-
HOH TOYKH.

Ecam rpynna gpuxkenuit G MHTpaH3UTHBHAs, 70 3aJAaHHOE
NPOCTPAHCTBO TOPOKAAETCSH CEeMEHCTBOM TPACKTOPHH X TPYNNEL;
yepe3 KawJylo TOUKY MPOCTPaUCTBA NPOXOAKT TPAEKTOPHA'H TOJIBKO
OJlHA, M 3TH TPAEKTOPHH 3aBHCAT OT  — p.NapaMeTpoB, €cJH Tpaek-
TOPHH pasMepHOCTH p. ITH n — p NapaMeTpoB MOKHO paccMarpu-
BaTb KaK COCTaBJSIOUIHNE 1 — p KOOPAHHAT NPOH3BOJLHOH TOYKM
npocTpancTBa. HToOW BHAENHWTH 3aTeM OTAEJbHBIC TOUKH TPaeKTo-
pPHH, HAJ0 BBECTH ellle p APYTHX KOOPAMHAT,

185. Penepwl, npHCBOeHHbIE IPyNNe IBHKEHHA. MBI MOXKeM IpH-
JIOXKHTb METOJ| NMOABHKHOTO penepa, NPHCOeAHHAS K KaXno#i Touke
IIPOCTPAHCTBA NE€KAPTOB penep HJHU Jaxte yeaoe cemelicmso jexapTo-
BHIX penepos. [Ipy 3ajanHofi TpaeKTopUd I MBI IPHUCOENUHHM K He-
KOTOPOii OT/ie/IbHOR TOuKe A TpaeKTopHH X yacTHHIH JeKapToB penep
(R4) u 6yneMm paccMarpHBaTh Bee penephi, ojydeHHble U3 (R4) TBep-
AbBIMH TIEpEeMEIEHHAMH TPYNAu. JTO HMeeT cMbicst, 6o BcsKoe To-
YeyHoe MNpeoGpa3oBaHHWE IPOCTPAHCTBA OXHOBPEMEHHO € mpeo6pa-

30BaHueM TOYKH M B Touky M’ npeoGpasyer onpeneseHHEIM 06-
pasom * peaKUE BEKTOP, HCXORAI KN U3 Toykyd M, B BexTop, HCXond-

S iiiagdes &Win a NS § FEIRIS X3 A AN TRAAREL QVAL g AP AFNAR AN RS g RENwdRRr LR

mud u3 Touku M’'. Ecau npeoGpasopanve Gyser TBEpALIM TNepeme-
IEHHEM, OHO COXpaHseT AJIMHY BEKTOPOB, CKajsipHOEe INpPOH3BeleHHe
JABYX BeKTOPOB H T. J. . '
 CnenoBareqbHo, npeoGpasoBande penepa (Rp) ¢ BeplMHOHN B
M pnaer penep (Ray) ¢ BepmnHOf B M', 6a3ucHEIE BEKTOPHI KOTOPOIo
MMEIOT Te XKe B3aHMHble CKaJsipHble NPOH3BEJEHHS, 4TO H GasHCHbIE
BeKTOpH penepa (Ry), Hnaue rosops, penepot (Ry) u (Ry) pasret.

Bce cemeficTBO perniepoB, NMOJYYEHHOE 3THM CHIOCOGOM, HA3BIBAETCS
'NPUCBOEHHHIM K PACCMATPHUBAEMOHR TpyIie [BHKEHHH, |

[lpenpinymue 3aMeyaHus NPHBOAAT HENOCPEACTBEHHO K TeopeMe.
Teopewmal. Komnonenme: g, dpyndamenmarorozo mensopa, om-
HeceHHble K cemelicmey penepos, npuceoerHsix epynne Osusenutl G
NPOCMPAHCMEA, SABAAIOMCS  UHBAPUAHMAMU  OMHOCUMEAbHO MO
epynnol. ‘

Ecnv ara rpynna Tpausurueza, 10 370 6YAYT a6COMOTHHE KOH-
CTaHTH, €CJIM IPYNNa HHTPAH3UTHBHA, OHK 3aBUCAT TOJBKO OT 1 — p
napamMeTpoB, KOTOPbIe ONpeAesioT OTAEJbHbIE TPAeKTOPHH B ceMel-
CTBE TPAaeKTOPHH TFpyINNH. '

* KomnomeRTh BEKTOPa, OTHECEHHHE K HATYpPAJbHLIM penepaM, MpHCOeANHEH-
HHM K BHIOpanHHIM KOOpAHHATaM, upeobpasyloTca Kak Andpdepenuuansl KOOpaH-
HaT B CHJAY paccMarpHBaeMOro TO4SYHOTO Npeo6pasoBaHHA.
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186. UnBapuanTHbie (DOPMBI Ipynnbl TBEPALIX NepEeMEICHHM.

Meercs apyrasi aHajoruyHasi TeOpeMa OTHOCHTENbHO dopM of, wf,
KOTOpbie OMNPEAEJSIOT OTHOCHTEJbHOE NOJOXKeHWe NBYX HHQHHHTE-
3uMaNibHO Gu3Kux penepos. [leficTBuresibHo, nycTh (Ry) ¥ (Ry/)—
JIBa HHOUHUTE3UMAJBHO GJU3KHX penepa U3 CeMelCTB NPHCOMHEH-
HBIX ‘K JIBYM HH(UHHTE3HMAaJbHO GNH3KUM Toukam M, M'; neuxenHe
rpynnel npeofpasyer ¥X B ABa ApYyrux penepa (Ry), (RNr) durypa,
o6pasoBannas napo#i (Ry), (Ra-), oueBuaHO, paBHa dpurype, o6paso-
BaHHOK penepamu (Ry), (Rm)*; ¥Meem, cjieoBaTenbHO, TEOPEMY:

Teopewma II. Popmor o, v(o';, onpedeasrouue. cmpykmypy npo-
CMPARCIMSA, OMHECEHHOZO K CEMEIUCMBY Penepos, nPUCOeRHbX epynne
nepemeujerutl G npocmparcmea, UHBAPUGHITIHO. OMHOCUMEAbHO Mol
2pynnst.

HoxaxeM ele Noc/eIHIO TeOpeMy OTHOCHTENLHO TOTO Cayuas,
KOTZa TPaeKTOpHH MpeolpasyioTcss rpynnofl G MpOCTO TpAaH3UTHB-
HO. K Kaxzoil Touke NPOCTPAHCTBA TOrjla MPHCOELHHEH TOJNBLKO ORHH

penep (potht o} Gyayr onpeieneHHLHIMH JHHEHHBIMM KOMOHHA-
LHIME HopM of:

of = 1, ok, (29.1)

Teopewma IIl. Kosppuyuenmor 7/, (0606}u4IeﬁHbte CUMBOAbL
Kpucmodghcpers) UHBAPUAHMHEL OMHOCUMENHO 2pYnnbL nepemenqenuu
ecau nopAadoK amoll 2pYnnsL pager. pasmMepHOCLL MPaeKmopul epynnb:.

31‘& TeopeMa B JIEHCTBHTEJIBHOCTH-—HEHOCPG,I.(CT BE€HHOE CJICICTBHE

coorromenu (29.1) ¥ unBapHanTHOCTH GOPM * U ©}.

Ta xe TeopeMa npHuaaraercsi K CHMBOJIAM 7;j, TaK XKe, KaK K KOM-
MOHEHTaM TeH30pa PHMMAaHOBOH KpHBM3HH (Temsopa Pumana — Kpu-
c*rocp(penﬂ)

B 3T0i1 rnaBe Mbl MOJBL30BAJUCH Kocoyronbnbm penepom. B ge-
KOTOPBIX 3a7ayax OniBaeT yioOHO NOJL30BATHCHA OPTOFOHANBHLIMY pe-
nepamy, HO OBLIBAIOT JpyrHe, rje MNpPEANOYTHTENbHO OCTABHTH HaM-
GosibuMii TIPOH3BOJI B BHIOOpPE penepoB, - NMPHCBOEHHLIX rpyne.

187. PuHMaHOBBI NIPOCTPAHCTBA, JONYCKAIOLHE NPOCTO TpaH-
3UTHBHYIO I'pynny IBHKeHHH. B CHIY COOTHOLIEHHH, OJYUEHHBIX
BRI, MBI BHAHM, H 5TO Oyner HHxKe nokasaHo (1. 197), yro oThicKa-
H{e PUMAHOBHIX INPOCTPAHCTB, AONYCKAIOWIMX PPYNNY JBHIKEHHH, 1O
CYLIECTBY CBOAMTCS K OTHICKAHHK) Te€X NPOCTPAHCTB, KOTOpBIE Npe-

: e
* KoMmoneHTH &’ oTHOCHTeNbHO penepa (R ,,) 6eckonesno Majioro sexropa MM’
pannu KOMNOHEHTaM (©0!)’ OTHOCHTENbHO penepa (R ) OeCKOHEUHO Mayoro BeKTopa

NN’ Ranee, BEAYHHE cnf KOTOpHIe ONpeAesioT KOMIOHeHTH omocmenbno (R M
Bex'ropos Gasuca (R ) paBHH aHa/IOTHYHEIM BE/IHYHHAM (m
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©o0pa3yTcsl 3T0d rpynnoi tTpansutHBro. IToaroMy MBI GyxeM npen-
1oJlaraTth CHavaja rpynmny NpocTo TPAaH3UTHBHOM. |
Hcnospayem cucreMy penepoB, NpHCBOeHHyI0 rpynne G, ¢ HH-

BapHAHTHHMH OTHOCHMTE/ILHO TPYNNH (PopMaMH @ U &), H3 KOTOPHIX
nepBbe n JUHEHHO He3aBHCHMBI. DyneM HcKaTb, KaKHM YCJOBMSM
JOJ/KHB! YIOBJETBOPATh 9TH QOPMBI, YTOGK! IIPOCTPAHCTBO JONYCKAJ0
FPOCTO TPAH3HTHUBHYIO TI'PYNNy ABHXKEHHH,

Ilepememenusa rpynnn G, ecJH OHM CYIIECTBYIOT, GYAyT NOJY-
4YaTbCsl MHTEIPHPOBAHHEM YpAaBHEHMH B IOJHHX ZH(depeHuuanax

ol (0 du') = o (u; du), | (29.2)

rJie ()’ — nensBectHble QyHKIMH OT 4. [TOCKOABKY HOMKHO CYINECT-
BOBaTh peIlleHHe TaKoe, YTO 33JaHHBIM 3HAYEHWsIM uf COLOTBETCTBY-
10T sajlanHble SHayeHus (4f)’, cucreMa OyJer BMOJIHE HHTErPUpyeMa.
MoXKHO NpsiMO HalTH HEOGXOZMMbIE YCJOBHS, 4To0k 370 TaK  Ghijio.
OGpasyem BHemH¥e audxpepennyann dof ¢opM @, KOTOpble Mbl BEHI-
pa3sHM Kak BHelIHHe KBajpaTHuHbie GOPMBI OTHOCHTENBHO

PR mit-

dw? = cppny [0Fol] (ckhi = — chki)' (29.3)

[pynna G, ocramjsiomiasi HWHBapHAHTHHIMH (GOPMbI © H, cJelo-
BaTeJbHO, MX BHelIHHe AudxpepeHnHann! dof, ocTapjaseT HHBAPHAHT-

HbIMH ¥ KOS((HIUHEHTH Cy); TIOCKOMBKY Ipynna G TpansuTHBHA, 3TH
KO3phHUHEHTEl OYAyT NOCTOSTHHBIMH.

Teopewma l. Dopmect omuocumervio cucmemol penepog, npu-
CEOEHHLIX NPOCMO Mpan3umueroll epynne deusicernudl, yodossemsopaom

coommowerusm (29.3), 20e Kospuyuenmot ) NOCMOSHHOL.

188. MNpocTo TpaH3HTHBHAasA rpynna npeo6Gpa3oBaHHA KakK
rpynna ABHMeHHH. Jra TeopeMa uMeer BaxKHOe JOIOJHEHUE.

T e o p e m a 1. Besakas npocmo mpan3umusras epynna npeobpa-
B0BARUL € I NEPEMEHHLIMU MOOKEm DACCMAMPUBAMbCS  KAK  NPOCMOo
MPAN3UMUBHAS 2pynna OBUXCeHUL PUMAH06A NPOCMPAHCMSA N U3Me-
perutl *. | :

- Ilyctb, ZHeACTBHTENBHO,

@y =fa) (=12 ...,n . (29.4)

KOHeYHble ypaBHeHHsi MpeoOpasoBaHUH IPYMNMAH, TJe MBI NpexnoJa-
raeM @yHKuuM ! kiaacca C? OTHOCHTEJNBHO O6UX CepHH apryMeHTOB.

* Dra TeopeMa paspelnaer B Tofi Mepe, B KaKOH STO KacaeTcs IpPocTo TPaH-
3UTHBHBIX TPYNn, MEPBYIO 1aCTh npobieMsl |, UM cKOpee NPHBOAHT €€ K H3LICKAHHIO
TMPOCTO TPAHSUTHBHHEIX TPYNIM, YTO LEAHKOM OTHOCHTCH K TEOPHH rpynm.
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PaccMorpuM ¥ KaK KOOPAMHATHI TOUKH B NPOCTPAHCTBe 1 H3Me-
peunit. Ilycts O — durcHpopanuas Toyka ¢ koopaunaramu (Uf)e
H M — npou3BoJbHasi TOYKA C KOOPAMHATAMH 4f; CYILeCTByeT npe-
o6pasoBauue T, rpynnsl, epeBojsmee Touky M B Touky O 4 napa-
MeTph! a® aToro npeoﬁpasonaHHﬂ MOJYYAI0TCA paspeilleHHeM ypaBHe-
Ml (29.4), rae neBble gacTH 3aMeHeHBl noctosHHBIMH (U)o, Ilycts
tenepb M’'— Touka ¢ KOOp/MHATaMu (u)’' n T, — npeobpasoBanue
rpynnu G, nepeBoasmee Touky M’ B Touky O, c napamerpaMH B b,
NOJTY9aEeMbIMH AHAJOTHYHO TPELBILYIIAM. MOXKHO MepeiTH U3 TOUKU
M B Touky M’, BunoJIHAS cHAuaJa npeoGpasoBanue T, Ko'ropoe ne-

peeoput Touky M B TOuKky O, 3aTeM npeoGpasoBaHHe ) oﬁpamoe
npeobpasosanuo T,, KoTopoe nepesonut 104Ky O B Toy y M’; nycrs
—_ 1

pesynb'mpyfom.ee npeoGpasoBauue. Ilycre Tenepnr (uf + du’) —
KOOpAMHATH TOYKH M1, WBQUHUTE3HMANbHO GIM3KOA K Touke M,
M; — TouKa, HHQUHHTEe3UMANLHO 61H3Kast K M', KoTopasi mony4aer-
cs1 u3 M, npeo6pazobanueM T,; nycTb, HaKoHel, O,— TOYKa, HHH-
HHTe3HMasbHO OnMakas Touke O, ¢ koopaunaramu (U¢),~+ (dU?),
KoTopasi noJsiyyaercst M3 M, npeo6pasoranueM T ,; OHA NOMIKHA NOJY -

yMThCs U3 M, npec6pasoBanuem. T,, Hwmeem, cnemoBatensHo, coot-
HOLLEHH S .

ou ad (uk)’

of* (u; a)
ou*

3HAYEHHAMH B QYHKIMX u*, IPoJieNiaeM TOXKe CaMoe C IPOH3BOHLIMH

i .
u
“——"—"""fa‘( k) . llpHXOIIPIM TAaKH MOUdeOM K COOTHOILIEHHAM BHAA
U

(dUl)o o af (uk a) d __ afi(ur; b)d(uk)’.

3aMenHM B NPOU3BOAHEIX napamerps al, a?, ..., a® ux

ol (u; du) = o' (W, du’), (29.5)

OTKYJa c/iefyeT Clefyiomas JeMMa, KoTopast ABJIAeTCs OCHOBHOM Teo-
peMOH B TEOpHH rpym,

JI e MM a. Bceakaa npocmo MPAHSUMUBHAS 2pynna Modice 6oimo

ASLE N SMN A ARt EmAlA M LAy A am e L w28 g

U!LPCUUJICH,M L MRUJLELTTIOU ILPCUUP(JJUUUH-M“ ULHMO’JIWUMM urwupu-
QHMHLIMU N AUHEUHO  He3aBUCUMbLK audxpepeﬂuuafzbmx gopm
o (u; du).

®opMbl wf THHEAHO HE3aBHCHUMBI, K NOTOMY YTO onpeneJmTeJm H3
Ko3(ULHEHTOB NPH du* B 3THX cpopmax ABJIsIeTCSt (PYHKUHOHANbHEIM
onpeneHTeeM QYHKIHHA i OTHOCHTENLHO TNEpPeMeHHBIX u®, u 3ror
OTIpenesIUTe)b PABHACTCSH €AHHMILE /IS TOXKIECTBEHHOTO npe06p a3oBa-
HUS TPYNMNEBL
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[Ipeo6pa3zoBaHusa, ocTaBJfOUIHE WHBADHAHTHBIMH (OPMH
He MOTyT 3aBHceTb §oJlee ueM OT n napamerpos, HOO ypaBHEHHS
{29.5) MoryT nonyckarb TOJIbKO OJHO peiieHHe, CONOCTaBJIAIoUIee JaH-
HBIM 3HaueHusM ' 3ajaHHble 3HaueHusa (/). .

189. IlocTpoerine pHMaHOBa NPOCTPaAHCTBA, COOTBETCTBYIO-
Hero JaHHod rpynne npeoGpasosanuit. lpenwinymas nemma
JokasniBaer Teopemy lI. [deficTBuTenbHO, paccMaTpyBaeMas rpymna,
OCTaBJISIIOM A HHBap MAHTHLIMH (POPMBI®? | OCTaBJIsIeT HHBAPHAHTHBIM U
. Bce KBajipaTHuHble AudxpepeHuUMANbHBIE (DOPMBI

g1 j‘”i“’j

¢ NNOCTOSHHBIMU koadbdunuentamu ... C npvroll crtonoukl. hopMma
N L WA KANL LRAIVA 4 DU SLLLTIIL I GV fa S‘j' O YWl \-I.UIJUI.IM, Wywpma

g, 0'¢/OnpeiensieT n-MepHoe PUMAaHOBO NPOCTPAHCTBO C €AMHCTBEHHbIM
yCJIOBHEM, YTOOL KosqxpHuMeHTH g;; 6bITH BHIOpaHk! TaK, uTo0H op- .
Ma Obijia TOJIOKMTENBHO OnpenesieHHas. .

BaxHo 3amMeTuTh, YTO NP BapHaLHH BHIGOpPA NMOCTOSHHBIX 3HAye-
- HHH KO3(pGHIHEHTOB g;; NOJy4aeMble PUMAHOBLI NIPOCTPAHCTBA, BOOG-
Ille roBopsl, He OyLyT HAJOXKHMEI APYF Ha Apyra. OaHaKo cyiecTByer
OYeHb YacTHHI cjayya#l, KOorxa Mnojiyyaercs ofiHo H TO e pHMaHOBO

NPOCTPAHCTBO, 3TO TOT CJAydad, KOrna BCe KOHCTAHTBI Cys— HYJH. .
Bee ¢opMu @ Torzia 6yoyT TOUHbIMM AHXpepeHUMATaMH, KOTOpHE
MOKHO TIPETOJIOKHTL PABHHIMH du? M Bce COOTBETCTBYIOIIME dyHAA-

MOUTA TLULIA AAONMEL . 2 TAeTASUTLIME wanahdhurrmanramyy Rea nanve
ATh%-51 A REYLAPLL AN, \fUlJu'll-n Y LAV AN SIBLIILILIAIVIEL l‘u-’w‘l“‘l\—[‘.‘ul‘lll. LI lluﬂlJ

yaeMble INPOCTPAHCTBA — JOKAaJbHO €BKAHAOBH H rpynna @ —
rpynna 1nepeHocoB B HHX,
190. MMocTosfiHHbIE CTPYKTYpbi. YpaBHeHHs CTPYKTypbl. [lo-

CTOSIHHBIE Cy, HA3BIBAIOTCH NOCMOAHHbIMU CmpyKkmyps: rpynnut G.
JleAcTBUTEIBHO, OHY ONIPEAEIISIIOT CHIPYKMYPY MY 3AKOK KOMNOSUYUL
npeoOfpa3oBandél rpynn B TOM CMBICJE, YTO, €CAUW paccMarpHBaTh
“JBe TIPOCTO TPAH3UTHBHBIE TPYINBI C ONHUMH H TeMH XKe NOCTOSH-
HBIMH CTPYKTYPH, TO 3TH jiBe Fpynnbl 6YAYT nodobHbL, T. €. MOTYT pac-
CMaTPUBATLCA KaK OCYUIECTBJASIOIIHE Te XKe caMbie reoMeTpHyecKHe
npeoGpasoBanus B NPOCTPAHCTBe, TIe NMpPOM3BEJeHA 3aMeHa Koop-

n ')
mUumam nﬁnmnu’mn TTLITMN TIUOYTL, 7 LTAADUATIMIIY TITIToOUuIrLIvy ‘I'IHA'\I'I'\DI'\Q'IJ_.,
AAFIILAL . LANHULDHINVIDIIV, LlyLlD 7e BVOADOVIUIAA Ji VR A HIIyAACUL-a)

LuanbHBX GopM @ (v, dv) YAOBNETBOPSIOT TeM K€ COOTHOLIEHHSIM
(29.3) :

de? = Ceh [okwh],
YpaBHeHHs

wdfer AN 4D .1 O ) 00 8)
O (U, QU) (1= 4, &5 « ., I, \&7.0j

A Y

i fe A
' {v, avj

I

rAe TNepeMeHHBe ¥ DAacCMaTpHBAIOTCS KaK HEH3BeCTHble (YHKIHH
IlepeMeHHBIX 4!, OoO6pa3yloT BIOJHE HHTErPpHpYEMYIO CHCTEMY.
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HeficTBHTEIBHO, TOJaras
W — @l = 0,
HMeeM TOXKJEeCTBa
db = ¢,/ [0F0"] — [@*a"] | = ¢, | (8%0"] — [0h0k} ),

HAH
A =0 (mod®, 6, ..., o),

4YTO TOKA3HBAET NMOJHYI0 HHTEIPHPYEMOCTb CHCTEMBI.

Bcesikoe peinenue ypaBHenui (29.6) moxkno paccMaTpHBarth KaK ofl-
penendioilee saMeHy nepeMeHHLIX B IPOCTPAHCTBE K&, W.3TOil 3aMeHok
KOOPAHHAT MHOKECTBO INpeoOpa30BaHHH, KOTODHE OCTABJISIIH HEH3-
MEHHEM (QOPMHI &, TIepeXOHT BO MHOXECTBO NpeoGpasoBaHuii, co-

vnavawait Uy thanyvidmi CnanaRnarTonrnLn UMSATAT ATTHA I TaA Wa riuyTe
AP RLIIIRJUAEL O YW VLR W e WWVIVAWLGRLWGIDIIY,, ML lLrl VALLA I 1 DN l.l}_y 1=

na, oNepHPYIOMasi B OXHOM H TOM e NPOCTPAHCTBE, HO C PA3JIHYHKI~
MH aHAJTHTHYECKMMH [IpeACTaBJeHHAMH,

191. MIpocTpancTBo rpynnbl. Jo6aBuM, 4T0 BCAKOE PHMAaHOBO
NPOCTPAHCTBO, JOMycCKalomee NIPOCTO TPAH3UTHBHYIO TDYINY ABH-
WeHHiH G, MoXKeT paccMarpuBaTbesl KakK npocmpaxcmeo, npeocmag-
AfIOuee TPYTINYy B TOM CMBICJIE, YTO BCSIKOE NpeoGpasoBaHye rpynmbs
MOXKeT OLITb NMpeACcTaBieHO TOUKOH M, B KOTOpYIO 3T0 npeolpasoBa-
HHe TIlepeBe/l0 HayaAbHyI0 TOouKy O, BLIOpaHHYX0 pa3 HaBcerja.
[IpousBesienne mnpeo6pasoBanusi, NpeictaBaseMoro Toykoid M, Ha
npeoGp a3oBaHHe, npejcraBjseMoe Toukoki A (nepBoe npeobpasoBanue
BHIMIOJIHSETCS B NIEPBYIO Ouepelib), NpecTan/ieno Toukod M’ xyza ne-
peBeniena Toyka M nepemelnendeM, xotopoe nepepoaur O B 4, uro
MOXXHO BHIPA3HTh CUMBOJHYECKH IOCPEACTBOM COOTHOILIEHHS

Taur=TasTnu.

D10 COOTHOILIEHHE ONpejelisier, CAeJoBaTe/IbHO, ONHOBPEMEHHO, eCJIH
paccmaTpuBaTh A Kak (MKCHPOBAHHYIO TOUKY, oNepanuio (nepeMe-
IeHHe), BHINOJHAEMYIO HAX ToukaMH M npocTtpaHcTBa, H ollepa-
IM1Q, BLINIOJIHAEMYIO HaJ NpeoGpas3oBaHusiMH Ty TpYNIIHL. |
192. 3amMeHa HHBaApHaHTHBIX (HpOpPM NPOCTO TPAH3HTHB~
HOH rpynmnbl. OueBHAHO BO3MOXKHO, HE MEHS S IPOCTO TPAH3UTHBHOM
rpynnsl G, 3aMeHuTh QOpMEI® APpYrUMH n GopMaMH, He3aBHCHMBIMMi
JMHHeHHBIMH KOMOHMHAIHSAMH C NOCTOSTHHBIMH KO3(xpHIlHeHTaMH H3 nep-
BOHA4Ya/IbHbIX: F€OMeTPHUECKH 3TO CBOAHTCA K TOMY, YTO B KaKOM-TO
M3 PHMAHOBBIX NPOCTPAHCTB, JOMyCKaiomuX rpynny G Kak rpynmy

T ET AT BEATTE TP ATT

ucpcmcu.l,cnnn, HAAO HM3MEHHTDb pcucp, upn.uumt:uﬁmn K UAHG H3
tTouek O Ha COBeplleHHO Jpyroi# penep. PaccmarpuBaeMas 3amena

MeHsieT 3HaueHHs KOHCTAHT Cyi. JTH KOHCTAHTHI HIDAIOT SAECh POJib
KOMIIOHEHTOB TpPeXHHJAEKCHOrQ TeH30pa, aHTHCHMMETPHYECKoro o
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NBVM NeDBRIM HHISKCA) D M NLINA M A N Y
ADYyM LCUD HACI\\.-CJ.VI.. oIMom HICROUR) UTLpoucancHil Linvg) Yy cpyrns

nut, a He OTAE/bHEE KOMHOHEHTHI,

193. 3aBHCHMOCTH MeM1y CTPYKTYPHbIMH KOHCTAHTaMH.
MoxHO TOCTaBHTH BOTPOC, CYIUECTBYIOT JIH IPOCTO TPAH3UTHBHLIE
TPYNMH C TPOM3BOJILHEIMH NOCTOSTHHBIMH CTPYKTYDHI. Takux rpynn
Her. Buemnee auddepenuvpoBanve ypapHenuit (29.3) naer

kh’ [do*w?] =0, uru c,"c, f [ofFotel] =0,

O6rnenuusst uneHsl, cofiepkamye npousBeaenss [o o' o!], noaytaem
KBaJIpaTHuHble COOTHOIIEHHS

ot e e o4,k =0 (@, k0, 1=1,...,n), (29.7)

STH COOTHOIUEHMS KJACCHYecKHe B TEOPHM TPYMN, MH yBHIHUM, 4TO
€CJIH OHH YAOBJIETBOpPEHH, TO CYHmI€CTBYeT CHCTeMa 7 JHHEHHO He3a-
BHCHMHEIX aHdxbepennvanbuuix ¢opm o (4, du), yIOBIETBOPSIOUIUX

APPSR YA ke = 7 | =
cooTHOmeHuaM (29.3).

194. KaHoOHH4YEeCKHe KOOpJAHHATH B PHMAHOBOM MNpPOCTpaH-
CTBE, 1ONYCKAIOWeM NPOCTO TPAHIHTHBHYIO PyNNy TBEpAbIX
nepemeiliennhi. KanoruvecKkue Koopdunamsi, KOTOpHE MBI cefiac BBe-
J€M, aHANIOTHYHH HOPMAJbHBIM KoopiauHaraM PMMaHa, HO OTJIHUHBI
oT HHX. OHH TeCHO CBSI3aHbi ¢ KAHOHHYECKHMU napame'rpaMH TEOpHH
KOHEYHBIX H HenpepolBHHIX rpynn JIu.

[TpepnosoxkuM, 4yTo K pPasHYHBIM TOYKAM TPOCTPAHCTBA IpHCOE-
JAMHEHa cHcTeMa peliepoB, npHcBoeHHnx rpynme. [lyers O — Touka
npocTpanctsa ¥ al, a?, ..., a® — HanpaBJsolHe NapaMeTPLl OTHO-
CHTEJILHO penepa (Ro) B TouKe O HEKOTOpOro .HalpaBJjeHHs, HCXOo-
ASLIEro H3 3TOH TOYKM. PaccMOTpHMM HelpephiBHOE ceMeficTBO TOYeK
M u, cnenoBarennho, penepoB (Ry), onpenensieMoe xudxpepeHIHaNb-
HEIMH ypaBUEHHAMH,

ol (U; du) = g'dt, (29.8)

rie { — He3aBHCHMAs TepeMeHHAsi, ¢ HAYAJbHHIMH VCJIOBMAMH uf =
= (i), ans £ = 0 {amu (%), 6ynyr koopaunaramu Touku O ]. Touka
M onunter muuuio (C), BHXOAAULYIO H3 TOUKH O ¢ KacaTesbHOH, orpe-
JeNisieMo# B KaX/I0fl TOUKe HANpaB/sOMIMMH NlapaMerpami al, a?, . .
. « ., @% OTHOCHTENBHO penepa (Ry); NUHeAHBIN 3/IeMeHT, KacaTeJbHbIH
B TouKe M K poBoﬁ (C), noayvaerca u3 nHHeﬁHoro 3jeMeHTa, Ka-
carenbHOro B Touke O, mepeMelieHHeM TpPYIH G, KOTOpOE€ NepeBo-
aur O B M. Bce 3TH nepeMeiieHHsi, KOTOpHle NepeBofaT Touky O
B passidyHble Toukd M KpHsoit (C), o6pasyior rpynny. [leiicTBuTeb-
HO, paccMOTpuM QHUrypy, o0pa3oBanHyl0 HH(HHHTE3HMAJbHO G/H3-
KUMH penepaMd (Ry), (Ray), rae M H M;— nBe TOUKH JHHHH (L)
¢ tapamMeTpamii ¢ ¥ ¢ -- &, H GHrypy, oGpasoBannyio penepamt (Ry),
(Rw,), tae N u N;— zBe Touxu kpueoki (C) c napamerpawmu ', t'+¢
C TeM ke CaMbIM GECKOHETHO MATHIM &, DTH IBe (bUT'ypPH paBHH Me}K,uy
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co6ofi B Uiy TOTApHOrO paBeHcTBa GOpM of, ] 3THX ABYX GHTYP.
TBepnoe nepememenue, nepesopsiniee M B N, nepesoaur Mi B N1 H,
11ar 3a 1aroM, TOuKy ¢ napamerpoM f -~ A B TOYKY ¢ NapaMeTpoMm
t'-+ h. 10 nepemeienHe, BNpoueM, TO Camoe,” KOTOpPOE NepeBOAUT
touky O B Touky auuuM (C) c napamerpoMm ! — f; OHO 3acTaBAsET
Junuo (C) cKoMb3UTB MO caMoit ceGe. Y paBHeHHE, KOTOpPOE ONpele-

JISIeT npeoﬁpasonanue 3TOH OJHOTAapaMeTpHYecKOd Trpynibl, OCTaB-

_r;,cnnmpn d‘mwnunnnaunmmu hopMH! aidt, T, e, rhnnluy dt, ﬁvnm NPOCTO

—t—|—const MH BHIHM, q'ro BC}I rpynna G ponyckaer 6ecxonequoe
MHOXKECTBO OJHONapaMeTPHYECKHUX NMOATPYMI, KaXKAas H3 KOTOPHIX
COOTBETCTBYET HEKOTOPOMY BbIOPY HanpaBJsIONIHX NapameTpoB
at. Jlduuu \p ) u'yjiy"l‘ mpa'e:'cr‘rwpmu ITHX NOATpyIil.

MoxHo 106aBUTb, yro JuHHH (C) He TPOM3BOJIbHB, Kaxjas
U3 HHX HMeET NOCTOSHHBIMH Bce CBOH KPHBM3HLL Jlnmuu (C) pa3sep-
THIBAIOTCSL HA KacaTesibHOE €BKJMAOBO NPOCTPAHCTBO B OXHOH U3
CBOMX TOYeK HA NpsIMble MM OKPYXKHOCTH, €CIH n = 2, ¥ Ha Dps-
Mble OKPYXKHOCTH MJIH BWHTOBHIE JIMHMH KPYIJIOTO un.ummpa ecNH
n = 3.

$lcHo, uto Touka kpupoi (C), onpenensieMas n + 1 KoopAaMHAaTOH
B M3JHmIHEM yHcJae ab, a?, ..., @*, !, 3aBHCHT B JeHCTBHTEJbHOCTH
TOABKO OT n NpousBenenuii a't, a?t, . . ., a*f, NoCKOJIbLKY auddepen-
LKajibHble ypaBHenHs (29.5) MOXKHO Hanucarh B BHAE:

of (u; du) = d (a't).

Bemwuunn ¥ = ait O6yayr KAHOHUHECKUMUL napamempamy TBepllhIX
nepeMelieHHi, KoTophle nepeBosiT TOUKY O B Touky M ¢ napamerpom
t ma quaun (C) c napamerpamiu at, a?, . . ., a®. ITO KAHOHuUHeECKUe
KoopOuHams. TOYKH M puMaHOBa INpOCTpaHCTBA.

Besikasi Touka mpocrtpancTsa, AOCTaToOYHO GAH3Kasi K TOuKe 0
JONYCKaeT olNpefe/ieHHble KAHOHHUYECKHE KOOPAMHATHI, HO HeNb3sl
OLITL YBEPEHHBIM, UTO TaK 6yjaeT AJs BCsSKo#f TOYKH NpocTpancrsa ¥,
¥ MOXKHO AATh IIPUMEpPHI, KOrja AeHCTBHTEIBHO 2TOT0 HEJb3s CAEJAaTh.

195. UeBapHanTHble (hOpMbl T'Ppynnbl R KAHOHHYECKHX KO-
ODNIHHATAX . MO}KHO OI'IDQTIETIHTL_ KaKQBR! 5VIIV’[‘ BI-;IDEI)KEHHH rhnnM

bl il
3

@ , KOTAQ BBEJEHH Kauonuqecxue Koop,unna'rm- 3TH Bblpa}KeHHH
BIIPOYEM, He 3aBHCST OT To4KH O, BHOPaHHOH 33 HAYaJIbHYIO TOYKY.
BpeseM CHOBa KOOpAMHATHI a‘ ! B M3JIMIIHEM YHC/JE; fepeMe-

uiasice BAoap auHMd (C) (daf = (), umeeMm o = a'dt, Tlonoxum
o! = aldt + o! (¢, a; da'); (29.9)

dopMul o paBHbl Hymio Aas ¢ = 0, u60, ecaM 3apHKCHpOBaTh { H

* HHaue ropops, HeNb3s OGHTL YBEPEHHBIM, YTO BCAKYIO TOUKY NPOCTPAHCTBE
MOXHO JOJTYYHTb U3 TouKH ( npeo6pa3oBaHHEeM OZHONTapaMeTpPHYECKOH ROATpYnIH
BCEH TrpynmmL. :
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cpuxcnpoBaHHoe 3HayeHUe { paBHO HYJIO, TO pellep (R o) He MenseTcs

1 gopMH of ofpaiaroTcs B HyJb. BhiienuM Tenepp B ypaBHeHHSX
(29.3)

do! = cf, [oFah],

rge GopMbl @' 3aMeHEHBl MX BblpaeHHSAMH (29.9), wieHH, cogepxa-
mue df. Haxopum

ol _
[datdf] + [dt %t—] = ci,a” [diw”],
OTKYJa
Fut
ot

= da’ + ¢l kol (29.10)

Mwmeem, TakuM oGpasoM, JJis onpefenentsi Gopm w!, o6paiiaomuxcs
B myab aas t =0, cucteMy oObLIKHOBeHHbIX JH¢depeHIHANBHHX
ypaBHeHHI! ¢ MOCTOSIHHBIME Ko3xpuuHeHTamu (Bce a® ¥ da* cienyer
paccMarpuBarh Kak IOCTOSIHHBIE NapaMeTphl).

®opMu & OyayT, CJeOBATENbHO, JHHEHHBIMY KOMOHHAHAME M3
da*, kosdHnUeHTH KOTOPEIX GYAYT UebIME GyHKI MY OT *, a?, . .
+ory @ O, MEXKY TIPOYHM, IOKA3BIBACT TEOPEMA II. 190, B cuny Koro-

poii ZiBe NPOCTO TPAH3UTHBHbIE 'PYNINLI, HMEIOLLHE OfHH H T€ K€ CTPYK:-
TYpHBle KOHCTAHTHI, NOAOGHHI,

Ecan B dopmax of 3aMEHHTb nepemennoe { Ha | u apryMentH
at, a, . .., a* gepes x', x%, . .., x*, T0 nony4uM dopMbl o (x,dx),
B’bxpa)xenume B KaHOHquCKnx KOOP,!IHHaTax. Koaddunyentsr npu
mmpepeﬂuﬂanax dx® B 3THX (opMax OYAYT yeavimu YHKLUIMU Ne-
pemerinoix X', x*, ..., x". Pumaroeo npoCMpParCmMeo, donycxarowjee
npocmo Mpan3umusHy1o epynny meepovix- nepemetienuti, Cmarnosumcs,
C2e006AITIEABHO, AHAAUMUHECKUM NPOCMPAHCMEOM, Koeda myoa ege:
Odem KAHOHuuecKue KoopOuramet: B .AeHCTBHTENHHOCTH, 3TO0 MOXKHO
YTBEPXKAATH TONBKO JJIs JOCTATOUHO Masiol 06/1acTH v,, OXBATHIBAIO-
el HagasJpHylo To4Ky O, Ty, B KOTOpO# omnpenenurenn U3 Kosddu-
LIMEHTOB NpH dx* B cpopmaxm‘ OTJIMUEH OT HYJIsI, HO JOKAa3LIBaeTCsi,
4YTO MOIKHO MOKPHITh BCe IPOCTPAHCTBO OKPECTHOCTSIMM, HAJIAT AIOLIH-
MHCSI OIHA HA JIPYrylo, B KakKIO# M3 KOTOPHIX MOMKHO BBECTH TaKHe
KOOpZMHATH, YTO (yHAAMeHTaIbHAs (JOPMA CTaHET aHANHTHUECKOH,
Uro6bl AaTh NMOHSTHE O HANpaBJsiomed ujee N0Ka3aTeJbCcTBa, HO-
CTaTOYHO 3aMeTHTb, UTO ecfii A — TOUKA OKPECTHOCTH vy, HANPHMEP
61U3KOIl K TPAHHIE vy, TO HANO TOJBKO TIPHJOKHTH K OKPECTHOCTH
v o TBepjioe Nepememenue T, Kotopoe nepeBefier ToUKy O B Touky A;
HOJIYYHTCS HEKOTOPAsi OKPECTHOCTD v4 TOUKH A, B KoTopoii BBen'e'rcn
CAeAYIomiasi HOBAasi CHCTEMa XOOPAMHAT: KAXKAOH Touke M o6nacTd
v4 IPHCBAKMBAIOTCS B Ka4eCTBE HOBLIX KOOPJMHAT KAHOHHYECKHe KOOp-
AMHATHl TOYKH v,, KOTOPYIO nepeMeinenye 7' mepepefier B Touky M.
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196. Kanonn4yeckne n HopMahbHble KoopAunaThl. CymecTByer
6oJibilIast aHAJOI'US MeEXRy KaHOHHYECKUMH KoOpJAHHATaMH H HOp-
MaJbHbBIMH KOOp,H,HHaTaMH anaHa HO HET INOJHOro TOXJAECTBA.
MoOXHO NOCTaBHTb 33Jauy. ONPENEJUTh, B KaKOM CJyyde KaHOHWYe-
CKHe KOOpAMHATH GyAYT HOPMAJIbHBIMM, Ouerunno, nas 3TOr0 HEOH-

XOMUMO H p,ocra'roq}io 4TOGHL TpaekTopku (C) ogHomnap aMerpHuecKux
NOArpyNnn JaHHOM TPYNNH ObIH TeoAe3MYeCKHMH IPOCTPaHCTBa,

HO, nepeMelasCb BI0JIb TPACKTOPHH C napaMeTrpaMmH at s HMEEM:

. -

. L Dale,
dt

uTOObI TPAeKTOPHS Obijla reoJe3HyecKord, HeoOXONHMNO ¥ JAOCTATOYHO,
yTo6Bl KBajpaTHYHAS q)opma 1:%,a' a* 6blna TOXKAECTBEHHBIM HYyJIeM,

T. e, Ko3ppHUuMenTh 7§;%, (a CNEeROBATENBHO, T k) OBIH aHTHCHMMeT-

PHYHBI OTHOCHTEJIBHO KPahHHX HHAEKCOB.
“Mu umeem

I _wil —pi
Tew ™ The=Cens
OTKyJ4
. i
[ 4

. 1 1
Te'n = 5 Cens Thin= ) Craly

NOCKOMbKY (OPMB O aHTHCHMMETPHUHBI 1O ABYM HHIEKCaM.

KoBapuanTHHE KOMIOHEHTH Ciyy TEH30PA CTPYKTYPH iy, YIKe
AHTHCHMMETPHYHBIe N0 JABYM INepBLIM HHAEKCaM, OYAYT aHTHUCHM-
METpHYHH H 10 KpaHHHM HHJEKCaM, OTKyaa JerkKo cjaepyer, 4T0

TEH30p Cyn ABJAETCS TPHBEXTOpoM. B 3TOM Cayuae
1 . .
o= -1 g lat (29.11)
OGpaTHO, €CJIH TEH30p Cy¥ — TPHBEKTOP, TO PASHOCTb

Trin = Thie = Cru

MeHsieT 3HAK NPH NepecTaHOBKe HHAEKCOB K H i, a ¢ Apyroil cTOponHk!
NOCKOJIBKY 7p;» AHTHCHMMETPHMYEH NO JBYM IIepBhHIM HHAEKCAM, TO
HMeeM

Ten ™ Trr + Tien— Thea == 0

Yint + Trni = 03,

CJENOBATeIbHO, HMEEM KOCYI0 CHMMETPHI) N0 KpaHHHUM HHIECKCAM.

T e 0 p e M a. Ymobu: kanonuyecKue KOOpOURAMbL NRPOCMPAHCMEa,
donycraroujue npocmo mpaHsumusnyo epynny Oeunceruil, Gviau- HOp-
manroroimu  Koopduramamu Pumana, neobxo0umo u O0OCMAMOHHO,
4mo0bt MeN30p Cu' Obia MpuseKmopom,

294



1077 nﬂnlun BUTNRAUAUETEDULIA PAUNNLI nnuiwvannid Toanmant sy
| B ™ WLLLYI nnlpanonlnnl’lmc IFJ INRREM Annmcnnn ICIICPD NMiDd

NOKaXeM, YTO U3bICKaHHe TPy npeoOpasoBaHuil, JONYCKAOWKX HH-
TENpeTanyilo, KaK HHTPAH3HTUBHLIE TPYIINBl ABHXKEHHA B pHUMaHOBOM
NIPOCTpaHCTBE, CBOJUTCS K TakoH xXe 3ajaise NSl TPAH3UTHBHLIX
rpynn, s 3T0ro JocTaToOyHO JOKA3aTh, 4T0 ecad B N-MepHOM pHMa-
HOBOM NPOCTPAHCTBE TPACKTOPHH HHTPAH3HTHBHOX rpynimbl jBHKe-
HHUA MMEIOT pasMepHOCTb 71, TO BCErjia MOXKHO BHIOpATh CHCTEMY KOOP-
AHHAT Tak, YTOOH 7 NEPBLIX KOOPAMHAT Npeo0pas0BHBANIHCL MEKAY
coboil npeoOpaszoBaHUsIMK rpynnel, 8 # = N — n gpyrux Obljau HH-
BAPHAHTHLIMH OTHOCHTEJILHO 3TOHR rpynm:x.

OGosnauuM uwepes u', u’, ..., u" mapamerpH, onpejensiomue
TPaeKTOpPHIO BHYTPH HX ceMeHCTBa. Ompanumca OT HeKOTOpo# Tpa-
eKTopuH 3, W HeKoropo# ToukH O 370l Tpaexropuu. PaccMorpum
reofiesnyeckoe MHoroo6pasue B Tquke O, o6pasoBaHHOE reojesuye-
CKHMH, HOPMAJILHBIMH K X, ¥ BHXOASUWHME H3 TOUKH O: 310 MHOrO-

nflnanuan 17 [:Y-1 Y7 3.1 'a nﬂnllln\l L x AMmO Ty T -
AP LV pnonc | J h PCOMCPHULIH Iee 2IJODNMUNM [ I\GLGICJLDHDIA DC!\IUPUD D I.U".l

Ke O K 3TOMy MHOrooGpasHio TaK¥X, 4TOObl KOOpAHMHATHl TOYKH M,
HHUHUTE3UMAJbHO G/H3KOH K Touke O B V), paccMaTpHBaeMbie o
OTHOWIEHHIO K 5THM A BEKTQPaM, B3STHIM KaK BEKTOPH Gasuca fieKap-
TQBa penepa, KacareJIbHOro K MHOrooGpasmio V,, Oblad dut, du?; . .
. o dut, Ilpu BCceM nepeMeilieHHH NPOCTPAHCTBA, OCTABJISIOUIEM He:
nofpBmxHOH ToukKy O, KommnouewTh du?, du?, ..., du* ocraworcs
(PHKCHDOBAHHBIMH, C/IEJOBATENIBHO, /i BEKTOPOB 6asuca Bce OCTaloTCS
(HKCHpPOBAHHKIMH, a TIOCKOJIBKY OHHM JIMHEHHO HE3aBUCHMBI, MpHXQ-
AHM K TeopeMe,

T e o p eM a. Beaxud eexmop, evxodauguil us mosxu O u uop.uaam—
Kot K mpaexmopuu %, 6yoem uHsApUAHMOM NPU 8CEM NepemMenieHiis
epynnot G, coxpansrouiem Henodeuscrol mouxy 0.

198. Boi6op penepa. HpOHSBOJIbHOG nepememenue niepeBosLIee
Touky O TpaekTopHH %, B TOUKYy A TOH Ke TPaeKTOpHH, NepepeeT
MHorooGpasue V,, Hcxonsmee U3 Touku O, B Apyroe MHorooGpasHe
V,, wucxogmsmiee HS TOYKH A, KoTOpoe OyfieT TrepMeTpHUeCKHM
MECTOM [€0Jie3HYeCcKHX, Buxo,uﬂmux M3 TOYKH. - A HOPMaJbHO
X TpaekTopuH X,, Bce st# MHoroo6pasus .V, sanoansior Bce mpo-
CTPaHCTBO, MO KpaiHel Mepe, B JOCTaTOYHO Maio# OKPECTHOCTH Tpa-
€KTOpHUH 3, H TO3BOJISHIOT BHIOPATH penepH B PasIMyHBIX TOYKax
npocTpaHcTBa. [lIst 5T0TO (OCTATOYHO BBECTH HA I, CHCTEMY -Koop-
Aauar x*, x% ..., X" H IPHCOERHUHHATH IO YCJAOBHIO K TOUKaM MHOFO-
ob6pasus Vg, Buxozznmero M3 TOuKH A TpaeKTOpHH EO, cuaqama
KoopAMHAaTH x!, x2,..., x" ToukM A, aareM KoopAuHATH u', u?, .. . it
TPaeKTOpHH, HA KOTOPOH paccMarpuBaeMas TOYKa JIEHKHT, _

. Hanee koopAHHATH X%, Xx%,..., X" IPOMSBOJILHOA TOYKH NPOCTPAH:
CTBa Npeo6pa3syloTcs MexXAy coboi rpynnoﬁG B To#t-Mepe, B xaxoﬁ oaa
onepHpyeT Haj TOUYKaMH I,

eopema, Ecau 3a0aro pumarogo npocmpancmeo pasmeprocmas
20* 295



n - h, npeo6pasyemoe epynnOu - OBUdCeH UL, MPUEKMOpPUL KOMOpoi
paskeprocmu n , MO 8ce20a MOXCHO 6bIGpamb Cucmemy KoopouHam
X x4 L xm .., ub max, umo6otn nepesix Koopduram npeo6pa-
306bwaflu0b MPAH3UMUGHO Meafcay cobotl, a h nocaedyouux ocmasarucey
uHBapuanmueimu *,

199. OThicKaHHe rpynn ABuxeHufi. M3 npeppinymeii Teopemnl
CJieiyeT, 4YTO OTHICKAHHME TPYNN, KOTOpble MOMXKHO paccMaTpPHBaTh

KaK rpynnsl iBHKeHHH PHMaHOBA NPOCTPAHCTBA, CBONUTCS K OTHIC-
kamnn rnvrm Kn’!‘nnmp MOQIKHO nnr'r-ua'rpvma'rn KaK 'rpnunu'runan

AnFER A SR AFAR

rpynnol RBHKennd. K YPaBHEHHSAM TaKoH I'PynNin, AOMYCTUM C N
‘TepeMeHHbIMH, JIOCTATOYHO NOOABHTb ypaBHEHHS, B NPOM3BOJIbHOM
gHcne h, BHIpaxaomye, 410 h HOBHIX nepemeHHblx 6yayT MHBapHaH-
TaMPI rpynnol,

IlepBas- wactb npo6aemni ‘I, Takum 06pa30M 6yAeT paspeiena,
€CIH oH& Gyner pelleHa AN TPAH3UTHBHLIX TPYIN JBHXKEHHH.

CKaHUe .pPHMAHOBBLIX NPOCTPAHCTB, RONYCKAIOIHX TpPynIy

ABVKEHHI; KOTOpLie MOTYT ObITb AHAJIMTHYECKH NPEJCTABJEHB! 32-
MABHOH TPYHIOH, ToXe MOXKeT ObiTh penleHa. [leficTBUTENbHO, YCTDL
G =~ TPaH3HTHBHASA T'pyNNa JABHXEHMH n-MEPHOrO NMPOCTPAHCTBA U
£.—~.CoQTBRTCTBYIONIAs CTalMOHAapHas mojprpynna, ['pynmag, Koro-
pas onepHpyer ' Haj QopMaM¥ @1, ©2, . . ., @, KAK OPTOrOHaNLHAs
FpYNNa OCTap/geT. HHBAPHAHTHHIMH v AUHEHHO He3aBUCHMHIX KOM-
GnHauuﬁ c IIOCTOHHHI:IMH Kosq)q;auneu'ramn u3 cpopM @;, Hanpumep
qn?rpivi ®plyvt i, ., 0, H, CBEPX FOTO, / nu&ﬁpﬁ'i‘ﬁ‘-iﬁi:i}i lpUpM P1,%2,..., Pt
OTHOCHTEJIbHO HE3aBHCHMMHIX O, Oy, . . ., ©, , C NOCTOSTHHBIME KO3
punnesTamMH, Tor,n,a Haubosiee oOMEe BhIpaKeHHe OCHOBHOM q)oprl
MHBAPHAHTHON. OTHOCHTEJIbHO FpyHOH G, 6yger

ds* = A (u)ch(m)—l—.. -+Az(u)‘P:(‘9)+
+qr(m,, s ee s Gy ity dU?, . du)

- Il > 3 YT ﬂm'r - P R TN - T W s s

lAt: S — l&bd}.l,yal as q;upma, hUdWhhnt’ulbl I\ULUPO' 3aBHCAT
TOJILKO OT napamerp u', u®,..., u®. Koneuno, Hajio npeanoNararsb,
gqro A, As, ... . 4 H Koscbtpnunemru KBaJ:lpaTH‘IHOﬁ dopMbr W —
TakKue quHKuuu u1 u 2., Uk, 4TO cpopma ds? aBasieTcs NOJOXKHATEb-
HO onpejeneHHo.

. 200.T'eoge3nyecKue H Bno.uue reofe3nyecKue MHOI‘OOﬁpaSHﬁ
MHoroo6pasus V, (%), sBAsIOMmMECS] reOMETPHYECKHM -MECTOM TOYEK,
fepBHe 71 KOOPAWHAT X KOTOPHIX (PUKCHPOBAHEHL, ..GYAYT reopesnye-
cKHMH MHOrooGpasusMu, B TOUKe, . [JIe OHH' DPTOTOHAJBHO nepece-

APOCTPAHCTS Bhipaxaercd, KOTJa rOBOPAT, UYTO STH IPYNMH HE HMEIOT CYuiecinaeri-
#oix-uneapuanmos. . Kax npumep rpynnsl, . Jonyckaionielf cymecTseHnse HHBapH-

aNTH, MOJKHO NMPUBECTH FPYTNY ¢ ABYMS NEpeMEHHHIMH X, 4 M ABYML . napaMeT»
‘ﬁaMH a, b, onpepensemyio ypaBHeHHsMH

-.sn....,_. . e, ..: - x+ay+b ..y.--—y., e cem b . . -
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kaior Tpaexropuio 3,, Ho own me Gyayr BooGlle BlIoJHE reofie3nye-
CKHMH M He 1epeceKaioT OpTOroHANbHO OCTaJbHble TPAaeKTOpHH X.

Ecnu xe paccmorperb MHorooﬁpaanﬂ Viins NOPOKeHHbIE reo-
AE3HUECKAMH, HCXOAAMIMMHA H3 To4KH O TpaeKTopHH £,, Kacarte/b-
HBI® BEKTOPHI KOTOpPHIX B Touke O 6yAyT HHBApPMAHTAMH CTalHOHAp-
noll fIoArpynnsl B Touke O, T. €. HHBapHaHTaMH NOATPYNINL g Bpaine-
HHI TBEPZOTO Tesa 0Koso ToukH O, To 310 MHOrooGpasHe OyjeT BROJ-
He reofie3NYecKM; OHO GyJIeT, CACNOBATENbHO, B KaXKIOH cBoefl Touke
HOPOKAATHCS IeOAESHYECKHMH, NTPOXOUAUIHMH Yepes 3Ty TOYRy, HH-
BapHaHTHLIMH OTHOCHTEJIBHO IPYNNL! BpalleHH# TBepAOro Tena 0KoJIo-
sToff TOUKH, KOTOpas coBnajaer ¢ Tpynnoi g; MHorooGpasue V.
OyneT, ceNOBaTeNIbHO, COREPKATh BCE I'eOAE3HYECKHE, HOPMAjbHbie
B 9TOH TOUKE K TPAEKTOPHH X, KQTOpas ee COAECPXKHT, 3HAYHT MHOro-
o6pasue - V,.p OyAer NepeceKaTb OpTOTOHAJbHO TPAaEKTOPHIO -2,

T e o p e M a. Ecau «epes mouxy npocmpancmsa nposecmu mxozo-
obpasue V,.n noposxcdennoe eeoaesuqecxumu, UHBADUAHMHBIMU MK~
CUMEAbHO 2pYNnbl 8PAYEHUL 0KOA0 3MOLi MOYKU, MO SMO MR02000pa-
3ue 6ydem snoane 2e00e3udeckum u 6yoem OpmocoHAALHO nepecexarb
ece mpaexmopuu epynnol 0sudceruil.

201. CtauMoHapHasg ROArpynna, He OCTABIANOIAS KHBAPH-
AHTHBIM HH ONHOrO KacaTeAbHOI'0O Hanpasjaends. B cayuae,
KOrAa TPaeKTOPHHE NPeofpasyoTcst HHAHBHAYAJIBHO NPOCTO TPEH3A-
THBHOH TPYNNOi, ¥MeeM v = n, ¥ MHOrooGpasue V,,, coBnajaer co
BCEM NPOCTPAHCTBOM, MHorooﬁpasnﬂ vV, Booﬁme He OyAYyT BIQJIHE
reoJie3NUeCKHMH,

Ecau xe, Hao6opot, v = 0, T. €. eCiH NOArpynna TBepAuix Bpa-
IIEHHH OKOJIO TOYKH He OCTaBjsieT HHBapMAHTHLIM HH OZHOrO Kaca-
TENbHOTO BEKTOPA B TOUKEe K TPAEKTOPHH, KOTOpAasi ee COUePMXKHUT, TO
V,,+4 copnanaer ¢ V,. Mmeem Teopemy:

I e o p ewm a. Ecau cmayuorapras nodepynna HeKomopott mouKi
NPOCMPAHCINBEA He OCMABASEM UHBAPUAHMHBIM HU 00HO20 Hanpasie-
HUS, KacameavbHoe0 8 3Motl mo4uKe K mpaexmopuu, Komopas wepes Hee
npoxoaum mo Mﬂoeooﬁpasuﬂ V. no;:oa*cdemwe 2200e3UHECKUMUL, HOP-
MaabHeIMU 8 3MOL MoyKe K Hekomopoid mpaekmopuu, 6Y0ym enoaxe
2000€3UMECKUMI. U NePecexaiom OpPMmO2OHAAbHO 6Ce MpPAeKmopuu.




MPEAMETHBIA YKA3ATEJD

AGcomor 168

AKCHOME! KBHNOJIEHTHOCTH 129

Anre6pa Ttensopos ‘76

AHanu3 BeKTOpHHA B

" ‘mpocTpaHcTBe 60

Ananu3 BeKTOPHHA B PHMaHOBOM npo-
crpaHcTBe 84

Ananus TensopHuiii 84

eBKAUAOBOM

BHAHKH TOXIECTBa 137, 140
Busexrop 79
Bunopmane 112

Bapmauus AMHHH AyTH Teojle3nyecKOK
nepsas 179

Bapuauus JJHHH ZyTH reofe3HuecKoR .

Bropas 180
Befinst Teopema 5l
BekTop HOpMajbHOf XpHBH3HH 252
Bekrop cpesHeili KpuBH3HH 203
BekTOpH elHHHUHbLIE 5
Bekropn cuMMeTpuuhne 193

Bexropnl sksunonedrunte 109
Bpaienne, npucoefdHeHHOE K LIHK-

ay 136
Bpaurenue npocroe 82

laycca TeopeMa 227, 234

I'eomerpus nu¢depenunanpuas 91

I'unepGonons nuHeHuaThil 246

TunepniockocTs nodsapHas 168

Tuneprnosepxsocts 251

F'amepcdepa 165

'paguent ¢pynkuun 71

Fpynna rononomun 97

['pynna ABHXeHHH pHMAHOBa
cTpanctba 283

Cpynna xeHxeHHR HuTpaHsHTHBHag 295

I'pynna usorponun 279

I'pynna uunrpansutusuas 284 ‘

Ipynna TeBepawnx nepeMewiennsi 283

208

npo-

I'pynna rpansutuBHasa 284

I'pynna tpaH3uTHBHAA npocro 287

I'pynna TpansuTHBHAA MpOCTO - ABH-
WeHHE 284 '

Upynna TpansmTHBHaf KpaTHo 284

I'pynns noxobuue 289

Hap6y ¢opma 231

Hap6y Teopust noeepxuocrefi 47

JIBukenus Broporo poga 64

JIBHXKeHHus nepsoro poaa 64

JIBxKeHus: CHMMeTPHYECKOrQ MpOCTpaH-
crea 278

Jinseprennus 70, 103

Huckpernocts rpynnu 98

duddeperunan  alGCoMIOTHHEA  Bek-
tTopa 68, 84

Judpdepenunan abcoOMOTHBIE  BHel-
#aa 132

Hudpdepennuan abGCcoNoTHRIA Nnponsne-
Henus 85
Jnd¢epenitnan

annis

b i wAr

Jlnbteperunan Brewnndt 22, 36, 37

a6CcoONIOTHHMH TeH-

" . OIuddepenuuan xopapHaHTHHH 109

OurddepennypoBanie B 3afaHHOM 'Ha-
npasJjeHHy 12

Huddepennuposanne BHeltnee 36

Hnuna nyru 178, 182

Jauga npamofi noanas 174

Hwnena reopema 116

Haru6aeMocTb
cTpaHcTBa 52
H3oMetpusa 273

TaHFeHUHANBHOTO TIPO-

HMHBapHanTHOCTL  JIHHEHHOTO sne-
MeHTa 126
HupapHaHTHOCTE  HOPMAaJbHOH  KDH-
BH3HE 241

‘WUuankatpuca 148

Hurerpann nepsbie 31



HuterpupyeMocTs mosHas 26

Kaprana nemma 20

Kacarenpsine conpsixennne 224

KBanpar ckaasipuetit Bexropa 10

KBaapatT CKansipHHE aHaJMTHYECKOH
Toukn [67.

Keagpuka 168, 244

Keagpuka: ditniutefina 155

KoMnoHeHTH BeKTopa KOBapHaHT-
Hete 10, 11

KOMnOHEHTH BeKTOpPAa KOHTPaBapHaHT-
e T T ‘n ' l

Hoic dv, 11 .
KomnoHesTel BpalieRHs penepa 7
KoMionenTsl cmellteHns penepa 45
KoMnoneHTH CMellleHH ~ KacaTeNb-

Horo 247
KoneranTel CcTPyKkTypHHe rpyanw 289
Konye kpyrastit 95
KoopiitHEaTH Bekropa 10
Koopruuate xanommdeckue 291, 294

aonn ")CM
Koopaunata HopMma/bHBle 260, 294

Kocunyc yrna Mexay 2 sektropamu 10

Kocunye ymNIa MexAy 2 mJ0CKOCTA-
MH 82

Komu cucrema 27, 29, 110

Kpusast B  pHMaHOBOM
cre 110, 203

KpuBasa uymeBoro KpY‘IEHHﬂ 205

KpnBas Hynesoro KpydyeHus H NOCTOsH-

npoCTpaH-

SARFEIL aAwprrLarARCILL R

I\pnnn:-ma BiemnAnn 234

Kpueusna saytpennsia 233

KpHBH3HA BHYTpPEHHAS UOrPYKEHHOTO
MHOroo6pasust 233, 249

KpuBushna rayccosa 249

KpuBusna reomesnueckas 227

Kpusuana xpusoit 111, 203

KpusH3na Hopmanehaa 221, 250

KpuBd3na nonnamg 224

KpuBu3Ha pHMAaHOBa INPOCTPAHCTBA B
ABYMEPHOM HanpabBjieRun. 144

KpHBH3Ha puMaHOBa DOpPOCTPAHCTEA B
HanpaB/JeHHH NPOH3BOJBHOTO YHCNA
u3Mepenuii 154

KpuBH3na pHMaHOBA mNpoOCTpaHCTBA NO
ABYM nNJOcKHM HanoasrenwsM 153

Kpususna prMasoBd npoCTPAHCTREA BTO-
poro poia 281

KpueusHa cpefnsas 237

Kpupusna sfiaepoBa 234, 248

KpHBH3HEI rAaBHbe 222, 251

KpHBH3HH F/aBHbBIE T'HniepnoBepx-
HocTH 251

KpyueHue reonesuueckoe 115, 226 -

Kpyuerne kpunofi 111, 203

Kpyuenue
ceasnoctn 134°° .10 .

m}oc'rpaHC'rBa eBKJlH}JOBOH

-

Kpyuenne pumanoso
MHOroo6pasus 250
Ky6 asaanTHueckuit 3%

NOTPYIKEHHOTO

Jlareppa ¢opma 230

Jlemma Kaprdama 20

JIunug - acumnrotugeckag 113, 223. 255

Jlunua reogeanueckass 110, 121, 172

Jinvus reojieadueckas B IPOCTPAHCTBL
necTofiHHo#t KpuBHsHK 173

JIMHUA reofesHueckasgs Ha
HOCTH 122

1 I'-rv"n wrdh e -

U « 119 OO0 |4~
Jinnnn Apnpn HBbI 119, LLd, Ot)

noBepXx-

Menbe 'reopeMa 113, 222
Mepoonpeneneine Kaan 175

Meton nuBapuanTHOCTH dopM 44
Merpuka perynapHas 92

MeTpika kacaTenbHas eBKJAHAOBa 99

MeTpuka .compuKacalomascs  eBKJH-
nosa 105

MuBEEMYM  JAJHHBL AYyTH recjesuye-
ckoft 182

Muoroo6pasue 90

Msuoroo6Gpasue: uHrTerpansnoe 24
Mnroroo6pasne puMaHoBo 92 -
Msuoroo6pasue TpexrpauHukoB 43, 44

Hanoxumocts 157
HanoxHMOCTL NPOCTPAHCTE NOCTOAH-
HOft Kpumuanm 157

Hanpasaenns raasHue 113, 251

HanpaBsennsi riaBabie runepnoBepx-
HoctH 251

Hanpasnenus riaBHBE HBIAUKAT-
pucel 149

Hanpaeaenns COl'lpH}KEHHHe 116
Hen3ru6aeMocTb TOYEYHOro MpOCTpaH-
crea 50

Hopmaae rnaBuas 12 204

OxpyxHOCTE OpTOONTHYecKas 254
Onepaura ToxpzecrBeHHas 97, 288
Opuenranust Ousekropa 80
Opuentanus KoHTypa 34
OpHeHTanus nosepxnoc'rn 34
Opucdepa 244

Octporpasackoro tbopmy._na 38

r

[TapaMerp nuddepesnnansHpiit 72

- [lapaMeTp KaHOHWHueckuii 292

[TapannenorpaMmons -185

[lepeMecTHTENBEHOCTE CHMBOJOB  AHb-
depernuposanun 13

Tlepenoc nocpencraom cnume'rpma 195
9605 O .

I'Inocxocrb ﬁnnemopa 80 -

269:-



[TnockocTs eBrAMAOBa 46

[TosepxnocTy BHOJHE
199, 243

[ToBepxHOCTp B NpOCTpaHCTBE MOCTOAH-
HOH KPHBH3HH 242

[ToBepxHocTs reofesnyeckas 198

[ToBepxHocTh MHHHUMadbHag 257

[ToBepxHOCTH pHMaHOBA IIPOCTPaHCTBA
112, 215

[ToBepxHOCTE  uYETHIpEXMEPHOTO
ctpareTBa 250 ‘ -

[Topepxroctu napannenbuuie 122

INMoxarpynna cranuonapHas 297

[Tone reonesuueckux 177

[TpaBuna a6comornoro auddepeHyupo-
BaHus 5l

IlpeacraBnenne aHaJATHYECKOe 25

[TpeoGpazoBanus
11, 44 .

ITpeobpasoBanusa mnpocTpaHCTBA € €O-
XxpaHenHeM ds? 60

[IpouseenecHue OGuBekTopa Ha OHBeK-
Top 8!

[Tpoussefenne GuBexTOpa Ha BeKTop 81

Ilpousseaenne ckajaspHOEe aHaJHTHYE-
CKHX Touek 167 .

l'lp%naseneﬂne CKansipHOe BEeKTOpoB 9,
169

reoJe3nyecKast

npo-

W e e Y

penepa

_n"\-‘n .
a(ppHHHbIC

[lpousBenenne  ckaiXsipHOoe BEKTOpPOB
Gasucunx 9

[Ipoussenenne BremHee dopm 18, 36

[lpouspejieHHe TONONOTHYECKOE pHMa-
HOBBIX TpocTpaHcTB 280

HpO%TpaHCTBO runepSonudeckoe 168,
17 - !

ITpoctpancTso rpynnu 290

[TpocTpancTso €BKJU0BOH cBf3~
nocru 130

Mpocrpancrso 3amkayroe 90

Ipoctpancreo u3oTponsoe 153

TIpocTpaHcTBO  KacaTeNbHOE  €BKJH-
Aoeo 100 .

MpocTpancrBo nuHefidaTtoe 57

TipocTpancTBO MOKaNLHO-KOMIAKTHOE 96
[poctpancTBo HOpManshoe 261
[IpocTpancTBO OTKpHTOE 96
[IpocTpancTBO  MOCTOAHHOMN
uel 150, 156, 165
[IpocTpadcTBO NOCTOAHHOH KPHBH3HH
Broporo poia 281 \
[TpocTpaHCcTBO. MOCTOAHHOH KPHBHSHBL
HONOXHTEAbHOH 165
TpocTpaHCTBO NpoekTHBHOe 167
TpocrpancTBo pumanoBo 95
[IpocTpancTBo pPHMAHOBO aHaAHTHYe-
cKoe- 264
IpocTparcTso
epknuAoBo 93

300

KpUBH3-

PUMAHOBO  JIOKQJLAO

[IpocTpancTBO0 pHUMAHOBO HENPUBOJIH-
moe 281

[lpocTpancTso  pUMaHOBO  NPHBOXH-
Moe 281

[IpocTpaHCcTBO pPHMAHOBO CHMMETpHUE-
" ¢cKoe 275

[IpocTpaHeTBO compuKacalomieecss €B-
kaugoso 106, 119

[IpocTpancTeo  compsixeHHH  BROIb
aunun 132, 214 '

IMpocrpancreo cepuueckoe 174, 185

IlpocrpaHcTBO 2aaunTHYECKOe 174
ITpocTpaHcTBO ueTHpexmepHoe 250
[TceBponapannenusm 172
[lceBnosksunonerruocte 171
ITyankape teepema 37

PasBeprbiBaHMe pHMaHOBa HpoCTpal-
cTBa Ha epkKaugoro 95, 96, 118

Paccrognue Mexly AByMs TouKaMH 95

Penep KocoyroabHmuii 11

Penep Harypaaphbili 106

Pef:p opToHOpMHpOBaHHLIA 6, 11, 12,

Penep noasumuoll 8
Pumana — Kpucropdens Ttensop 142,
16l

Puyuu Tex3op 154

Puuun teopema 201

Pogpura ypaBHeHus 113

O T T Y

10
roTaliia iva

CeepThlBaHHe HHAEKCOB TeH30pa 76
CesasHoctp 105
CeBepH MeToJ, NapaiJesbHOTO mepe-
Hecenus 198
CemelicTBO penepos, NPHCBOEHHOE I'pYyIl-
ne apuxenui 285 :
CemelicTBO penepOB, NMPHCBOEHHOe HOP-
MaJbHBLIM KOOpJIUHaTaM 2062
CemelicTBo penepoB c¢ ofuled MI0C-
KoCThio 48
CemeiicTBO
nom 47
CeMeficTBO penepoB ¢ o6uiuM peGpom 48
CuMmerpust 64, 269
CuepeMa - BOAHe HHTerpHpyeMmasa 26
Cucrema Komm 27, 29, 110
CucteMma TpHOpTOroHalbuaa 116
Caoxenne Tensopos 78
CMellenHe HanpaBieHHoe 12
CMmellenne, OpACOeIHHEHHOE K uukay 136
CoxpaHeHHe pHMaHOBOH KpPHBH3HE 137
CoxpaHeHHe XPHBH3HH ¥ Kpyuerus 137
CrallHOHAPHOCTh AJHHH  AYrd reoje-
‘aHyecKoft 178 : -
Crokca dopmyna 31, 32

permepos ¢ OOMHM Haua-



Cymma
na 191

CymmupoBanse 6, 9

CyuiecTBoBaHHe NPOCTPAHCTB NOCTOSAH-
HO#l KpHBH3HH 158

Cdepa 96

Tensop 74, 84 .

Tensop KoBapuaHTHbl 75

Tensop KoHTpaBapHaAHTHHIEA 75

TeH3zop KococHMMeTpHUHHIH 79

Tensop KpHBH3HLI PuMana — Kpucrog-
denst 142, 151

TeHzop KpuBH3HHI 3ilnepoBoil 248

Tensop, npoH3BOAHHE . 0T RAHHOrO
TeH3opa 86

Tensop Puuyun 155

Tensop cmemaknsbiit 76

Tenszop Diimmreiina 155

Teopema Illypa 149, 153

Teopus KpusH3Hn muuui 111, 203

MAarnemiver wrmiz-rmernzrzy
1Cuphin I‘KPHDHJHDI ilUDCpAﬂULIC

219
Teopuss KpHBH3HBI
6y 47
ToxnaecrBa DbuaHk# NpOCTpPaHCTBA €B-
Kinposol ceasmocty 137
ToxnectBa Dnank¥ pumaHoBa Ipo-
cTpalcrBa 140

Tononorus 91
Tnn - Q)

Upiov, o3

Touka Kak KoH}HIypalus TpexrpaHHH-
KoB 48

Toukn aHaaHTHueckHe 167

Touxy romonoruunne 98

Tpaexrtopus rpynnu 284

Tpaucpekuus 3. Kaprana 280

YyIJ0B  NapasieNiorpaMMoH-

noBepxHocteil Hap-

¥ron Mexpay asyms Bekropamu 100
Yroit Mmexjay HKByMs nJocKoctTAMu 82
YMHOxKEHHe TeH30poB 78

YMHOXKeHHe BHeuHee 36

¥Yckopenne touku 68

YcnoBue MOJHOM .MHTErpHpyeMoctH 26 .

Ycnosme Touxoro muddepenunana 15
YpaBHeHusa reogesnuecknx 170
YpaBHeHHA TeO0[e3UYeCKHX B HOPMahb-
HHX KoopjaHHaTax 261
¥YpaBHeHHsT = CTPYKTYPH

‘rpynna - 46,
47, 159

P
.

YpaBHeHHs CTPYKTYPHI eBKJIHLOBa MNpo-
crpancTBa 42

YpaBHeHHS CTPYKTYPHl NOBEPXHOCTH B
TPeXMepHOM TnpoctpaHcTBe 219, 235

YpasHeHHs1 CTPYKTYPH NOTPYKEHHOro
MHOroo6pasus 247

YpaBHeHHs CTPYKTYpbl NPOCTPaHCTBa
eBKJIHA0BOH cBa3HOCTH 13D

YpaBHeHuA CTPYKTYPH  NPOCTPAHCTBA
NOCTOAHHONA KpuBuaHu 156

YpaBreHnst CTPYKTYPH MNPOCTPaHCTBA
paMaHoBa 249

YpaBueHdsi pyHAaMeHTaNbHEHe 263

Ppene dopMyan 111, 203

®pene ¢opMyas reofdesnueckux 173

®pobennyca KoBapuaht 15

®opma OunuHellHag KOCOCHMMETPHU-
Haa 17

®opma BektopHas 87

@opma ‘BHemHAS 55

Ao e orem e . e DT

= s = . . o
©opMa BHelllHAR KpaApatudHas 35, 87

®opma BHemHAS TeH3opHAg 87
dopmMa KsaiapatHuHA® OCHOBHaa 222
QPopMma KBaJApaTHYHAA OCHOBHag B

HOPMAJILHBIX KOOpAHHaTax 265
®dopma KBagpaTHuURAA BTOpas nonepx-
HoctH 221

DopMBl HHBAPHAHTHHIE rpynnel 46, 286

®opMul HHBApHAHTHHE rpynnu B KaHO-

UULOLAFIIVY IFANNK ITEIITAMO Y
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®opmbl HHBAPHAHTHHE NOBe gxrxocm 220
OYyHKUMS rapMoHHYecKas 257

Unmexp kpyrasdi 90, 93°

Hlypa teopema 149, 153

ditnmirefina xpagpuka 155

Dilgmrtelina tesaop 155

ditnepa teopeMa 224

JKBuNoNeHTHOCTE 129

SneMmenT JauHelinni 9, 60, 68

dneMeHT JAHHEHHBIH mOBepxuocTH 220

DeMeHT JHHeAHHIH NPOCTPaHcTBa aHa-
JIMTHYECKOT0 DHMaHOBa -92

DJiieMeHT JNHHeHHBIH. cepagecKoro Hso-
G6paxenusa 220

DAMKHIC HOPMAJTBLHON KPHBH3HH 253

DHHenmepa Teopema 115, 229
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OTNTABJEHHE

MNpenncnosue 3 :
Beegenne 5

Tsrasa I. Metox noaBHKuoro penepa

1. KomMnonenTH HHpuHHMTEIHMAaAbLBHX cMemeHn# (5). 2. CoorHomieHus
mexay Qopmamy opToHOpMHpoBaHHOro penepa (6). 3. OnpeaencHHe KoMmmo-
HEHTOB 3ajanHoOro cemeficrBa TpexrpanHukoB (7). 4. Ilogsmxnofi penep - (8).
5. Jlunefinuit sneMeHT mpocTpancTsa (9). 6. KonTpaBapuanTHHE ¥ KOBAPHAHTHEIE
- KoMrioHeHTH (10). 7. HMupunsresnManbHble adHHHble mnpeoOpasoBaHHA penepa

(11).

I'arasa 11, Teopua ndbaddosux dopm

8. HubdepenuupoBanne B samaHHOoM Hanpamsiexu# (12). 9. DBununefinniit
kosapuanT ®@pobenkyca (14). 10. Kococummerpuunble Oununefinne gopmst (17).
11. Buemnue xsagparuunne gopmut (18). 12. Obparnuie TeopeMnl. Jlemma Kaprana
(19). 13. Bremnufi gudebeperuunan (22). ,

~ALiiRaAidS

I'./taaaI]I.HHrerpuponanne CHCTeMbl YPaBHeHHH B NMOAHBIX ,n.mbtbepeuumax

14. MarerpansHoe Maoroobpasue ciicreMut (24). 15. Heob6xopumMoe yciioBHe 1oJi -
HO#t nETErpupyeMoctn (25). 16. Heoﬁxo,unuoe H AOCTaTOYHOe YC/IOBHE NOJIHOA HuTe-
rpupyeMocTd cucreMu ypasuenuii [Npadda (26). 17. HesasucumocTs pemieHMst oT
NYTH HHTETPHPOBAHKS (27). 18. CeepenHe 337a4H HHTETPUPOBAHHA BIIOJIHE HHTE-
rpupyeMofi cucTeMBl K HHTerpHposanHuio cucremsl Koms (29). 19. Ilepsnie unte-
TP BIOHE nﬁmrpnpyemoﬁ cucreMst (30). 20. CooTHoIeHHE MEXKAY BHEILIHHMH

atrtrtraTarrir 1 shanasuvraty e (QI 91 nnueldmn"uu {am

An\{nycpc B UFIOJVINEYT ) qauymy-uun \.nl.UA\,ﬂ ij.’ Ll ML QLI (U

Taasa 1V. Oﬁoﬁmerme

922, BremHue quddepentuanbusie Gopmsl moboro nopsaka.(35). Teopema
Myaukape (37). 24. ®dopmyna Ocrpo .pa,qc.t«:em (38). 925. Obobuien TeepeM_u_

1 1. 12 (39).
| A. TEOMETPHUSI EBKJHAOBA MPOCTPAHCTBA

Tsaasa V. Teopema cyilecTBOBaHHR MHOroo0pasHs pemnepoB NpH 3aAAHHBIX
HHQUHRTEINMANBHEX KOMTOHeRTaX O, ©

26. MuorooGpasune KOCOYIOILHBIX TPEXrPaBHHKOR (46) 27. Msoroo6pasue
OPTOHOPMHPOBAHHLIX TpexrpasHHKoB (43). 28. Mnoroo paane Koeoyro.nbnblx
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TPEXIPEHHHKOB C 3afaHHBIM JHHeHHbIM snemeHTOM (44). 29. Hnrerpuposanse
cHereMn (1) METOAOM MHBapHaHTHOCTH Qopm (44). 30. Uactame ciyvyanm (46)
31. IlpocrpancrBa TpeXrpaHHUKOB (47). :

Taasa VI. OcBorsas TeopeMa MeTPHYECKOH reOMeTPHH

32. HeusruGaemocTe Toueunoro npoctpanctsa (50). 33. = Teomerpmueckufi
cMbich Teopemu Befins (51). 34. HarnGamne TamreBUMANLHOTO MPOCTPAHCTBA
(52) 35, MsruGanne NAOCKOCTH KaK TeOMETPHUECKOTo MecTa NpSIMBIX (56). 36. Jiu-
Hefiuatoe npocTpancTeo (57).

T'aasa VII. Benropm_.lﬁ AHAJM3 B €BKIHHNOBROM n;iuepnom npocTPaAHCTRE

37. TlpeoGpasoBanue MPOCTPAHCTBA € cOXpaHeHHeM JuHeHHOro siemenTa {(60),
38. PappoCH/ILHOCTL NpHBEACHHS JIHHEAHOTO DJIeMeHTa K CyMMe KBafipaToB H Bu6opa
penepa oproronanshbiM (63). 39. KourpysutaocTs H cumMetpus (64). 40. Onpe-
AeneHue popM (o{ no 3afaunbiM popMam@? (65). 41. Tpexmeprnifi ciygait (66). 42.

A6comotnoe Auddepentmponanne (68). 43. [usepremmus sextopa (70). 44. [ud-
depenuyancHee napamerpH  (71).

Taasa VI/I. OcHOBHBe MpPHHUSIE TEH3OPHOH aJTe6pH

45, Mouatue Tensopa (74). 46. Tensoprnas anrebpa (76). 47. T[eomerpuue-
CKHH CMBIC/I KOCOCHMMETpHUBoro Tessopa (79). 48. Ckaaapsoe npou3seneHue Gu-
8EKTOpa Ha BekTop M Ha Gueextop (81). 49, Ilpocroe BpameHnse TBepporo Tena
BOKDVT TOukH (82).

F'aaea IX. Tenzopuuii anaaus

50. AGcomoTroe andbeperuyposanse (84). 51. [papuaa a6co.momoro nudde-
pesumpoBanns (85). 52. Teusopuag BrewHssas AHdpdepeHuuansuas dopma (87)
53. Tlpobnema a6comoTHOro BHewHero Auddepennuposanus (88).

5. YYEHHE O PHMAHOBBIX MPOCTPAHCTBAX

Taasa X . HoHsaATHE MHOrooGpasns

54. Obuwee nouaTHe o MHorooGpasuu (90). 55. AnanuTHuecKoe NpefCTaBieHHE
(91). 56. PrManosn MyorooGpasus. Peryasapras merpuka (92).

Faas8a XI. JIOKAAbHO €BKAMAOBN PHMAHOBH npocrpiucrna

57. Onpezenenne OKalbHO eBKJHACBA npocrpascTsa (93).-58. Tpumepst (93).
59. PumanoBO nMpocTpaHcTBO ¢ HOBCIOAY perynspHofi MeTpHKo# (95). 60. Jlokanbso
| KOMIaKTHOe TpocTpancTee (96). 61. I'pynna royonomun (96). 62. I.lncxpe'momb
TPYNNH FOJIOEOMHH JOKAJbHO €BK/AHMZOBA mpocTpaxcrsa. (98).

Fraea XII. Eskanposo npocrpancTso, KacaTejibHoe B TOUKe

63, EBk/aujoBa KacaTelbras meTphka (99). 64. KacaTenbHoe eBKJIHAOBO NIPO-
crpancreo (100). 65. OcHoBHHEe nOHATHA BeKTOPHoro amasusa (102). 66. Tpu
cnocoba seefienus ceAsHocTH (105). 67. Conpukacaomasci 8 TouKe eax.nnnona
-mMeTpuka (105).

Taasa XJII. Conpuxacawomeecs eBKAHAOBO npoc-rpaué'rno

68. AG6comoTHoE nncixbepennnpoaanue BEKTOPOB B PHMAHOBOM npoCTpaHcTse
(108). 69. 'eonesuueckue IMHHH PUMaBOBa NPocTpanCTR4 {109). 70. O6o6menne dop.
mys ®pere, Kpupesua u xpyvenne nuuuu (110). 71, Teopus KPHBHSHH. NOBEPXHOs
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ctefl B puManoBoy mpoctpanctee (112). 72. Feoflesnueckoe kpyuenne, Teopema u-
senepa (114). 73. Conpaxernnie nanpapienns (116). 74. Teopema Hionena o Tpu-
OpTOTOHANLHONH cucTeme (116).

T'aasa XIV. EBxanpoBo APOCTPARCTBO0 COUDSAIKEHHS BAOAb JHHHM

75. PassepTHiBanHe pAMaNQRA NPOCTPAHCTBA HA €BKJHJ0BO BOAb Junuk (118).
76. TlonyyenHoe oTobpaweHne 1 CONPUKACAIOILECH EBKANBAOBO MPOCTPancTBO (119).
77. Tengesnueckue nuunn. [lapannessune noeepxsoctr (121). 78. leopesnueckas
JHBHA Ha nobepxsoctu (122). ' '

‘B. KPUBU3HA B KPYYEHHE NPOCTPAHCTBA
T'aasa XV, NpoCTPaBCTEO0 €BKAMAOBOH CBA3HOCTH

D MNeanmwanareea oo ol oh mawneesrerne dinseancnns - ~§ f1nay Q [y (I PR
3. W H

npejenenne dopm l’.l.‘:" 0 safanHbiM popMam ©f (124). 80. Tpebosaiue
HHBAPHAHTHOCTH JinHeHHQro s/eMenTa (126). §1. AKCHOMbE SKBHIIOJEHTHOCTH BEKTO-
poB (128). 82. IlpoctpancTeo esknugosofi ceasnoctu (130). 83. Emkangoso npo-
ctpaicreo compskenus (131). 84. AGcomotHuii sHemnuit Audibepenunan (132).
85. Kpyuense npocrpanctea (134). 86, ¥YpapHeHHs CTPYKTYPEI MPOCTPAKCTBA €BKK-
Jopo#t cesasHocr# (134). 87, CMemeHwe u BpallleHHe, NMPUCOEIHHEHHbIE K UHKAY
(135). 88. Toxmectea bBunanku (137). 89. Teopema coxpanenus KpHBH3EH H
xpyserus (137). .

laasa XVI. PumanoBa xpHBH3HA TNPOCTPAHCTER

90. Toxpecrea buanku B puManoroM mpocTpancTee (140). 91. Tensop Puma-
Ha — Kpuncroddena (142). 92. Prumanosa kpususna (144). 93. Cnyuak n=2 (144).
94, Cnyuafi n = 3 (146). 95. 'eoMeTpuueckoe  yueHHe O KPHBHSHE TpeXM: PHOTO
puMmaHoBa npoctpancTea {147). 96. Teopema Ilypa (149). 97. Ilpumep pumanosa
NPOCTPAHCTBA NOCTOAHHOR KpuBH3HH (150). 98, Onpeseneane Tensopa Pumana —
Kpucropdens nmo pumanosofi KpHBHSHE, 3afaHHOM AJa BceX MJIOCKHX Hanpasie-
Ha# (151). 99, Usotponnoe n-MepHoe npocrpancteo (153). 100, Kprsusna no gsym
Pa3MUHBIM ABYMEPHEIM IJIOCKMM nanpapienuaM (153). 101. PuMaHoBa KPHBH3HA B
HanpasJeHHH NPOH3BOJMBLHOTO uncia u3aMepenuit (154). 102. Tenzop Puuun. Kean-
puka Ditnmrefina (154).

T'rasa XVII. NpocipancTea NOCTOAHMOH KPHBH3HBI

103. KosrpysHTHOCTP BPOCTPAHCTE OAHOH H Tofi e MOCTOSAHHON KPHBH3HB
(156). 104, CymecTBOBaHMe NPOCTPAHCTB NOCTOAHHOH KpHBH3HH (158). 105. Hoxa-
satenncTo Hlypa (159). 106. [Toctpoensoe pemenne yRorjieTBopAeT cucTeMe (161).

Taasa XVIII. TeomeTpHiecKoe. HOCTpOSHUE -NPOCTPAHCTBa NOCTOAHHOM
KPUBH3HM

107. [IpocTpaHCTBO NMOCTOAHHOR NMOJIOKUTENBbHOH KpuBH3sM (165). 108. Oto-
GpakeHHe HA NPOEKTHBHOE n-MepHoe npocTpancTeo (167). 109. T'mnepGoianueckoe
npocrpancTeo (168). 110. IIpeacTapienne BeKTOPOB B THNEPOONHYECKOHR IeOMETPHH
(169). 111. T'eonesuueckne JuHAM B pEMaHoBOM npocTpanctee (170). 112. Ilcespo-
SKBHIOJIEHTHLIE BeKTOPH; ncesgonapainennsm (171). 113. I'eonesnyeckue B mpo-
cTpancTBax NocTosEHod kpupnsuu (173). 114. Mepoonpenenenne Koan (175).

I. TEOPHSI FEOJIESMYECKAX JIMHHH
(s * - - . .
Taasa XIX/BapnaunonHnie Sasadum #a reogesHueckne AUNHH

115. Ilone reppesnueckux (177). 116. CraunoHapHOCTb AJHHH.AYTH FEOAE3N-
yeckoit B ceMeficTee JiMHHE, COENMHAIOMMX ABe AaHHME TOYKE (177). 117. Ilepsas
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BapHauus JJAUHH Ryrd reofesnueckod (179) 118. Bropas sapuauus AJHME AyTH
reogesnyeckot (180) . 119. MHHHMYM JUIMEH AYTH reofle3HuecKoll (10Ka3arennCTBO
Jap6y) (182). 120. CemeficTBO reoje3uuyecKHX PpaBHOA AJHHH, NepeceKaouHx
OJl§Y H TY e IreofileaHuyecKyio Nof NOCTOAHHBIM yriioM (182).

Taasa XX. Pacnpenenenne reofie3auvecKnx OKOJo AaHHON reole3H4eCKoi

121. Paccrosinne MeXRY COCEAHHMH TeoRe3HTecKHMH H KPHBH3HA NPOCTpPaH-
cra (187). 122. Cymma yriaos nap annenorpamMonia (190).123. ¥croitunsocTh 184 -
KEHUA MATEPUaNbHON cHCTeMH 6e3 BHewkuX chn (191). 124, HccnenoraHHe MakcH-
MyMa ¥ MUHHMyM2 JJIMHBI Teofesuueckoil mpu A,;=const (192). 125. Cummerpuu-
HHe BexTopsl (193). 126. IlapannensHuifl nepeHoc mocpeacTBOM caMMeTpuH (195).
127. Onpegenerne TpexMepHLIX NMPOCTPAHCTB, [le MNapaijeNbHHH nEpeHoc coxpa-
useT - KpususHy (196).

Trasa XXI. TeopessnvecKkide NMoBepXHOCTU

128. IMoBepxHocTh, Teose3uueckas B Touke. Merox Cesepu napassiesbHOre
niepeHoca sexTopa (198). 129. Brnonne reogesnyeckue nosepxunoctH (199). 130, Pas-
BepTHiBaHHEe Ha IJIOCKOCTh JIMHHE BIOJNHE TeoAesHdeckofl noBepxHocTs (200),
131. Teopema Pruyn 06 OpPTOTOHANLHHIX TPAeKTOPHAX CEMEHCTBA BIOJIHE Treojie-
3uyecKuXx noeepxsocreit (201).° S

A. BJIOXXEHHBIE MHOI'OOBPA3US

" I'zasa XXII. Jluanu B pUMaHoBOM npompani:'rne.

132. dopmyau Opene B pHMaHOBOM npocTpaHcTee (203). 133. Onpeaenenne au-
HUH NO 3aflaHHLIM KPHBH3HE M KPyueHmio. KpuBas HY/I€BOro Kpy4eHMs B NpO-
CTPaBCTBS MOCTOAHHON KpuBRH3HH (204). 134, JIuHUM HY/I€BOTC KpyueHHs M IIO-
CTOSHHOM KPHBHSHBI B NPOCTPAHCTEBE MOCTOSAHHON OTpHUaTeNbyol KpuH3Hm (207).
135. Unterpuposarue ypasueHunit ®@pene 3Tux xpusux (211). 136. EBxaugoso npo-
CTpaHcTBO conpsikenHsa (213). 137. KpuBH3Ha pHMasoBa NPOCTPAHCTBA BXOAHT
TOJBLKO B WIEHH BTOpOro mopsaka manoct (215). - : ‘

I'azasa XXI1I. NMogepxsocTd B 'r]iexuepﬁom npoérpanc%ne o

138. TlepeHie fBa ypaBHEHHS CTPYKTYPH H HX reoMmerpHuéckaii cMbica (219).
139. TpeTbe ypaBHeHHe CTPYKTYPH. HHBapuaprthble GopMH (OOBIKHOBEHHBIE H
sremnue) (220). 140. Bropasa ksagpatHunas dopMa nopepxHocty (221). 141. Acum-
OTOoTHgeCcKHe JHHUH. Teopema Jitnepa. [losHas U cpeHAs KpHBH3HA NOBEPXHOCTH
{223). 142, Conpsxennsie Kacareqabyne (224). 143. Feomerpuuecknit cMbica GopME
* (225). 144. Teopesnueckne JIHHUH Ha AOBEPXHOCTH, [eofiesuyeckoe KpyueHHe.
‘Teopema 3Bunenepa (226) . » :

T'aasa XXIV. ®opmu Jlareppa u Jdapby

145. ®opma Jlareppa (230). 146. PopMa [lapOy (231). 147. PiumManoBa KpHBH3-
Ha ofbeMmomero npocTparcrsa (233). 148. Btopaa rpynna CTpYKTYPHBIX ypabHe-
auit (235). 149. O6o0meHKe KIaCCHYECKHX TeopeM O HOPMAaJILHOH KPHBH3HE H Ie€o-
JesudeckoM KpyuenuH (235). 150. [ToBepxHOCTH c 3aNAHHLIM JTHHEHHBIM 3/1EMEHTOM
B €BKAMJQBOM npocTpakcTee (237). 151, 3anaun na dopmy Jlareppa (238). 152. Ux-
BApPHAHTHOCTL HOPMAJbHOH KPHBH3HBRI TPH 1ApaJJIeNIbHOM TNEPeHECeHHH BeKTOpa
€241). 153. TlopepXHOCTE B NPOCTPAHCTBE IOCTOANHOH KPHBH3HE! (242). '
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n HamepeHui

| 154. A6comoTHasA .BapHauus KacaTe/IbHOTO BeKTopa., BHyTpennee audwbepen-
uHpoBanye. JiiylepoBa KpUBH3HA (247). 155, Tensopublil xapakrep 3ilneposok Kpw-

hd rod A ry AYY FaS W oY If'\ﬂﬁ—-l\'vvrﬂ- MMM ErTrMMuTduay ¥ I ‘n\
BH3HH (248), 156. BTupan CHCTEMa YpaBHeHHH CTPYKTYPBI \2&1:1’.

YacTuHe caygaH
T'HNepnoBepXHOCTDh B YETHPEXMEPHOM NPOCTpPAHG TBE

157. I'naprbie Hani)améanﬂ M TaBHBle KpUBH3HH (250), 158. TI'umepnosepx-
HOCTb B EBKJHAOBOM mpocTpaxcTse (251).

AByMepHHEe NOBEPXHOCTH B YETHPEXMEpPHOM
PHMAaHOBOM NpoCTpPaHCTBE

159. Saaunc uopManeuoft KpueusHE (252). 160. O6o6menye KnaccHIecKux
noHATHHA (255). 161. MEHUMaNbHEE TOBEPXHOCTH (256). 162, OTHCKaHHE MHEAMAN b-
HHX noBepxHOcTel (257).

E. ClIEHHAJIbHBIE KJIACCbl PHMAHOBbBIX l'lPOC'l;PAHCTB

T'rasa XXV/]. Hopmaabunle xoopausath Prmana

163. Onpegenenue HopmanbHBX KoopAunar (260). 164. Oro6paxkenie puma-
HOBa NPOCTPAHCTBA HA EBKJMJOBO, NEPEBOAAIIEe CBASKY IeOfe3HUeCKHX B CBASKY
npsMuX (261). 165. IlocTpoenne cemeficTsa pemepoB, NPHCBOEHHHX HOpMAaXb-
HbIM KOOpaHHaTaM (262), 166. ®ynnamenTansHbie ypasHeHud (262). 167. OxHO3HAY-
HOCTb JIMHEHHOTO SJieMeHTa NpH SajaHHOM Temnsope Pumana — Kpucroddens
(263). 168. AnanuTHUeCKOe PHMAHOBC NPOCTPaHCTEO (264), 169, CeoficTsa oCHOBHOR
MeTpuueckoi GopMH B HOpMaNLHBIX KOOpAHHATax (265). 170. Jokasartenscrso reo-
pemMu 2 m. 169 (266).,

Trasa XXVIl, CamMerpus u napaaneavhblii nepesoc

171. Ilepenoc nocpeacrrom caMMeTpuu (269). 172. Mopagok TouHoCTH nOCYPo-
exs (269). 173. CoxpaHenre pHMaHOBO# KPMBHSHH IIpH Napanfe/ibHOM flepeRoce
(271). 174, HeoGxonuMoe 1 ROCTaTOMHOE yc/ioBHE O6pallleH s B HY b IPOH3BORROTO
TEH30pa oT TeHsopa Pumana — Kpucropdens (279).

F2asa XXVIII. Cummerpuyeckue PHMAHOBH HPOCTPAHCTBA

175, llsa omnpemeneHuss CHMMETPHUeCKHX DHMAHOBHX NPOCTPancTs (275).
176, Teopema cymecrBoBanus (276). 177, JBHXeHHe CHMMETPHUYECKOTO TIPQCTPAH-
CTBa Kak Teepioro Tena (278). 178. Tpanceexun# 3. Kaptana (280). 179. Tono-
JIOTHUECKOE IPOH3BEAEHHE ABYX IPOHSBOJBHHX PHMAaHOBHIX mpocTpaHcTR (280).
180, ITpmeopuMble H HeNpHBOAHMBIE CHMMETPHUECKHE DHMaHOBH! NpOCTPaHCTBa
(280). 181. IlocrosinHas KpHBH3HA BTOPOr0 pOja HENPHBOAMMEIX CHMMETpHYE-
CKHX TNfOCTpascTs (281). '

I'raga XXIX. Tpynnu Teepinix NepeMemenuii B PHMaHOBOM NPOCTPAMCTBE

182. O6mue cooGpaxenns (283). 183. O6mue TpeGoBanus perynaprocTa (284).
184, TpansuTHBHBE ¥ HHTPAU3UTHBHHE Tpynmsl. TpaexTopux (284). 185. Penepsl,
TIpHCBOEHHBle rpynne asukenuit (285). 186. MuBapuanTHHe GOPMHE rpynin TBep-
JBIX nepeMelnenHi (286). 187. PHManoBH npocTpancTBa, AONYCKAIOLHE NPOCTO TPpaK-
SHTHBHYIO Irpymmy Asuxennii (286). 188. Ilpocro TpansuTHBHAA rpynna mpeolpaso-
BaHHf Kak rpynna asuxennsi (287) 189. Ilocrpoenre pHMaHOBa MPOCTPAHCTBA,
COOTBETCTBYIOMEro AdHKEoA rpynne npeoGpasoBanui (289).190. INocTosrHNE CTPYK-
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ypHl. Y paBHenus cTpyKTyput (289).191, [Tpoerpancreo rpynns (290). 192. 3amena
HHBApHAHTHHIX $HOPM NPOCTO TPaH3UTHBHOH rpynmel (290). 193. 3aBHCHMOCTH MeX-
RY CTPYKTYPHHIMH KOHCTanTaMH (201), 194. KaHoHuueck¥e KOOpZHHATH B pHMa-
. HOBOM NPOCTP3HCTBE, MAONYCKAIOIEM NPOCTO TPAHSHTHBHYIO rPynny TBepPALIX
nepememenuit (291). 195. MnBapuanTHHe GopMH IPynNnH B KAHOHHYECKHX KOOPRH-
HaTax (292). 196. Kanonuyeckne H HOpManbHEE KOOpAMEAaTH (294).. 197. O6umne
HHTPAK3UTHBHBIC rPyNIb ABukeHu# (295). 198. BuGop penepa (295). 199. Orricka-

Hue rpynn JAB¥xenud (206). 200, 'eofieanueckue ¥ BnoJHE repieznuecKHe MHOTO-
o6pasusa (296). 201. Craunuorapuas noArpymnna, He OCT2BJAIOMAS HHBADHAHTHBIM
HH OAHONO KacaTe/IbHOTO HanpasjieHHs (297).

IpeaMeTHHH yKasaTenb 298
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